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SYLLABUS
Th.3. Engineering Mathematics —II
(2" Semester Common)

Theory: 5 Periods per Week I.LA: 20 Marks

Total Periods: 75 Periods Term End Exam: 80 Marks
Examination: 3 Hours TOTAL MARKS: 100 Marks
Objective:

Principles and application in Engineering are firmly ground on abstract mathematical structures.
Students passing from secondary level need familiarization with such structure with a view to
develop their knowledge, skill and perceptions about the applied science. Calculus is the most
important mathematical tool in forming engineering application into mathematical models. Wide
application of calculus makes it imperative to develop methods of solving differential equations.
The knowledge of limit, derivative and derivative needs to be exhaustively practiced. To help a
systematic growth of skill in solving equation by calculus method will be the endeavor of this
course content. Understanding the concept of co-ordinate system in 3D in case of lines, planes
and sphere and it's use to solve Engineering problems. After completion of the course the
student will be equipped with basic knowledge to form equations and solve them competently.

SL NO | TOPICS PERIODS MARKS
1 Vector Algebra 15 12
2 Limits and Continuity 12 12
3 Derivatives 21 20
4 Integration 15 24
5 Differential Equation 12 12
TOTAL 75 80
1) VECTOR ALGEBRA

a) Introductionb) Types of vectors (null vector, parallel vector , collinear vectors)(in component
form )c) Representation of vectord) Magnitude and direction of vectors e)Addition and
subtraction of vectors f) Position vector g) Scalar product of two vectors h) Geometrical
meaning of dot producti) Angle between two vectorsj) Scalar and vector projection of two
vectorsk) Vector product and geometrical meaning (Area of triangle and parallelogram)

2) LIMITS AND CONTINUITY
a) Definition of function, based on set theory b) Types of functions i) Constant function
i) Identity function iii) Absolute value function iv)The Greatest integer function
v) Trigonometric function vi) Exponential function
vii) Logarithmic function c) Introduction of limit d) Existence of limit e) Methods of evaluation

of limit (1) lim,,, x:‘;n = nan-1 where a>0 and n€R




a*—1 e*—1 1
(2)lim, o —— = logea In particular lim, o — = 1 (3)lim,o(1 +x)x =e
1 loga(1+ . ]
(4) lim, (1 + ;)X =e (5)lim,_o % (x M = log e In particular lim _ loge(im =log,e =1
(6)lim,o cosx =1 (7)limyg sinx =0 (8)lim, o2x=1 (9)lim  =*=1

X X

f) Definition of continuity of a function at a point and problems based on it

3) DERIVATIVES

a) Derivative of a function at a point b) Algebra of derivative c¢) Derivative of standard functions
d) Derivative of composite function (Chain Rule ) e) Methods of differentiation of i) Parametric
function ii) Implicit function iii) Logarithmic function iv) a function with respect to another function
f) Applications of Derivative i) Successive Differentiation (up to second order) ii) Partial
Differentiation (function of two variables up to second order) g) Problems based on above

4) INTEGRATION

a) Definition of integration as inverse of differentiation
b) Integrals of some standard function

c¢) Methods of Integration

i) Substitution

Integration of forms j _dx_ y xz‘i—xaz etc using substitution method

x2+a?’

i) Integration By parts

d) Integration of forms [ Va2 — x2dx, [ Va2 + x2dx using by parts
e) Definition of Definite Integral

Fundamental theorem of Integral Calculus

Properties of Definite Integral

f)Application of Integration

i) Area enclosed by a curve and X- axis.

i) Area of a circle with centre at origin.

5) DIFFERENTIAL EQUATION

Order and degree of a differential equation

Solution of Differential equation 1%t order and 1% degree

i) variable separable method

i) Linear equation dj;:"' Py = Q, where P,Q are functions of x.




VECTORS
INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed,
temperature, volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined portion
respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum
etc, which are of different type in comparison to above.
Consider the figure-1, where A, B, C are at a

distance 4k.m. from P. If we start from P, then . ~
covering 4k.m. distance is not sufficient to describe
the destination where we reach after the travel, So - 4 km -
here the end point plays an important role giving
rise the need of direction. So we need to study m
about direction of a quantity, along with magnitude. c

Fig - 1

OBJECTIVE
After completion of the topic you are able to :-

i) Define and distinguish between scalars and vectors.

i) Represent a vector as directed line segment.

iii) Classify vectors in to different types.

iv) Resolve vector along two or three mutually perpendicular axes.

v) Define dot product of two vectors and explain its geometrical meaning.

vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.
Expected background knowledge

i) Knowledge of plane and co-ordinate geometry
i) Trigonometry.
Scalars and vectors

All the physical quantities can be divided into two types.
i) Scalar quantity or Scalar.
i) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is
called as scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.




Vector quantities:- A physical quantity which requires both magnitude & direction for its complete
specification and satisfies the law of vector addition is called as vector quantities.
Examples: - Displacement, force, acceleration, velocity, momentum etc.

Representation of vector:- A vector is a directed

line segment AB—~where A is the initial point and B is A > B

the terminal point and direction is from A to B. (see )

fig-2). e

Similarly BA— is a directed line which represents a vector -

having initial point B and terminal point A. & N ®
Fig-3

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (=) over it. For
example AB— . It is also represented by a single small letter with an arrow or bar mark over it. For example
“a-.

Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar
quantity.

Magnitude of 4B~ = | AB~ | = Length AB. = AB

Types of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: - A vector having zero magnitude and arbitrary
direction is called as a null vector and is denoted by 0~ .
Clearly, a null vector has no definite direction. If ‘a— = 4B, thena— is a null (or zero) vector iff |a— |=0i.e. if
|28~ |=0
For a null vector initial and terminal points are same.
2) Proper vector: - Any non zero vector is called as a proper vector. If | a— | # 0 therra— is a proper vector.
3) Unit vector : - A vector whose magnitude is unity is called a unit vector. Unit vectors are denoted by a

small letter with ~ over it. For example d. |d|=1

Note: - The unit vector along the direction of a vector-a— is given by

a “a—
a-=-i—7
& |




4) Co-initial vectors:- Vectors having the same
initial point are called co-initial vector.

In figure-4, 0A—,0B—,0C~,0D0~ and OE— are Co-initial
vectors.

5) Like and unlike vectors: - Vectors are said to
have opposite direction.

6) Co-Linear vectors:- Vectors are said to be
co-linear or parallal if they have the same line of
action. In f figure-5 AB— and BC— are collinear.

7) Parallel vectors: - Vectors are said to be
parallel if they have same line of action or have line
of action parallel to one another. In fig-6 the vectors
are parallel to each other.

8) Co-planner Vectors: - Vectors are said to be

co-planner if they lies on the same plane. In fig-7

vector a—, b and c— are coplanner.

9) Negative of a vector: - A vector having
same magnitude but opposite in direction to that of
a given vector is called negative of that vector. If a—
is any vector then negative vector of it is written as
sa»and | a> |= | —a~ | but both have direction
opposite to each other as shown in fig-8.

10) Equal Vectors: - Two vectors are said to be
equal if they have same magnitude as well as
same direction.

Thus a» =1

Y

m

Fig-4

be like if they have same direction and unlike if they

Y

Fig-5

V

Fig - 6

Fig-7

-

Fig - 8

A

vy

Fig - 9
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Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports.
iii) If they have different sense.

Vector operations
Addition of vectors: -

Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a

triangle taken in same order their sum or resultant is represented by the 3™ side of the triangle with

direction in reverse order.

As shown in figure-10 a— and B~ are two vectors
represented by two sides OA and AB of a triangle

ABC in same order. Then the sum a— + B is
represented by the third side OB taken in reverse

order i.e. the vector a— is represented by the
directed segment 04— and the vector > be the
directed segment AB—, so that the terminal point A of
a— is the initial point of 5. Then OB~ represents the

sum (or resultant) (a— + b)~. Thus OB~ = a— + B>

Note-1 — The method of drawing a triangle in order to define the vector sum (a— + b)™ is called triangle law of

addition of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

|oB= |# |04~ |+ |4B~ |

Parallelogram law of vector addition: - If a— and
are two vectors represented by two adjacent side

of a parallelogram in magnitude and direction, then

their sum (resultant) is represented in magnitude

and direction by the diagonal which is passing

through the common initial point of the two vectors.

As shown in fig-II if OA is a— and AB is b~ then OB

diagonal represent a— + b~ .

ie. a- +1°= 04~ + AB™

Fig - 11
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Polygon law of vector addition: - If a— , b,c—>and d™
are the four sides of a polygon in same order then
their sum is represented by the last side of the
polygon taken in opposite order as shown in

figure-12.

Subtraction of two vectors

If a— and B~ are two given vectors then the subtraction of 5~>from a— denoted by a— - B~is defined as addition of
P with a-. ie. a- -1 =a-+ ().
Properties of vector addition:- i) Vector addition is commutative i.e. if a» & p>are any two vectors then:-
>+ =1+ 0o
i) Vector addition is associative i.e. if a», b, c¢— are any three vectors,
ten (a=>+b07 > =a>+ (0" +c>)
i) Existence of additive identity i.e. for any vector a— , 0~is the additive
identity i.e. 0°+ a— = a— + 0= a— where 0is a null vector.
V) Existence of additive Inverse :- If a— is any non zero vector then -a— is
the additive inverse of a—, so that a- + (—a-) = (-a») + a» =T
Multiplication of a vector by a scalar : -
If a— is @ vector and k is a nonzero scalar then the multiplication of the vector a— by the scalar k is a vector
denoted by ka— or a—k whose magnitude | k | times that of a—.
i.eka—>=|k|x|a—> |
=k X | a- | if k=>0.
=(-k)x | a> | ifk<0.
The direction of ka— is same as that of a— if k is positive and opposite as that of a— if k is negative.
ka— and a— are always parallel to each other.
Properties of scalar multiplication of vectors :-
If h and k are scalars and a— and B are given vectors then
k(@ +57) =k + kb~
i) (h+k)a— = ha- + ka—, (Distributive law)
i) (hk)a— = h(ka-), (Associative law)
iv) la-=a-

V) 0.go =T
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Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector 0P~ is called position vector of

the point P relative to O and is denoted by p-.
As shown in figure-13, let AB be any vector , then
applying triangle law of addition we have

04 + AB~ =0B~ where 04~ = a» and 0B~ = b~

=> B> =0B~- 04~ =~ “a>
= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with

position vector a— and B~ respectively and P be a
point on line segment AB , dividing it in the ration
m:n. internally. Then the position vector of P i.e.r— is

. — ~+na
given by the formula: 7= m5+—na_)
mr+n

If P divides AB externally in the ratio m:n then 7-=

mb~—n a-

m—n

If P is the midpoint of AB then 7= Gotb
2

Example-1 :- Prove that by vector method the

medians of a triangle are concurrent. 4 (@)
Solution:- Let ABC be a triangle where a—, b~ and c—
are the position vector of A,B and C respectively. £ E
We have to show that the medians of this triangle
are concurrent. :
B®) 5 c@©
Fig - 15

Let AD , BE and CF are the three medians of the triangle.
Now as D be the midpoint of BC, so position vector of D i.e. d™ =5
2

Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

. 2(163+1a—>
by g= Btz 2 (by applying section formula)
2+1 3
a-+b+c>
= >g =

3
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Let G’ be a point which divides BE in the ratio 2:1,

Position vector of E is g =t e,
2

, 2( “‘_’*Zf)"+1b—>
Then position vector of G is given by g" =ktb=__ ° __ (byapplying section formula)
2+1 3

—r _ G+t

=>
g 3

As position vector of a point is unique ,so G=G’.

Similarly if we take G” be a point on CF dividing it in 2:1 ratio then the position vector of G” will be same as

that of G.
Hence G is the one point where three median meet.

. .The three medians of a triangle are concurrent. (proved)

Example2: - Prove that i) Ia— + 5=I< IaI + I5~1 (Itis known as Triangle Inequality).
i) IooI - I57I< Ioo - 571
ifla- - 5I< Tool + 1571
Proof.- Let O,A and B be three points, which are not

collinear and then draw a triangle OAB. -,

ol

Let 04— =a— ,AB~ =17, then by triangle law of

addition we have 0B~ = a—+ b~ o

-
N
>

From properties of triangle we know that the sum of Fig - 16
any two sides of a triangle is greater than the third
side.

= OB<OA+ AB

o log-I<loa-I + [a5-1
2 I +5kles] + [l--=mmmmmmmmme e (1)

When O,A, B are collinear then
From figure-17 itis clear that
OB = OA + AB

= lop-I =loa-I + 1ag-I
o I+l I + Bol-----------—----- (2) Fig-17

A 4
-
A\ 4
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From (1) and (2) we have,
I- 4+l sl + 17T ((proved)

i) Inol = Lo -4 5ol ==mmm - (1)
Bitl(@ - )+ [ <Ia> - 5~I+ I5~I (From triangle inequalty) ----------- (2)
From (1) and (2) we get Ia-I < Ia— — 51+ 571
= Il - I < Loo - 5I(proved)
i) Im-l= las+ (=) <Iasl + I-5~T (From triangle inequality)
= ool + I5~1(as 1571 = I5-1)
lo - 5~1< TasI + 151 (proved)

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X— is denoted by i.

The unit vector along direction of Y axis i.e. 0Y— is denoted by j.

Then from figure-18 it is clear that OM— = xi and

Y A
ON- =Y.
So, the position vector of P is given by

N P

OP2 =r- =x1 +Y]j
T
> X
And OP =Iop-I =r = Vx2 + y2 - M
Fig-18

Representation of vector in component form in 2D

If AB—is any vector having end points A( x,y1) and B (x,, y;) , then it can be represented by
AB2 =(x2—x1)1 +(y2—y1)]




15

Components of vector in 3D

Let P(x,y,z) be a point in space and i, j and kK be
the unit vectors along X axis , Y axis and Z axis
respectively. (as shown in fig-19 )

Then the position vector of P is given by

OP~ =x1 +yJ]+ K, The vectors xi, y j, zK are

called the components of gP— along x—axis, y-axis

7

Q

and z-axis respectively.

And OP =IoP-1 = Vx2 4 y2 + 22

Fig-19

Addition and scalar multiplication in terms of component form of vectors: -

For any vector a— = a4i + ayj + agkand b= bqi + b,j + b3k
i)a>+P7= (a1+ b)) i + (ap+ by)j + (a3 + b3)K

i) a»-1>= (a;— b)) i + (az— by)j + (a3 — b3)K

i) kK a» = kayi + kayj + kazk, where K is a scalar.

V) a» =b~ & aql + ayj + azk = bii + by + b3k

< ai=by, ax=by, as=bs

Representation of vector in component form in 3-D & Distance between two points:

If AB— is any vector having end points A( x1, y1 z1) and B (x,,y,,z;) , then it can be represented by

AB~ = Position vector of B — Position vector of A

=(x2l + yof + 22K) - (x4 + yi + zK)

= (x2—x1)1 +(y2—y1)] +(z2—2z1)K

|AB'—>|=\/gx —x1)2+(3£ -y )2+ (z2—2z1)?

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and ¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 04— =21 + 6] + 3 k.

Position vector of B, OB~ =1 + 2] + 7k
Position vector of C, 0C— = 31 + 10j-k

Now AB~ = 0B~-04A>=(1-2)1 +(2-6)] + (7-3) k = -i-4] + 4k.
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TAC-=0C-0A7=(3-2)1+(10-6)]+ (-1—3)k =1+ 4] 4k.
= -(--4] + 4k) = - AB>
= AB~NAC~ or colinear.
.' . They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.
Example-4: - Prove that the points having position vector given by 2 ¢ -j +k, i-3j -5k and
31 -4j - 4kform a right angled triangle. [2009(w)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 21 -j +k, i-3] -5k and
31 -4j - 4k respectively
Then . AB—~ = Position vector of B — Position vector of A.
=(1-2)t+(-3-(-1))j+ (-5—-1)k =-i-2j-6k.
"BC— = Position vector of C — Position vector of B.
=(B-11+(-4=(-3))]+ (—4—(=5)) k = 2i-j+ k.
“AC— = Position vector of C — Position vector of A.
=(3-2)1+(-4-(-1))j + (-4 —1) k = i-3j- 5k.

Now AB = I4B~I = V(-1)2+ (-2)2+(-6)2 =V1+4+36= Va1

BC= IBc>I = V224 (—1)24+12 =Va+1+1= V6
AC= [ac-I = V124 (=3)24+(=5)2 =V1+9+25= V35

From above BC2 + AC? = 6+35 =41 = AB2.
Hence ABC is a right angled triangle.
Example-5 :- Find the unit vector in the direction of the vector a— = 3t -4j +£. (2017-W)

Ans:- The unit vector in the direction of a— is given by

A= 31-4Y+R 3i_upap 3

1-4 j+L k.

a= = =2
Vo+16+1 V26 V26 V26

la—-1

V324 (—4)2412

1= \p2y92 V8 8 8

=il€i +-2-= i+
2V2 242 V2 7'2:
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Angle between the vectors:-
As shown in figure-20 angle between two vectors

RS~ and PG can be determined as follows.

Let 0B~ be a vector parallel to RS~ and 04— is a
vector parallel to P@G— such that 0B~ and 04~
intersect each other.

Then 6 = L AOB = angle between RS— and PG—.

If 8 = 0 then vectors are said to be parallel.
If 0 =Eﬂ then vectors are said to be orthogonal or

perpendicular.

Dot Product or Scalar product of vectors

The scalar product of two vectors a— and ”>whose magnitudes are, a and b respectively denoted
by a—.Bis defined as the scalar abcosé , where 6 is the angle between a— and p>suchthat0 < 6 <m.

a->.07=1a-11571 c0sd = a b cosh

Geometrical meaning of dot product

In figure21(a), a— and b~ are two vectors having
0 angle between them. Let M be the foot of the
perpendicular drawn from B to OA.

Then OM is the Projection of > on a— and from
figure-21(a) it is clear that ,

IOMI = IOBI cosé = Ih~1 cosé.

Now @ .= Ia->I (161 cosh) = Ia-I x projection of B>on a—

which gives projection of 7on a— = @8

la-l1
Similarly we can write a—.7>= Ia—I 161 cosd

=1p~1 (la-I cosh) = 151 projection of a— on 5.

(a)

Fig-21
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Similarly, let us draw a perpendicular from A on OB
and let N be the foot of the perpendicular
in fig-21(b).

Then ON = Projection of a— on b~
and ON = OAcos6 =11 cosé.

Fig-21(b)

Properties of Dot product

i) e.’=0".0> (commutative)
i) a.(0”+) = +ac»  (Distributive)
i) If a» 11>, then @.p?>=ab{as @ =0inthiscase cos0 =1}
In particular (a-)?2 = a—».a-» =1 a-I2
Li=1.]=k. k=1
iv) If a»L b5, thenas?=0. {as @ = 90° in this case cos90°2=0 }
Inparticulari.7=J. k= K.1=0=J.i=kJ =1k
V) 0= 0.0 =0
Vi) (a>+57) . (@ - b~) = lal?- TB1%= @- b {Wherela>I=a and15>I1=b}
vii) Work done by a Force:- The work done by a force F— acting on a body causing displacement d— is
givenby W=F.d

Dot product in terms of rectanqular components

For any vectors a— = a;i + a,j + azk and > = by + b,] + b3k we have,

a-.1>= aib; + azb; + azb; ( by applying distributive( ii) , (iii) and (iv) successively)
Angle between two non zero vectors

For any two non zero vectors a— = a4i + a,] + azk and b= b + b,J + b3k, having 6 is the angle between
them we have,

cos @ = o =4.b= aib1 + azbz + azb3

Pl
— In terms of components.
ab Va—2+a—2+a—2Vb *+b *+b ° ( P )
1 2 3 1 2 3
9 = COS_l( aib1 + azbz + azb3 )

Var?+az?+a3?Vb12+ba?+b3?
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Condition of Perpendicularity: -
Two vectors a— = aqi + a,j + azkand 2= b4l + b,j + b3k are perpendicular to each other
¢-’>a1b1 + a2b2 + a3b3 =0

Condition of Parallelism :-

Two vectorsa—» =ai +aj+akandb>=b1i +bj+ b Kare parallel to each other <>l = a2 = a3)
1 2 3 1 2 3 b1 b b3

Scalar & vector projections of two vectors (Important formulae)

5
Scalar Projection of Pon @ = @20
la—1

. . . - _)'d_)
Vector Projection of Pon = @b g =0 _ Jao
la-P2 la—12

Scalar Projection of a— on b= &b

151
L I R Y
Vector Projection of a— on b= >0 p=
PR 15712

Examples: -
Q.- 7. Find the value of p for which the vectors 31+ 2j +9%, i + p j+ 3K are perpendicular to each other.

Solution:- Let a—» =31+ 2j+9kand B> =1+ p j+ 3k.
Hereai=3,a2=2,a3=9
bi=1bo=p&b3=3
Given a—-L B> =>a;b; + ayb, + azb; =0
=> 3.1+2.p+9.3=0
=>3+2p+27 =0
=>2p=-30
=>p=-15  (Ans)
Q-8 Find the value of p for which the vectors a—» =31+ 2j +9k, b>=1+ p j+ 3K are parallel to each other.
( 2014-W)

Solution:- Given a— Il &% — @ _ 4303 _
1

=2  {Taking 1% two terms}
b1 bz b3 3

@3="e p =2 (Ans) {Note:- any two expression may be taken for finding p.}
p 3

Q-9 Find the scalar product of 37 -4jand —21 + j. (2015-S)
Solution:- (31-47) . (=21 + J) = (3%(-2))+((-4)x1) =(-6)+(-4) = -10
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Q-10Find the angle between the vectors 5i +3j + 4k and 6i-8j-k . (2015-W)
Solution:- Let a—= 51 +3j + 4k and b= 6i-8j-k
Let 6 be the angle between a— and 5.

_ by + aby + azb
Then § = cos™l(— L2288 ——

Vai2+az?+a3?Vb1?+b2?+b3?

_ 1 5.6+3.(=8)+4.(=1) _ —1(30=24-4y _ 1 2
- cos (\/5‘+3‘+4‘\/62+(—8)2+(—1)2 ) = cos (\/%\/W cos (\/%\/W)
Q-11 Find the scalar and vector projection of a— on >where,
a—=1-j-kand b= 3i+ j+3k . { 2013-W ,2017-W, 2017-S}
Solution:- Scalar Projection of a— on v~ = b = e S -1
151 V32412432 vi9 V19
a-b>
Vector Projection of a~ on b~ = b =13#COHED3 (314 5+3k)
1512 (V3Z+1%2+3%)2

=3-1-3(3{+ j+3k) ==L(31+ j+3k)
19 19

Q-12 Find the scalar and vector projection of 5>on a— where,
a-=31+j-2k and b= 2i+3j- 4k . { 2015-S}

Solution: -  Scalar Projection of 7~on a— =@b = 32013+ = g8 = 17

la-1 V324124 (-2)2 Via V14

a-.b~
Vector Projection of 7on a— = @ = 3213+(D.H (31 +f-2K)
la-12 (V32124 (=2)%?

=17 (3i+ j- 2k).
14

Q-13 If@. 7= a—.c~ , then prove that a— = 02or I°= c= or a— L+ (- c»
) Proof:- Given a-.17=@. c—
2 (@7)-(e.c)=1 =e>.(07-c>)=0  { applying distributive property}
Dot product of above two vector is zero indicates the following conditions
&= orb’-c> =o0-> Or L (P-o)
= o =Tor b= c>0r asL (77-c>) (proved)
Example:-14 Find the work done by the force F» = i+j- k. acting on a particle if the particle is displace A
from A(3,3,3) to B(4,4,4).
Ans:- Let O be the origin, then
Position vector of A 0A—~ = 31+3j+3k
Position vector of B OB~ = 4i+4j+ 4k
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Then displacement is given by, d= = AB~ = (0B~ - 0A~) = (4i+4j+ 4k) - ( 31+3j+3K) = i+j+ K.
So work done by the force W = P . d> = F?. AB™ = (i+]- k). (i+j+ k)
= 1.1+1.14+(-1).1 = 1 units
Example:-15 If ¢ and b are two unit vectors and 6 is the angle between them then prove that

sin¢ = a- bl
2 2

Proof: - (Ia- BI)? = (d- b). (a-5) = (a.¢) - (6.5 ) -(b.a) + (B.5 ) { Distributive property}
=(I1d1)2-(d.p)-(d.5)+ (151)2 {commutative property}
=12-24.6+12 {asd and b are unit vectors so their magnitudes are 1}
=2-24.5=2(1-4.b)
=2(1-I41.151cos0) { as 6 is the angle between d and b }
=2(1-1.1. cos0)
=2(1-cosf) =2 .zsinz"E

Taking square root of both sides we have  Ia- bl = 2 sin¢
2

= sing = a- bI  (proved)
2 2

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their
difference is /3.
Proof:-d,b and ¢ are three unit vectors such that d+ b6 = ¢
Squaring both sides we have,
=>(Id+bI)2=(1¢I)y
=>(I1daD2+(IbhD)2+24.b=12
=> 12+124+214d11b61cosO =1 {where g isthe angle between d and b }
=>1+1+2cosf=1
=>2c0s6=-1

=>cosf =-L
2

Now we have to find the magnitude of their difference i.e d- b.
So (Id-bD2=(1dD2+(Ib6D2-24.b6=12+12-21411h1cos@
=2-2cos¢9=2-2(;;)=2—(-1)=3

~14-b1=+3 (Proved)
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Vector Product or Cross Product

If a—and B are two vectors and 6 is the angle between them , then the vector product of

these two vectors denoted by a—» x bis defined as

a- xb=Tlao LIBIsinon

where 1 is the unit vector perpendicular to both a—~and b~.
As shown in figure-21 the direction of a—» Xxbis ~ 72

always perpendicular to both a—andb—.

Fig-22

Properties of cross product

i) Vector product is not commutative a—» Xb># B> X a—

i) For any two vectors a—and b=, a-> X=X a-)

i) For any scalarm, m(a> xb) =(ma>) XD =a-> x (mh>)

iii) Distributive e X(BP+ o) =(a> Xb52) + (> X))

iv) Vector product of two parallel or collinear vectors is zero.

a— xa- =07and if a» IIp’then a» xp>=0¥as6=00r 180 =>sind=0}
Using this property we have,

IXTI=Ix]J=kKExk=0>

v) Vector product of orthonormal unit vectors form a right handed system.

As shown in figure- 23 the three mutually

N

a

perpendicular unit vectors i, j, K form a right
handed system , i.e. ixj= kK=-]jx0 3 ~

(as 6 =90, thensing =1)

=
x X
~ &
Il 1l
—~> —~>
Il Il
1 |
—~ o~
~> =3
X X
=3 >
~—
\\—)\
[}
2 J
-)

Fig-23
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Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors @and Bis

5
givenby A=axb
la> xb7 1

Angle between two vectors

Let 6 be the angle between a—and ™. Then a-» Xxb>= (I a- L ID>Isin6) A
Taking modulus of both sides we have,
Ies x5l =1a-111sn0

. | x|
= sinfg =

=2 Vindl
o X

Hencef = sin-1 {
ld g

Geometrical Interpretation of vector product or

%

cross product B - c

let0A° =a» and OB =h".

°}

Thena» xBb?=(Ia-> LIDIsin6)
= a-1).(I1DLsin o)
From fig-24 below it is clear that S

BM=0Bsing =I1#Ising=1a>1IBMI A

°}

ml Y

Fig-24

{assind = BM/OB &0B~ = b~}
Now I a» xb5~] =Ta-1IBMI 141=0A
BM = Area of the parallelogram with side a— and 1.

Therefore the magnitude of cross product of two vectors is equal to area  of the parallelogram
formed by these vectorsas two adjacent sides.

From this it can be concluded that area of A ABC = 142 I4B~ . AC™1

Application of cross product

1. Moment of a force about a point (M) :-Let O be any point and Let 7— be the position vector w.r.t. O of
any point ‘P’ on the line of action of the force F— , then the moment or torque of the force F about origin ‘O’
is given by

MW=r-> XF>
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2. If a»and b represent two adjacent sides of a triangle then the area of the triangle is given by
A =1 a» x5>I Sq. unit
2

3. If a—»and b~ represent two adjacent sides of a parallelogram then area of the parallelogram is given by
A=Ta> x5l Sq.unit

4. If a—»and b represent two diagonals of a parallelogram then area of the parallelogram is given by
A =1 a» x5~I Sq. unit
2

Vector product in component form : -

Ifams =aii + ay] + azkand > = byi + b,] + bsk.
a—> xXb7= (a4l + ayj + azk) x (b1l + byj + b3k)
= a1b1(I X 1) + aiba(1 X ]) + aib3(i X B)+ axb1(j X 1)+ azb(j X J)+ azb3(j X K)
+ azb1(K X 1)+ azb(K X )+ azb3(K X E)
{using properties ixi= jxj=kxk=0",ixj=kE=-(jx1),jxk=1=-(Kxj)and
Exi=j=-(ixk) }
= (azbsz - azby) 1 +( azby - arb3 ) j + (ar1hby - azby )R

i J K i j R
= |lay a; az| iea> xb’=|gy a, ag|
b1 bz b3 bl bZ b3

Condition of Co-planarity

If three vectors a—, band c¢— lies on the same plane then the perpendicular to a— and B> must be perpendicular
to c-.

In partiaular (= x b2)+ = =>(a> xb>).c>=0

In component form if a— = a4l + ayj + azk,b™ = bl + byj + bskand c— = ¢{i + ¢;) + 3k

Then (@ xb2).c->=0

= (azbz - aszbz) c1+( azby - aibs ) ca+ (arb; - azby )c3 =0
Gt €2 C3

= |41 a, @3] =0 (interchanging rows two times R1andR; then R; and R3)
by by b3

a1 az a3
= |b1 b2z b3=0
c1 ¢z 3
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Example:- 17
Ifas=1+3j-2kand = —i+3k thenfind [ a» x 51

i ] R 1) R
Ans:-Wehave a—» XD°=|a; a; a3]=1]1 3 =2|
by b, b3 -1 0 3
= {(3%3)-(0x (=2))} 1-{( 1x3)-((-1)x (=2))} j +{(1x 0)-( (-1)x 3)} K
=9i-7+3¢k

2Tas x5=] =92+ (=1)2+32 =81+ 1+ 9= v91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
a»=2Zitand =3 7]. (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by a— and 7is given by
area = [ a» xb5=I =I 20x3 I =1 6:] = 6 sq units (Ans)
Example:-19 Find a unit vector perpendicular to both the vectors a— =2i +j-kand = 31 -j +3k.
Ans: - (2015-W and 2017-S)

Unit vector perpendicular to both a—and »is given by

=21-9j-5R-mmmemeee (2)
From (1) and (2) we have,
A= 20-99-5k __20-9y-5k _2i-9y-5k
T120-9y-5k1  V2+(—9)2F(-5)2 V110

2 3 _ 9 5 5
V110 V110 V110

Example:-20 If a» =21 -j+kand b~ = 31 +4j -k, then find the sine of the angle between these vectors. (
2016-w)

kE (ans)

|a—> X |

Ans :- Weknow that sing = ———cccoveeene (1)
[ b1
[ k
Now a—» XD?=12 -1 1|
3 4 -1

=(1-4)1-(-2-3)j+(8+3)k =-31+5j+ 11k
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Hence | @ xb |=V(=3)2+52+ 112 = V9 + 25 + 121 = V155 ccoooovmrrrrrrrccrrrrr (2)
Again |a->|:\/22+(—1)2+12=\/4+1+1=\/6_ ..................................... (3)

and |b'>|=\/32+42+(—1)2=\/9+16+ = V26 s (4)

From equation (1),(2),(3) and (4) we have,

sing = T A5 _ s (Ans)

IolPl V6V26 V156
Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)
Solution: - Let the position vector of the vertices A,B and C is given by a— , 5~ and c— respectively.
Then a- =1+ ] +2k
=20 +2j +3k
c->=31—-j]—-Rk
Now AB— = Positionvector of B — Position vector of A
=20 +2] +3k-(1 + J +2K)
=QR-1Di+2-1)j+B-2)k
=i +j+k
Similarly AC— = Positionvector of C — Position vector of A

=3i— j—Rk-(i + J +2K)

=@B-1Di+(-1-1)] +(-1-2)k
=21—27—3k
17 R
Now AB~ xAC”=]1 1 1|
2 -2 -3

=(-3+2)1-(-3-2)j+(-2-2)k=-1+5j-4«k
Hence area of the triangle is given by
A=1 4B~ x Al =N+ 57 F (—4)
2 2

= "V+25+16 = V42 sq units. (Ans)
2 2

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors

a— =31+ j—2kand B> =1—3] +4k. (2014-W, 2017-W)
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Ans: - Area of the parallelogram with diagonals a— and b~are given by

|
A=— X
21 &7 |
i /4
Now a—» xb>= |3 1 =2|
1 -3 4

= (4-6)i-(12+2)j+(9-1)k =-21-14j-10Fk

Now area Azl_la—> x| = V(=2 F (=187 F (=10)*
2 2

= V196100 =00 _10V3 =53 squnit. (ans)
2 2 2

Example:-23 For any vector a— and b, prove that (a—» x b™)? = a?h?— (a—.b)2where a and b are
magnitude of a— and B respectively.

Proof: - (a—» X b)2= (Ia> L1171 sin 6A)?

(absin 01)2 = azb2sin2 (As ()2 =( |7])2=12=1)

= a2b?2(1 — cos?8) = a2b%— a?b2cos?6

= a2b2— (abcos)? = a2b2— (a— .b™)2 (Proved)

Example:-24 In a AABC , prove by vector method

a c
that =t =_",
sinA sinB sinC

where BC = a, CA = b and AB =c. ( 2017-S)
Proof:- As shown in figure- 25 ABC is a triangle

having, a— = BC=, b= CA~ and ¢- = AB~.
From triangle law of vector we know that,

BC= + CA~ =BA>

= a>+Db’=—c>

2 e +D+ =1 w(l) Fig-25

( taking cross product of both sides with a— we get)
2 O X@+D+ o )= X
2 (X)) + @ X))+ (@ X)) =T
= W+ (@ X))+ (@ xco) =0
=

(a> X b)) = —(a- X o)
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= (@ Xb?)= (X @) (2)
Similarly taking cross product with 5~ both sides of (1) we have,

= (@ X D7) = (b7 X ¢2)==m====m=mmmmmm- 3)

From (2) and (3), (a» X b)) = (b~ X ¢=) = (c= X a-)

= |a)><b’|:|b’ xc—>|=|c—>xa>|

= absin(r — C) = bc sin(m — A)= ca sin(r — B)

As from fig-25 it is dear that angle between a— and bism — C , band c— is T — Aand c— and a— is T — B.
Dividing above equation by abc we have,

= absin(mr—C) _ bcsin(m—A) __ casin(m—B)
abc abc abc

= sinC — sinA — sinB
c a b
b

sinA sinB sinC

Hence

(Proved).

Example:-25 What inference can you draw when a—» x #>=10"and a—».5>=10"
Ans: - Given a» xb’=0?and @. b—>=T1>

= { Ether a»=T0r 5~=070r a» 13>} and { a—="or 52=Tora> L 7 }

= Asa- II7”and a—- 3~ cannot be hold simultaneously so a—= 0~or b~>=

0~Hence either a—»=0or b= 0.
Example:-26 If |a—| =2and |5~ | =5and |a—> x> | =8, then find a-.7~ .
Ans: - Given | @ xb | =8

= |ao| |5 |sing=8

= 2X5sinf=8

= sinf=2= 4%
10 5

# cosB = VI=STT = V1— (d)2 = y1-16=yL=3
5 25 25 5
Hence a—. b= |a—>| |b'_’|cose=2><5><_3=6 (Ans)
5

Example:-27 Show that the vectors i — 3 j + 4k, 2i — j + 2K, and 4i — 7 j + 10K are co-planar.(2017-S)

Ans: - Now let us find the following determinant ,

1 -3 4
2 -1 2| =1(-10+14) - (-3) (20-8)+ 4(-14+4) = 4+ 36 -40 = 0
4 -7 10

Hence the three given vectors are co-planar.
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Exercise
1. Show that the points (3,4) ,(1,7) and (-5,16) are collinear. (2 Marks)
2. Ifa» = 3i—5jand 5> = 21 + 3j, then find the unit vector parallel to a— + 25~. (2 Marks)
3. Show that the vectors a— = 3+/3i—3j,b>=6jand c— = 3v3i+ 3j form the sides of an
equilateral triangle. (5 Marks)

4, Find the unit vector parallel to the suma— = 2i +4j—5kand > =1 + 2 j + 3K. (2014-W,2017-W).(2 Marks)

5. Find the scalar and vector projection of a— on b~>where a— =i + jand b> = j + k — 21.(2015-W)
(5 Marks)
6. The position vector of ABand Care 2i + j—Kk,31—2j+ K { +4j— 3K respectively . Show that A, B

and C are collinear. (2 Marks)

7. Find the value of ‘a’ such that the vectors i — j+ K, 2{ + j+ K and ai— j+ akare coplanar.

(2 Marks)
8. Find the value of 'k’ so that the vectorsa—» =1 +2j— kK and b = ki + j+ 5K are perpendicular
to each other. (2015-W) (2 Marks)
9. Find the unit vector in the direction of 2a— + 3b~> where a—» =1 +3j+kandb> = 31— 2j — k.
(5 Marks)
10. Find the angle between the vectorsa— = 3i +2j—6kandb>= 4i—3j+ k. (5 Marks)
11. Calculate the area of the triangle ABC by vector method where A(1,2,4), B(3,1,-2) and C(4,3,1).
(5 Marks)
12. Obtain the area of the parallelogram whose adjacent sides are given by vectors i + 2 j + 3k
and-3i—2j+Ek. (5 Marks)
13. Determine the sine of the angle between a—» =i—-3j+kKand > =1+ j+ K. (5 Marks)
14. Find the unit vector along the direction of vector 2i — j— 2k . (2015-S) (2 Marks)
15. Find the area of the parallelogram having adjacent sides i — 2 j + 2k and 2i + j. (5 Marks)
16. Find the unit vector perpendicular to both 31 +2j—3Kkandi + j— k. (5 Marks)
17. Find the area of the parallelogram having vertices A(5,-1,1), B(-1,-3,4), C(1,-6,10) and D(7,-4,7).
(5 Marks)

18. Find the vector joining the points (2,-3) and (-1,1).Find its magnitude and the unit vector along the
same direction. Also determine the component vectors along the co-ordinate axes. (5 Marks)
19. Prove by vector method , that in a triangle ABC,

b2+c%—a?
2bc

20. Find the work done by the force 41 — 3k on a particle to displace it from (1,2,0) to (0,2,3) (2 Marks)
21. If a» and Bare perpendicular vectors, then show that (a-» + )2 = (a» —1)2 (2 Marks)

cosA =

where BC = a, CA = b and AB =c. (5 Marks)
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22. If a—,b~ and ¢ are three mutually perpendicular vectors of the same magnitude, prove that
(a— +17+ )~ is equally inclined with the vectors a—,b™ and c-. (10 Marks)

23. Find the area of the parallelogram whose diagonalsare a—» = 2i—3j+4kandb> = —3i+4j—k.

(5 Marks)
Answers
2) i+ 1 4) 3469 72key 1 G4 R—21
) 5T ) ——)7 30 )
7)1 8)3 9) 1i—_ g
Vvi2z V122

10) * 11) 2 5q units 12) 6+/5 sq units

2 2
13) He 14) Zi-13-Z%g 15) V&5 sq units

V33 3 3
16) i+ k 17) +/2257 sq units

2 V2
18) —3i+47 , 5 ,3Bi+2%; , =21 and %j

5 5 5

20) -13 units 23) @ sq units.
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LIMITS AND CONTINUITY
INTRODUCTION:-

The concept of limit and continuity is fundamental in the study of calculus. The fragments of this
concept are evident in the method of exhaustion formulated by ancient Greeks and used by Archimedes (287-
212 BC) in obtaining a formula for the area of the circular region conceived as successive approximation of
areas of inscribed polygons with increased number of sides.
The concept of calculus is used in many engineering fields like Newton’s Law of cooling
derivation of basic Fluid mechanics equation etc.
In general the study of the theory of calculus mainly depends upon functions. Thus it is
desirable to discuss the idea of functions before study of calculus.
OBJECTIVES:-
After studying this topic, you will be able to
i) Define function and cited examples there of
i) State types of functions.
i) Define limit of a function.
iv) Evaluate limit of a function using different methods.
(v) Define continuity of a function at a point.
(vi) Test continuity of a function at a point.
EXPECTED BACKGROUND KNOWELDGE :-
(1) Set Theory
(2) Concept of order pairs.
RELATION:-
Definition : - If A and B are two nonempty sets, then any subset of AXB is called a relation ‘R” from A to B.
Mathematically R ¢ AXB
Since @ ¢ AXB and AXB is a subset of itself, therefore @ and AXB are relations from A to B.
EXAMPLE:-1
A={12} B={a,b,c}
Then Ax B ={(1,a), (1,b),(1,c),(2,a),(2,b),(2,c)}
Now the following subsets of Ax B give some examples of relation from A to B.
Ri ={(1,a),(2,b)}, R2 ={(1,0)}, Rs ={(2,b)} and R4 = {(1,a),(1,b),(2,¢c)} are examples of some relations.
The above relations can be represented by figurel-4 as follows.
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Rl = {(1' a)' (2! b)}

R2 = {(1,0)}

R3 = {(2, b)}

R4 = {(1' a)' (1' b)' (2' C)}

Example — 2
A = Players = {sachin, dhoni, pele, saina}
B = Game = {cricket, badminton, football}
Then R = player related to their games.
The pictorial representation is given in Fig-5

Fig-1

?

Fig2

Badminton

Football
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FUNCTION: -
A relation 'f' from X to Y is called a function if it satisfies the following two conditions
() All elements of X are related to the elements of Y.
(ii) Each element of X related to only one element of .
In above example -1 only relation R; is a function, because all elements of A is related.
Each element (i.e. 1-a and 2-b) is related to only one element of B.
R, is not a function as ‘2" is not related.
R3 is not a function as ‘1’ is not related.
R 4 is not a function as 1 related a and b.
EXAMPLE — 2 represent a function.

EXAMPLE -4
Let us consider a function F from A = {1,2,3}to

B = {a, b, c, d}as follows.

Fig-6

Here we can write F(1) =a
F(2)=c
F3)=b
DOMAIN (Dr)
Let F:X->Y is a function then the First set ‘X" is called domain of F.

X=Dom F = D¢

In example-4 {1,2,3} is the domain.
Co-domain —
If F: XY is a function, then the 2" set Y is called co-domain of F. In example -4 {a, b, c, d}is the co-
domain.
IMAGE:- If f: XY is a function and for any xe X, we have f(x)e Y.
This f (x) =y €Y is called theimage of x.
In example -4 ‘a’is the image of 1
‘b’ is the image of 3
‘c’ is the image of 2
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Range (Rg): -
The image set of ‘X’ i.e. domain is called range of F.

F(X) = Range of F

Inexample -4 {a, b, ¢} represent the range of F.

In above discussion we have taken examples of finite sets. But when we consider infinite sets it
is not possible to represent a function either in tabular form or in figure form. So, we define function in another
way as follows.

CONSTANT- A quantity which never changes its value. Constants are denoted by A, B, C etc.
VARIABLE:-A quantity which changes its value continuously X, y, z etc are used for variables.
TWO TYPES OF VARIABLE:- i) Independent variable ii) dependent variable
Independent variable - Variable which changes its value independently .Generally we take 'x’ as independent
variable.
Dependent Variable - Variable which changes its value depending upon independent variable. We take 'y’ as
dependent Variable.
DEFINITION OF FUNCTION:-
Let X and Y be two non empty sets. Then a function or mapping ‘f’ assigned from set X to the

set Y is a sort of correspondence which associated to each element xe X a unique element ye Y and is
written as
f:X>Y (read as™ f maps X into Y).
The element 'y’ is called the image of x under f and is denoted by f(x) i.e. y = f (x)
and x is called pre-image of y.

X
M
<

Example - Let y = F(x) = x> where X ={ 1,1.5,2} %
Pictorial representation is given in Fig-7

4
-

2.25

0"
Ml

Y \
LT

N
4

Fig-7

Here values of x form domain and values of y form range.

FUNCTIONAL VALUE f (a)> The value of f (x) obtained by replacing x by a is called functional value of f(x)
at x=a, denoted by f(a)
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Example :- Lety = f (X) = x?
Then functional value of f(x) at x=2is f(2)=22=4
The functional value of f(x) at x=1.5is f(1.5) = 2.25
If f(x) =;1 then f(1)= 1/1=1 , f(2) = V2. But f(0) =61 which is undefined

So the function value of function is either finite or undefined.
Classification of function

Functions are classified into following categories

Into function

A function F : A > B is said to be into if there exist at least one element in B which has no pre-image in A. In
this case Range set is a proper subset of co-domain Y.

LetA={1,23}and B={ab,cd}

Then the function F given by fig-8 represent one into

function from A to B.

Fig-8 (Into Map)

In above figure d has no pre-image in A.

Onto function A B
A function F : A > B is said to be onto if Range of F e

i.e. F(A) = B. In other words every element of B has a 1 e f a
pre-image in A. 2 >

Let A= {12,34}and B = {ab,c} 3 €
Then the function F given by fig-9 represent one onto z

function from X to Y. (Onflg_,?ﬂ )

From above figure it is clear that F(A) = B.
One-one function

A B
A function F: A > B is said to be one-one if each

E
distinct elements in A have distinct images in B i.e. if —
x1 #x; iNA => F(x;) # F(x;) inB. —
LetA={ab,c}andB={1,23,4}

Then the function F given by fig-10 represent an one - one
one-one function from AtoB. Fig-10
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Many-one function

A
A function F : A > B is said to be many-one if there -
exists at least one element in B, which has more than ; R
one pre-image in A. - e
Let A ={1,2,3}and B ={ a,b} s .
Then the function F given by fig-11 represent a

many-one function from Ato B . ( Many one)
Fig-11

From above figure it is clear that a has two pre-
images 1 and 2inA.

One-one and onto function or bijective function

A function F : A - B is said to be one-one and onto if
it is one-one and onto i.e each distinct element in A
has distinct image in B and every element of B has a
pre-image in A.

LetA={1,23}andB={ab,c}

Then the function F given by fig-12 represent an

( One-one and onto)

one-one and onto function from AtoB. Fig-12

Inverse function:- e X
If F: X > Y is a bljective function then it's N

inverse function defined from Y to X denoted by F-t . | -

If x € X and y € Y such that y= F(x) then x= F-1(y). ] 7\ [\

One example of inverse function is given in Fig-13 .

LetX={ab,c} andY ={1,2,3}. Fig-13

Composition of two function

P
Iff:X>Y andg:Y > Zbe any two functions '

having Range f = Domain g, then composition of f and !

g denoted by gof is defined by gof(x)= g(f(x)), xe X. gof

Domain of gof = X and Range of gof = Range of g.
The composition of two function f and g is shown l l

in fig-14.

Fig-14

Examples of some composite functions is given below
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y = f(x) = sinx2 formed by composition of x2and sinx.

y = f(x) = Vcotx formed by composition of cotx and vx .

y = f(x) = log, sin\/x formed by composition of v/x , sinx and log, x
Real Valued Function:-

F : XY is called a real valued Function.
If domF=XcR and Y cR.
Generally we discuss our topics on this type of functions.

DIFFERENT TYPES OF FUNCTIONS:-

(1) CONSTANT FUNCTION :-
The function F (x) = K for all x € R, where K is some real number is called a
constant function

For Constant Function Ds= R
R = {K}

(2) IDENTITY FUNCTION :-
F(x)=x vx € R, is called Identity Function. (v x means for all x)
It is also denoted by I, or I.

Dom=D=R

(3) TRIGNOMETRIC FUNCTIONS :-
sinx, cosx, tanx, cotx, secx, cosecx are called trigonometric functions.
we know the defination of these functions.
We know that -1<sinx<1 and -1<cosx<1 Vx € R. Here x is radian measure of an angle.

Function Domain Range
Sinx R [-1,1]
Cosx R [-1,1]
Tanx R- {(2n+1)§r :n€z} R

Cotx R- {nn: n€z} R

Secx R- {(2n+1)2E:n€z} R-(-1,1)
Cosecx R- {nn: n€z} R-(-1,1)
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(4) INVERSE TRIGNOMETRIC FUNCTIONS :-

sin-1X, cos—1x,tan-1x, cot-1x, sec—1x,cosec-1x are called inverse trigonometric functions.

These are real functions.

Function Domain Range
sin—1x [-1,1] 2,9
22
cos-1X [-1,1] [0,7]
tan-1x R -Z.5)
22
cot—1x R (0, m)
sec-1X x<-lorx=>1 OSySn,y;t%
cosec—1X x<-lorx>1 -%SyS%,y;tO

(5) EXPONENTIAL FUNCTION (a):-
An exponential Function is defined by F(x) = a*(a>0, a#1), for all x€ER
Dr=R
Re=R:

Properties

(1) " =a%a

(2) @) =2aY

(3) a*=1 ,<=>x=0

(4) If a>1, a*<a’ if x<y

If a<l,@*>a’ if x<y

(5) LOGARITHMIC FUNCTION
The inverse of a* is called logarithmic function.

f(x) =log x (log x base a) is called the logarithmic Function.

Dom f=R* ,R=R




39

PROPERTIES

(1) loga(xy) = logax + logay
(2) loga(x) = logax - logay
y

(3) logax =0 <=> x=1
(4) logaa=1

5) logx= ' (x#1)
a Logx a

(6) logax = logpx.logab
(7) log,x» = nlog,x
(8) log, ¥/X =71lloga x
(6) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION ( IxI) :-

The function f defined by f(x) = |x|={ ¥  Whenx<0
X whenx =0

Is called Absolute Value Function.

Di=R

Re=R*U{0}

Eg. |5]|=5 (as 5>0)
[-2] =-(-2)=2 (as-2<0)
|0] =0
|3.7] =37

|-5.2 | =5.2

(8) GREATEST INTEGER FUNCTION OR BRACKET x ([x]): -
The greatest integer Function [x] is defined as

X ifxeZ
[X]_{n ifx@Zandn<x<n+1wheren€Z

Example

[2] =2 (as 2€ Z)

[0]=0 (asOQ€ 2)

[2.5]1=2 {as 2.5 @ Z and 2.5 lies between 2 to 3i.e.2 < 2.5 < 3}
[[1.5]=-2{as —2<—-15< -1}

[V3]1=1 {as1<v3<2}

[-e] =-3 {as2<e<3 =>-3<-e<-2}

Dom[x]=R  and Range[x]=Z
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Functions are categories under two types as follows
(1) ALGEBRAIC FUNCTION (Three types)
i) Polynomial P(x) = ap+ajx---------- +anxn
E.g>F(x) = x?4+2x+3, F(X)=3x+5¢€
P(x)y _ AotaXt——————————— +apx™

(ii) Rational Function ( ))
@y bptbixt——————————— +bmx

Eg x x2+2x+5

o1 | 31 are rational functions.

i) Irrational Function {P(x)} P@ e.g>vx,( x2+2x+1)%3 etc.

2) TRANSCENDENTAL FUNCTION
Trigonometric, logarithmic, exponential functions are called transcendental functions.
Again there are following types of functions as follows.
EXPLICT FUNCTION

y=f(x) i.e. if y is expressed directly in terms of independent variable x, then it is
called explicit function .
Example y = x?
y=2x+1 etc
IMPLICT FUNCTION
Function in which x and y cannot be separated from each other (i.e.) F(x,y) = 0 is

called implicit Function. E.g. > x2+y?=1
x3+2xy+3x%y? = 7 are examples implicit functions.
EVEN FUNCTION:-
If f(-x) = f(x), thenf(x) is called even function.
Example f(x) = cosX

f(-x) =cos (-x) =cosx =f(x)
Hence f(x) = cosX is an even function
Similarly f(x) = x2, x* 77 are even functions.
ODD FUNCTION:-

If f(-x) = -f(x), then f(x) is called odd function.

f(x) = sinx, X, X3, are example of odd functions
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INTRODUCTION TO LIMIT:-
The concept of limits plays an important role in calculus. Before defining the limit of a function
near a point let us consider the following example
Let F(x) =%
Now F(1) = ﬁ = 0 undefined
1-1 0
But if we take x close to 1, we obtain different values for F(x) as follows

TABLE -1
X 0.91 0.93 0.99 0.9999 0.99999
FOX) 1.91 1.93 1.99 1.9999 1.99999
TABLE — 2
X 1.1 1.01 1.001 1.00001 1.000001
FOX) 2.1 2.01 2.001 2.00001 2.000001

In above we can see that when x gets closer to 1,F(x) gets closer to 2.however,in
this case F(x) is not defined at x=1,but as x approaches to 1 F (x) approaches to 2.

This generates a new concept in setting the value of a function by approach method.
The above value is called limiting value of a Function.
SOME DEFINATIONS ASSOCIATED WITH LIMIT:-
NEIGHBOURHOOQOD:-

For every a€R, the open interval (a-§, a+ &) is called a neighborhood of a where §>0 is
a very very small quantity.
Example (1.9,2.1) is a neighborhood of 2. (§ =0.1)
DELETED NEIGHBOURHOOD of ‘a’:-
(a- 6, a+ 6)- {a} is called deleted neighborhood of a.
Left neighborhood of a is given by (a- 6, a) .
Right neighborhood of a given by (a, a+ 6).
Example
(1.9.2.1)- {2} is a deleted neighborhood of 2.

(1.9, 2) is left neighborhood of 2.

(2, 2.1) is aright neighborhood of 2.
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DEFINATION OF LIMIT:-
Given €>0, there exist 6>0 depending upon € only such that, |x-a|< & => |f(x)-l|<€

Then limy,_, f(x) =1
EXPLANATION
If for every €>0,we can able to find § ,which depends upon € only such that xe (a- §,a+ § ),=> f(x)

€ (I-€,l+€) . Inother words when x gets closer to a then f(x) gets closer to I.
We read x->a as x tends to 'a’ i.e. x is nearer to a but x+a
lim,_, f(x)~> limit x tends a f(x). ‘I"is called limiting value of f(x)at x = a.

In 1*example lim  ¥*-1_ 5

x>17%
i.e limiting value of f(x) at x=1is 2.
Note:-
Functional value always gives the exact value of a function at a point where as limiting value
gives an approximated value of function.
Functional value is either defined or undefined. Similarly limiting value is either exist or does
not exist.
EXISTENCY OF LIMITING VALUE:-
In our first example if we observe table -1 then we see we approach 2 from left in that table.
In table -2 we approach 2 from right.
So in table -1 x€ (2- 6,2)
And in table -2 x€ (2,2+ 6)
These two approaches give rise to two definitions.
LEFT HAND LIMIT
When x approaches a from left then the value to which f(x) approaches is called left hand limit of
f(x) at x=a written as L.H.L.= lim,_,- f(x)
X->a means x€(a — 6, a).
RIGHT HAND LIMIT: -

When x approaches a form right then the value to which f(x) approaches is called right hand limit.

Mathematically
R.H.L =lim,_ .+ f(x)

x->a* means xe (a,a+ &)
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EXISTENCY OF LIMIT
IfLHL=RH.Lie.

limx_,a+ f(X)=limx—>a— f(x)= |

Then the limit of the function exists and limx-a f(x) = |
Otherwise limit does not exist.

ALGEBRA OF LIMIT: -
IFlim,,, f(x) =land lim,,,g(x) =m

Then
) limxsa{ f(x) + g(X) } = limxoa f(x) + limx-a g(x) =1+ m

i) ) limx—a{ f(x) - 9(X) } = limxsa f(x) - limx—a g(x) = 1-m
iii) limx—m{ f(X) g(X) } = limx-a f(X) . limxoa g(x) =Im

iv) ) lim {f(x) )= limysa fO)_ T (provided m=0)

X2 o(x) limy—qa g(x) m

v) limx-aq K =K (K is constant)

vi) limx-ak f(x)= klimx-a f(x)=KI
(Vii)limx-a logp f(x) =log,lim,_, f(x) =logl
Viii) lim,_,q e/@= elimx—af() =l
(ix) limyq f()m ={limyq f(x)} = I
(x) limyq f(x) =limyq f(¥) =1
() lim | FGO) | = [limenq fGO] = 11

(xii) Iflim  f(x) = o, then lim 1 =0

x x—a m

EVALUATION OF LIMIT:-
When we evaluate limits it is not necessary to test the existency of limit always. So in this

section we will discuss various methods of evaluating limits.

(1) EVALUATION OF ALGEBRAIC LIMITS :-
(2) Method -> (i) Direct substitution (ii) Factorisation Iii) Rationalisation

i)  Direct Substitution :-
If f(x) is an algebraic function and f(a) is finite. Then lim,_,, f(x) is equal to f(a) i.e. we

can substitute x by a.
Let us consider following examples.
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Example -1
Evaluate lim,_o(x% + 2x + 1)

ANS 2>
lim,o(x2 + 2x + 1)= 0%+2x0+1=1

Example -2
. x—1

Evaluate llmx_,_l m

ANS—>
. -1 _ -D-1 B -2 -2 1
lim sy 24201 (DH2x(-D-1  ~ 1-2-1 -2
Example —3
. x _5
llmx—>]_ \/m- =7
Ans :-

lim Ve _ VT _ 1

=1 52 Jie2 3

Example -4

Evaluate lim  *~1 =1’~1_0  which cannot be determined.

»ly1 1-1 o0

NOTE: -

So here direct substitution method fails to find the limiting value. In this case we apply following
method.

ii) FACTORISATION METHOD :-

If the given Function is a rational function £® , and £@_is in o form
g(x) g@) 0

then we apply factorisation method i.e we factorise f(x) and g (x) and cancel the common factor. After

cancellation we again apply direct substitution, if result is a finite number
otherwise we repeat the process .

This method is clearly explained in following example.

Example -4
. x2—1
Evaluate lim 15T
i P .
Ans : - lim =lim  +DE-1)
=1y q x=>1 (x—1)

= lim(x+1) {x=> 1 means x#1 => (x-1) # 0}
x—1

=1+1=2 {after cancellation we can apply the direct substitution}
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Example -5

X24+7x+12

Evaluate lim X~>—327 5716

ANS :-

lim Xe+7x+12 0

x~-3 2rorre {by putting x=-3 we can easily check that the question is in O—form }

= lim X2 +4x+3x+12
X>=37 321 0% +3x+6
= lim x(x+4)+3(x+4)
X273 5 (x+2)+3(x+2)

_ . (x+4)(x+3) }
= lim,_,_3 D63 {x=> -3 then x+3 # 0}
= lim (x+4) = —3+4  _ i =-1
X2=3 (x+42) —3+2 -1
Example - 6
3 2.2 n._
Evaluate lim,_,4 al 3’; Sx—t
x4—4x
ANS ->
lim x3—3x2-3x—4 0

X4 T (Eform )
. 0
As x=4 gives aform

= X-4is a factor of both polynomials.

x-4 |x3-3x2 — 3x — 4| x2+x+1

| x3 -4x2 |
-4
|x2 —3x — 4|
|x2 — 4x |
- +
| x-4 |
| x -4 |
0
Hence x3 -3x%-3x-4 = (x-4)(x*+x+1)
Now lim x3-3x%=3x—4 _ ;. (x—D(x%*+x+1) - i xx+1 = #+a+1_21 .
- = lim

x2—4x x—4 x(x—4) x—4  x 4 4




46

iii)  Rationalisation method :-
When either the numerator or the denominator contain some irrational functions and direct substitution gives

% form, then we apply rationalisation method. In this method we rationalize the irrational function to eliminate

the % form.This can be better explained in following examples.

Example -7

. X
Evaluate lim -0 Nizs o

ANS :-
limx—»oﬁ { In order to rationalize Vx + 1 — 1 we have to apply a2 — b2 formula
a2 —b?2 = (a+ b)(a— b)soherea — b is present,so we have to
multiplya + bi.e.Nx + 1+ 1}
=lim x(vx+1+1)
=0 (FI-1)(iF1+1)
= lim x(\/x+21+12
x—0 VEFT —12
= lim x(Vx+1+1) _ li x(Vx+14+1)
-0 =lm, 4
x x+1-1 x
= limemo(Wx+14+1) = VO+1+1 = 1+41=2
Example - 8
Evaluate lim,_,q Yitr—y/1x
2x
Ans :-
lim Y= 0
x=0 - (6 form)

o ViV 1= (Vi 1—x)
- xl_r)r(; 2x(V1+x+V1—x)
i (V14x)2—(V1-2? ) (14+x)—(1—x)
= lim (:) = lim —_—
x=0 2xWI+x+Vi—x) x—0 2x(V1+x+V1-x)

x—0 2x(V1+x+V1—x)

lim 1__

x—0 Vi+x+Vi—x

1 1
VIFOHI=0 141
1

2
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(3) _Evaluating limit when x-> «

In order to evaluate infinite limits we use some formulas and techniques.

Formulas (i) lim,_c x* = oo, n>0

(iflim 1 =0, n>0
X—00 K

When we evaluate functions in ]gcé—jg form, the we use the following technique

Divide both f(x) and g(x) by x“ where xkis the highest order term in g(x).
It can be better understood by following examples.

Example -9

Evaluate i 3x%4x—1
valuate 11m ,_ 0 X2 7xt5

3x24x—1

ANS:- llmx_,oom

{Dividing numerator and denominator by highest order term in denominatori.e. x*}

. 3x2+x—1

= lim 7

X2 252 7345

X2
3x2 x 1 11
- i —4——= =i 34—

hmx—)oo A hmx_)00 o~
Ttz 2tz

. . 1 .
llmx—)oo 3+11mx—>m7 — llmx—yoo

= %~ (applying algebra of limits)

. . 7 .
llmx—)oo 2—llmx—>007 +llmx—>oo

=

X x2
3+0-0 3
© 2040 2
Example — 10
Evaluate lim x3+2x2+3
X700 x4-3x+1
ANS :-
lim 3+2x243
X0 4 _3x41

{ Dividing numerator and denominator by highest order term x*}

x3 2x2 3
= lim At At a
X—00 % 3x 1
AAtE
1.2 3
= lim xtx2 4 — 04040 :Q:O

x—00 1_3i+11 1-0+0 1
x3 x
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Example — 11
4
. x*+5x+2
Evaluate lim -
X2 X342

ANS :-

lim 2 45x+2

X0 X342

{ Dividing numerator and denominator by highest order term of denominator i.e. x°}

A 5x 2 5 2 5 2
_ li 73—x—3+xT 1 x—?-i-xT _ limx—oo X—limx—>oox_2+lim)x—>oox_3
- 1mx—>00 x_3 2 - 1mx—>00 1+Z_ - llmx—>oo 1+ llmx—>ooh7
x3 X3 x3 x3

_ li_mX—>oox—0+0 _ hm X =oo
1+0 - xmee A T

Example —12
lim._. Y3x’-1-—vV2x?-1
e 4x+3
V3x2—T—V2x2=T
ANS :- lim V3xZ=T—V2xZ=1 _ n ——
X—00 4x+3 = l1m X—00 4x+3

X

{ Dividing numerator and denominator by highest order term in denominatori.e. x.}

\/3x2—1_\/2x2—1 Bxc 1 x4 1
_ L X2 T X2 . X2 27 %2 x2
= limx-ow 4x 3 = limx—oo —* *4_+3 =
x x x
Vi 1 _ 1 2 1
= llm X2~ X2 _ {llmx—>oo(3_x2)} - {llmx—>0(2 _XZ)}
X—0 4-+3 -

3-0)"/2- (2-0)'/2
4+0

= 3%@ (ans)

Important note in o° limit evaluation:-

9m jfm=n

lim ao+arx+—————— tamx™ = { bn
X290 ho+b1x+byxi+————— +bpx™ 0 l_f m<n
o ifm>n
Example-13
. x*—1
Iflim, e, (—= ax —b) = 2, find the values of a and b.

x+
2

Solution -> Given lim,_,e (x— —ax—b)=2
x+1

= lim x2—1—ax?—ax—bx—b

=2
X x+1

2
= lim x*(1—a)—x(a+b)—(b+1) _ 2
X—00 x+1
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As result is finite non zero quantity
= Degree of numerator polynomial = degree of denominator polynomial

= Degree of polynomial in numerator = 1

{As x+1 has degree = 1}

= l-a=0 =>

a-=1

Now putting a = 1 in above evaluation
—x(1+b)=(b+1) _ 5

hmx_'oo x+1
2 —(+h) = 2 {by important note}
1
2 —1—-bh=2 {lim aotaix———+amx™ _ am where m = n}
X290 ho+b1x+———+bpx™ bn
=> | b=-1-2=-3

Therefore a=1 and b=-3

(4) Important Formulas in limit
n an

(1) Tim g —

= nar-1 where a>0 and n€R

. X__
(2) lim : = |og a
x>0 e

e*—1

=1

In particular lim,_,q
X

1
(3) limyo(1+x)x =e

1
(4) limx—mo(l + x_) *= e

. loga(1+x)
(5) lim,_q —Og—x “=log,e

. . loge(1+x)
In particular lim,_,q _ggx =log, e =1

(6) limy,gcosx=1
(7) lim,_gsinx =0

sin x

(8) lirnx—»O x

tan x

=1

(9) lim,

SUBSTITUTION METHOD:-
In order to apply known formula sometimes we apply substitution method. In this method x is

replaced by another variable u,and then we apply formula on ‘u’.
Let us consider the following example.
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Example — 14:-

sin 2x

Evaluate lim,_,

X

ANS:- Let 2x=u => when x>0
U->0(asu=2x)

Now lim SN2 _ im sinu = 2 Jijm  sinu

x>0 5 u—0 T u—0",
=2x1=2
lim f(Ax) = lim f(w)
In general e e
Putting Ax=u = limy0 £(x)

Hence some of the formulas may be stated as fllows
. a*—1
1) lim =log a

0y €
. . *—1
In particular lim o ——= 1
1
2) limy_o(1+Ax)x =e
1
3) lim,_,. (1 +E)“ =e

4) lim, =log, e

loga(1+4x)
Ax
: ; loge(1+Ax
In particular lim —gg(/lx—l =1

sin Ax

5) lim
-0 Ax

tan Ax =1
Ax

Some examples based on the formulas
(1) Evaluatelim sin 3x

x—0

6) limx_,o

tan 5x
Ans :-
3 sin 3x
li sin3x _ ;. “3x
m,_,0 tan Sx =M »_,05wnsx
5x
. sin 3x 1
= 3lim (3x)_E _=E
5 X0 tanSy 5 1 5
5x
. 1—cosx
(2) Evaluate lim,_,o = (2014 S)
1—cosx 2sin?*
Ans :- limx_)o 2 = limx%o—xz—z
x x . X X
=lim 5y sy = 1]im S5 Sy =1xIx1 =1
=072, 1, 2 x20 x "I 2 2
2 2 2 2
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e3x_ex

(3) Evaluate lim,_,q —

- e—er . e —141—e*
Ans :- llmx_,OT = lim, o —

(€3x—1) (ex—l)

- lim x—0

= lim e3*—1 eX—1

x-03 " ) — lim,o S =31=2

= lim x—=0

3
(4) Evaluatelim ; z(secx — tan x)
2

Ans :-
. . 1 i
lim z(secx—tanx) =lim = — Smx)
xX=, X—, cosx cos x
= lim (%) =lim  (AzsinoUtsing,
X=, cosx x=, cos x(1+sin x)
= lim E( 1—sin’x ) =lim cos®x
X=, cos x(1+sin x) X=, cos x(1+sin x)
= lim E( cos x ) _ 0S5, =0 =0=0
X=, l+sinx 14sin, 1+1 2
(5) Evaluate lim tan x—sin x )
X0 Gin3x
tan x—sinx . Sinx_ i
lim (—3 ) = llmxao(% )
x=0 sin’x sin’x
= limx—>0 sin)_c—gsinxcosx) = 1imx_)0(sin_x3(1—cosx) = limx—>0( 1;cosx )
(sin3xcosy —sindxcosx ¢ -2
sin xcosx
= lim 1—cosx ) lim ( (1—cosx) )
x20 "(1_cos2x)cosx - %20 "(1_cosx)(1+cosx)cosx
= lim #) _ 1 — 1 _1
x>0 (1+cosx)cos x B (14co0s0)cosO (1+1D41 2
i1
(6) Evaluate lim,_q——
Ans :-
li sin"x =i u
M0 = = Muso Gy
{put sin’x =u => x=sinu when x->0 u-> sin"’x -> 0 {as sin’0 = 0}}
. 1 =1=
= hmu_>osiﬂ n 1
u
. tan~1x
(7) Evaluate lim,_,o .
Ans :-
. tan”! . :
lim,_o % = im0  {puttanix = u => x= tanu when x->0 u->0}

limuﬁoﬁ = 1/1 =1

u




52

(8) Evaluate lim -8

X2255-32
Ans :-
. . . x"—a _
lim £-8 =1lm »-2° { aslim = na" 1}
X>2 5 35 X>2 ,5_5 x—a ,_,
3_53
= lim xx—é - 3231 — 3x22 — 3 =i
X2 x5-25 5 25-1 5x24 5%x22 20
x—2
. 3+x)3-27
(9) Evaluate lim,_,o G027
. 3+x)3-27
Ans :- lim,_ G 27 { put x+3 = u when x--> 0 then u-->3}
. u3-33 . x—a _ n—1
= limy,0——- {lim,_,, —= na™" '}

3 33-1 =3x32=3x9=27

tan~1 3x

(10) Evaluate lim, o S

in7x
. -1 X tan"13x
Ans :- lim  tn__ 3x = lim 3x
x—-0 sin 7x x—0 sinZx 7
7x
tan—13x
= 3lim M
; x-0 (sinﬂ)
7x
_ 3 % 1 _3
7 1 7
. loge 2x—1
(11) Evaluate lim,; %%
. . loge 2x—1
Ans :- limy, ™7 7

{ For applying log formula x> 0,but here x=> 1, so we have to substitute a new variable u as, u=x-1}

loge 2(u+1)—-1

= limu_)o u
. 1 2u+1
= lim,,¢ —°ge*u”+ when x-->1 then u=x-1-->0}
= lim, o “#C 2 = 1x2=2
u

(12) Evaluate lim  4*-5*

x—-0 3X—_4X
. x x . 4%~1+1-5%
Ans :- lim 4 -5 = lim x
x—0 3x_4x x>0 73X _141-4%

@*-1)  (5x_qy

. loge 4—loge 5
= llmxﬁo(jwbxfr = B§§3—10g%4
2 )7C )
In_ . . . ,
= lnd=in5_ —3 {loge iswrittenasIn i.e. naturallogarithm}
3-In4  In_

4
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1

(13) Evaluate lim,_o(1 + 3x)x

Ans :-
1 1
limyo(1+3x)r = lim,,o{(1+ 3x)3}3
1
= {limye,o(1 +3x)xp = €
2x 1
(14) Evaluate lim,_o(1 + )2

Ans:-

1l
3
2

) 2 L 2 2
lim,_,o(1 + ?X)Zx = lim,,o(1 + ?x)(yc)

= {lim 1 +2_x)c%f}1/3= el/3
x—0 3
Use of L.H.L and R.H.L to find limit of a function

L.H.L and R.H.L used to find limit of a function where the definition of a function changes. For
example |x| at 0 or [x] at any integral point etc.

Also the same concept is used when we come across following terms.

li 1 — oo
lmx_)0+; =

1

_— = -0
x-07

lim
1
limx_)0+ ex = oo

1
limx_)o— ex =0

Examples :-

(1) Evaluate lim x—>olxﬂ
|x]

Ans :-  LH.L= lim, o — {x 20" => x€(-6,0)i.e. x<0 => |x| = -x}

—X

= limx_)o— 7
= lim,_o-(—-1) = —1
|x| x + )
RH.L=limyor — = lime o+ - {x>0 =>x€(0,6)i.ex>0=>|x| =x}

= limx_)o+ 1 = 1
From above

LHL#RHL =>lim, o2 does not exist
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(2) Evaluate lim x+1
x—>-1 [x+1]
Ans :- limx—>—1 |j§1_1| = limu_oﬁ { Let x+1=u . when x=>-1 then UeO}

LH.L =lim,o- 2= lim,o- - {u>0- =>u<0=> Iul=-u }
[ul —u
= limyo-(-1) = - 1
u u +
R.H.L= lim, o+ — = limu_)0+u—= lim,o+1 = 1 {er =>u>0=> Iul =u }

[ul

Hence lim,_ ﬁ does not exist

. +1 .
Therefore lim 4 Ii+_1| does not exist.

(3) Find lim,_o+{[x] + 10}

Ans lim,_o+{[x] + 10}
=lim,_0+(0 + 10) {Asx-->0"=>x€(0,6)i.e0<x<1}=> [x]=0}
=lim,_o+ 10 = 10

(4) Find lim,_,3 7[x]
Ans :-

lim,37[x] =[3.7] = 3
(5) Find lim,__q[x]
Ans :-

[x] changes its definition at each integral point. So, we have to go through L.H.L and R.H.L.
LH.L. = lime,_1-[x] = limy,_¢-(—=2) =-2

{As x> -1" => x€(-1-6,-1) i.e.-2<x<-1 =>[x]=-2}

RH.L. = lim,,_q+[x] = lim,,_{+ -1 =-1 {@s x-->-1+ =>-1<x<0 =>[x]=-1}
As from above L.H.L # R.H.L.

= lim,_,_4[x] does not exist.

(6) Evaluate limx_)%[Bx —1]

Ans :-
lim, o[3x — 1] =lim,sfu]  {Put3x-1=u =>whenx e:— u>3 xz— 1i.e.u>3}
3

Now LH.L = limy3-[u] =lim,3-2=2 {Asu—-3- =>2<u<3=>[u] =2}
RH.L = limy,3+[u] =limy,3+3=3 {Asu-3+=>3<u<4=>[u]=3}
Hence L.H.L # R.H.L =>lim,_,3[u] does not exist.

Therefore lim _+[3x — 1] does not exist.
3
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(7) Evaluate lim,_,, f(x) where

f(X)={_x x<1
x+1 x=>1

Ans :- As f(x) does not changes its definition at ‘2’ so,
lim,_, f(x) =limy_,(x+1)=2+1=3
{As x-->2 =>X€(2-6,2+6) => x> 1=>f(x)=x+1}

X2 x<1
(8) Evaluate limy-1 f(x) and limy; f(x) if f(X) ={2x+1 1<x<2
5 x> 2
Ans :- As function changes its definition at x=1 and 2, so we have to go through L.H.L and R.H.L. step.
lim f(x)
x—1

LHL = limeq- f(x) =lime-x2 = 12=1
R.H.L limyq+ f(x) =lim,1+(2x+1) = 2x1+1=3
{whenx->1" =>x<1 soweusef(x)=x?}

{when x-->1* =>x>1ie. 1<x<2 =>f(x) = 2x+1}
From above L.H.L # R.H.L

= lim,_q f(x) does not exist

lim f(x)

x—2

LH.L=lim, - f(x) =limy-(2x + 1) =2x2+1=5
{when x-->2" =>x € (2-6,2) i.e. 1<x<2 => f(x)=2x+1}
RH.L=limyp+ f(x) = limy,,+5=5

{x-->2* =>x>2 =>f(x) =5 from definition}

As LLH.L=R.H.L

Therefore
lim,; f(x) =5

. 1
(9) Evaluatelim,_,q =

1
Ans :- LH.L =lim,_o- T=-0

1
RH.L = lim,_o+ ~=

L.H.L#R.H.L

1
=>lim,_,o- 7 does not exist.
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Note

X-->a
X-->a
So when we use direct substitution method either for x-->a* or x-->a” in both case we have to replace x by a.

Sandwich theorem or squeezing theorem

If limx—a f(x) = limx-a g(x) =1 and a function h (x) is such that f(x)< h(x) < g(x) for all xe(a-

6,a + 6) ,then

lim,_,, h(x) =1

Example

1
Find limx—o X SIN—
X

1
Solution: - We know |sin ;lS 1
= |xsini| <[x|

X
. . 1
Again |xsin- | >0
X

Hence 0< |x sin ;| < |x|

Now limx-00=0

And limx-o0|x|=0

{As limx-o- |x| = limx-0-(—x) =-0=0and lim,_ g+ |x| =lim,_ o+ x=0}

Hence by sandwich thleorm

lim
x-0 |x sin ;| =0
1 1 1
When x>0, xsin — = (+)ve. So |x sin-| = xsin-
X X X

_ 1 1
{when x-->0 thenx€(-6,0),x=(-)ve, sin— =-ve =>xsin - = 4ye}
X X

o1 1
{When x-->0+thenx € (0,§), x = +ve, sin _ = +ve => x sin — = +ve}
X X

Hence,
: 1

lim, 5 xsin- =0
X
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ILLUSTRATIVE EXAMPLES
sin ax
1. Evaluate limx-0 — a,b+0 (2015-S) (2019-w)
sin bx
Ans.
li sinax _ JZ;X
1IMx—-0 b m,_,o
bx D
sin ax
_% —)
= E 1Mx-0 ﬁr%ziv_c_
Copx )
a 1 a
=3X1 7
X—Xx COS 2x
2. Evaluate limx-o — 5 (2015-5)
sin32x
Ans.
lim X—XCOS2X _ lim x(1—cos2x)
x>0 gind2x 20 gin3ox
x sinx
=lim xZSinx_zlim 3
20 gin32x %20 sin32x 3
@93
. sinZx
=2 lim %2
x—0 sin32x
@03
sinx 2
2. ()
= Ehmx—>0 (sing)3
2x
1 12
=i XT
1
=—(Ans)
4
. COS MX—COS NX
3. Evaluate limx-o B E— (2017-s old)
Ans.
_ 2 sin("E gip P . C+D  D-C
limyoo <22 < Jim,g 2 {cosC-cosD=2 sin— sin —}
x —
Sin(n+m n-m
. —)x sin(—)x
— 2 2
=lim,_, 2 .
. + _
= lim m+n sin(m2 n)x n-m sin(n_zz)x
x—=0 2 ) It TT=TIT
2 ( 2 )x 2 2 )x

sin(m;J)x sin(n;l)x

2 (™ (™) lim
2 2 x-0 (m;—")x

("Jx
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Ans.

Ans.

Ans.
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2

s
Evaluate lim, (5 — x) tan x
2

(m+4+n) (n—m)

x1x1

(m4+n)(n—m)

T T T T
limx_g(z—— x) tan x = limy-o u tan(z—— u) {put;—x=u when x - 5 u~—0}
2
= limusou cotu
. u
- llmu_)o tanu
) U/
- hmu—>0 tan%/y
- i 1
- IInu—>O (ta%)
1
= - = 1
1
. x2—2x+1
Evaluate lim,_,; 5 (2017 9S)
lim x?=2x+1 = lim (x—1)2
x>l 2y x—1 x(x—1)
= limx—l x;l
X
1-1 0
= — = - = O
1 1
Evaluate limx-a ‘/"_Z_‘/‘;_b (a>b) (2017 W)
X°—a
. Va=b—Va=b- 0
M e~ (5 form)
— limyg Qx=b=Va=h)(fx—b+Va-b)
(x2—a?)(Vx—b+va—Db)
= lim (x—b)—(a—b) =lim x—b—a+b
X724 (x—a)(x+a) Wx—b+Va—b) X724 (x—a)(x+a) (Vx—b+vVa—Db)
= lim (x—a) = lim ! = '
X2 (x—a)(x+a) Wx—b+Va+h) X2 (x+a)(vx—b+vVa—b) (a+a) Wa—b++va—b)
1 1

2a 2+/a=>b 4ara=b
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7. Evaluatelim !2x-1l
x_’E 2x—1
. 2x—1
Ans. lim_ 1 | |
X 2x—1

1 1
{Put 2x-1 =u =>when X">E' u--> 2X—2- 1=0}

= limu—>0 M
u
[ul —u
L.H.L = limu—o- ?= limu-o- u_= limu—o- (—1) =-1

Mo
RH.L=lim, o+ 7= lim,,_,o+ - = lim, o+ 1=1

ul .
As L.H.L # R.H.L, so limu-o0 - does not exist.

=>lim ;1271 does not exist.
x_)E 2x—1

8. Evaluate lim =~

X—>00 [x]

Ans:-  From definition of [x] we know that,

Now, limysw 1 =1

X
lim *_=lim * =lim t=1=1
X—>0 x—1 x—0o x_ 1 X—>00 11 1-0
x X X
. . X
Hence by sandwich theorem lim =1
X—00 [X]

12422432+ +n?
n3

9. Evaluatelim,,_,,
Ans.

. 124224324 .- 4 n2
lim
n—oo n3
n(n+1)(2n+1)

6n3

1 ) n n+l 2n+1
=ghmn—>oo;(T)( n )

1 1 1

=2limy o 1(1+ (2 +5)

=lim,,_,

1 2
==X 1(1+0)(2+0) == =
6X (1+0)(2+0) p

[SSIN
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. xsin a—a sinx
10. Evaluate lim,_,, ———

x—a
Ans.
. xsin a—a sinx
lim,._,, — Put x-< = u, when x-->x , then u-->0
. x+u)sin a—a sin(u+«
- im0 (ute9)
u
& sin a+u sink—a sin u cosxX —xcos U Sinx)
= limy,,o "
. & sin a—a cos u sin X + u SinX—sin u cosx)
= limy,o
u
. «sinx(1—cos u) . sinu
= lim {———~ 4+ sin < - X cos }
u-0 u u
u
. ocsinec2 sin 22 ) sinu
= lim {——— 4 sin « - & cos « }
u-0 u
iU
. . sin .u . i
= lim {20 sin cc _Z . sin_ +sin « - o cos oc 212 }
u-0 %.2 2 u
AU
. . sin, .U ) i
= lim {ocsinoc _Z . sin_ +sin o< - o cos oc 22X}
u—0 3 2 u
= «sinx.l.0+sinx-xcosx.1l = sin &X-& cos X
. loge x—loge 5
11. Evaluate lim ,_,5 _ge_x_s =
. loge x—loge 5
Ans. lim,._,5 . (Put u=x-5, when x-->5 then u --> 0)

loge(u+5)—loge 5

u

loge(“*>)
5

llmu_,o

limu_)o ”

u
loge(5+1)

lim,,_,q

u
. loge(z+1)
lim,_ o —=—

5

u
1. loge(14+2)
= - hmu_)o —uS_

5
1 1

14+x—1

12. Evaluate limx_>Ol ()
oge(1+x

Ans. lim A1+x—1
x=0 loge(1+x)

Y W1+x—1D)(V1+x+1)
= M=0 100, (140 (V1T F1)

= lim T+x—1
20 100, (14+2) (V1Fat1)
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. 1
=lim

x>0 loge(1+x) , 77—
~ (Vv1+x+1)

1 1 1
T 1XJ/TFO+1

T Vi1l 2

log7(2x—3)
(x=2)

log7(2x—3)
(x—=2)

log720ut2)=3) _ 1,
u

13. Evaluate lim,_,,

Ans.  lim,_,, { Put x-2 = u when x-->2 then u-->0 }

log7(2u+4—3)

u

lim

u—-0 u—-0

2log7(1+2u)
2u

log7(1+2u)

1imu_,0

2 limu_,o

2u

= 2.logre

14. Find the value of a for which lim

Ans. Given lim 5*—5 =5

5%=5

1 1) logea

x=1 (x—1)logea
55

Now, llmxélm
e

sutl_g

=lim
u logea
5%.5-5

= llmu—)o u logea

(Put x-1=u, when x-->1, then u-->0)

From (1) and (2) we have,

5
logea

log, 5=5

=>log, 5 =log, a

=>a=5
) x?—4x+3
15. Evaluate lim x=>172 ¢ 15
x2—3x—x+3 0
Ans.  lim,_q 2—Sx—xt5 (5 form )

- ki x(x—3)—1(x—3)
= MMyt 5 —1(x-5)
=lim (x=3)(x—1)
x=>1 5y (x—1)

1 x—3

=lim,,; —
1-3 -2 1

1 -4 2]

(1)
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: 34372
16. Evaluate lim,_,o ——

x2
Ans.
3xpl o
i 3*+37%-2 -1 3x
lmxaoT =lMmy_0 T2
- i 3%41-23% i (3%)2-2.3%1+12
T M0 T T M0 T
X
. (3x_1)2 _ 1 1 ,3*-1,
= limyo—p- = lim_
x>0 3xx2 x—0 3% X )
= 1(log 3)?
3° e
= (In3)?

17. Evaluate limyw{Va2 + 1 — Va2 — 1}x
Ans.

limx—mo{\/xz + 1 - \/xz - 1}X

{(VFFT—Vx=D) (V= T/2=D

lim,_ e

Va2 +14Vx2—1
. (% +1—x%+13x
= lim

X290 V2 T+Va—1

. 2x
=Moo VT
2x
=limy 0o
X7P VrEgT VaReT
X
=lim 2

x—0 5 T 2 T

X

x2+x2+ X2 x2

2

= limx_)oo ?
VitztVl-—
X X!
2
~ VTFOHTO
2

:—:1
2

i etan X1
18. Evaluate lim,_,q —

Ans.

. etan X1
lim,_,o —

{Put u = tanx when x-->0 then u-->0}

li et—1
= 11m —_—
u=0 ap-1y
e—1 1
=lim * =

u=>0 ap-ly 1

u
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3x3—4x%+6x—1

19. Evaluate lim X0 530 2 Ert T

Ans.
3x3  4x? 6x 1
lim 3x3—4x’+6x—1 =lim 3 3 3 3
X200 23 +x%+5x+7 X200 T [xE (DX T
x3 x3 x3 3
4 6 1
. 3——A—— 3—-0+0-0 3
=limy_e 24145 T T 2404040 " 2
X2 X2 X3
_12 1
. x4 4
20. Evaluate lim,_,,° —
Ans.
. 11 4—x?
lim 2~z =lim _ax?
X2 9 X=2 x93
1 x2—4

= --lim
1 X220y

1 (x—2)(x+2)
- -Z My—7 x2(x—2)
1 242 1
= “3lgz)=-g (Ans)

1. Evaluate the following limits(2 marks)

. ) VEFT -1
(i) limyx—o ———
. . sin ax
(ii) lim,_,q e (a;b#0)
. sin 3x
(iii) lim,_,q e
(V) lim o, i
x—1 Vi1
) 1—cosx
(v) lim,o 2
) ) sinx
(VI) llmx_,n ;

1

(vii) lim,_q In(1 + bx)x
. tan5x
(viii)  lim,_q P

Exercise

(2016-S) (2018-S)

(2015-S)

(2019-w)

(2014-5)
(2016-5)

(2016-S)

(2017-w)
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2. Evaluate the following limits (5 marks)

- . 2x—1_1
(i) limx-1 i
(") liqus%
1
_ -4
(iii)  limx-1 er
xn—1
(iv) lim  1242%43%+4nd

n—oo n4.

(v) limxoo x2{Vx* + a2 — Vx* — a2}

(vi) lim x%—4x+3
X3 32 _7x—3

.. . 2x%+9x—5

(VII) limx--s F

iii) lim  (° + )
=l 2 x1

(iX) lim 2x3—6x2+11x—6
i x2—6x+8

(X) lim loge(x—1)

X2 42 3y42

(xi) lim  tanx—sinx (2018-9)

x-0 %3
3 3

(i) lim,o O

(xiii) lim  a-p* (2016-S)
x—0 cX—dx

(Xiv) lim  cos2x—cos3x (2017-5)
x-0 x2

V) lim, o =0

(xvi) lim  Yitx—vi-—x (2017-w)
20 gin—1y

3. Find the value of a on following cases.(5 marks)

()  lim tenaG-o) _1
X2 x—q 2

(i) limyoo ——=2

(iii)  limesy @D =1

a(x—2)
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Answers
1 2 3 1
1 )3 i) ii) 3 iv)3  v) 37 vi)l vii)b  viii) 5/7
2. i)21In2 ii)% iii)n/m iv)1/4 v) a2 vi) % vii)-11  viii) 1/2
iX) % x) 1 xi) 1 X 2 xiii) Inj, xiv)5/2  xv)-1/v/3  xvi) 1
3 n_
d

3. (i) % ii) 3 iii) 2

Continuity and Discontinuity of Function

In the figure we observe that the 1%t graph - .
of a function in Fig-1 can be drawn on a paper
without raising pencil i.e. 1%t graph is continuously
moving where as Fig -2 represents a graph ,

which cannot be drawn without raising the pencil.

y=f(x

Because there are gaps or breaks. So, it is
: : ig- Fig-2
discontinuous. Fig-1 ig

The feature of the graph of a function displays an important property of the function called continuity
of a function.

Continuity of a Function at a point

Definition — A function f(x) is said to be continuous at x = a, if it satisfies the following conditions
() lim,_,, f(x) exists.

(ii) f(a) is defined i.e. finite

(i) limy,q f(x) = ()

If one or more of the above condition fail, the function f(x) is said to be discontinuous at x= a.
Continuous Function

A function is said to be continuous if it is continuous at each point of its domain.
Working procedure for testing continuity at a point x = a

15 step — First find lim,_,, f(x) by using concepts from previous chapter.
If lim,_,, f(x) does not exit then, f(x) is discontinuous at x = a.
If lim,_, f(x) =1, then go to 2" step.
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2"d step — Find f(a) from the given data

If f(a) is undefined then f(x) is not continuous at x =a.
If f(a) has finite value then go to 3™ step.

34 step — Compare limx-a f(x) and f(a)

If limx-a f(x) = f(@), then f(x) is continuous at x= a, otherwise f(x) is discontinuous at x = a.

Examples
Q1. Examine the continuity of the function f(x) at x = 3.
x2—9
f) = {73 *7*3
6 x=3
Ans:- 29
lim f(x) = lim — i @G-
x—3 - T
x—-3 x—3 x-3  (x=3)
= lim(x+3)= 3+3=6 {Asx>3,x+3 =>x-3%0}

x—3
From given data f(3) = 6
Now from above lim,_3 f(x) = f (3)
Therefore, f(x) is continuous at x = 3.

Q2. Test continuity of f(x) at ‘0’ where,
1
f(X) — {(1 + 3X)X_ x#0
e3 x=0
1
Ans:- limx-o f(x) = lirg(l + 3x)%
X Lg

x—0

1
lim {(1+ 3x)3x}?
x—0

{lim(1 + 3x)337} 3

x—0

= e3

{As lim(1 +x)xl = e

x-0

1
lim(1+Ax) » =e

x—0
In particular chijg(l + 3x)3% =e

and we know, lim,  {f(x)}" = {limy,f(x) }"}

From given data f(0) = €°

Hence, lim,_ f(x) = f(0)

Therefore, f(x) is continuous at x = 0.
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Q3. Test continuity of f(x) atx =0

Ixl
fog=( »**°
0 x=0

||

Ans. limxoo f(x) = lim—

x—0 X

As |x| is present and x=>0, so we have to evaluate the above limit by L.H.L and R.H.L method

LHL = limeo- 2 {x>0 =>x<0}
= limx—)O— _Tx
= limx—>0—(—1) = ('1)
[x] +
RH.L = lim, o+ — {x>0 => x>0}
=lim + = lm +() =1
x—0 x—0

Hence, L.H.L # R.H.L
Therefore, f(x) does not exist.
Hence f(x) is not continuous at x = 0.

2_
x4

Q4. Test continuity of atx = 2.

Ans. Here, f(2) = 22;4 = 0 undefined.
2—2 0

Hence, f(x) is not continuous at x = 2.
Q5. Test continuity of f(x) at '0’.

sin3x 0
f(x) = {tan 5x
2x=0
3
Ans. lim  f(x) = lim  sin3x = lim sndx
x—0 xaom x—0 tan5x
X
= lim Sins?;x - = 3lim sin3xy , tan5x
x—0 tan55x.5 E x—>0{( 3x )/(7)}
X
=3 (1) =3
5 1 5

Given that, f(0) = %

Thus, limeo f(x) # f(0)

Hence f(x) is not continuous at x = 0.
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Q6. Test continuity of f(x) atx = 15

o d=-x x<1/2
f(X)_{x x>1/2

Ans. First understand the function properly

When x<% , fx) =1-x

X>2ffx) = x

Whenx =1, fx)=1-x=1-1=1
2 2

2
Now let us find the limx-1/2 f(x)

LHL = lim :-f(x) = lim :1-(1—x) {Asx>1 i.e.x<f, sof(x)=1-x}
—->— - 2 2

X 2 X 2
= 1 -E = 1
2 2
RHL =lim 1f()  {Asx>Liex>'. So,f(x) = xfrom definition of f(x)}
Yo 2 2
2 1
=lim 1+x = _
x> 2

2

Now from above L.H.L = R.H.L

S Y262 I D —— 1)
X—>2 2
From definition f (15) = 15 ———————————— (2)
From (1) and (2)

limx_)l f(x) = f(i)

Hence, f(x) is continuousatx = 1.
2

Q7. Test continuity of f(x)atx =0, 1

2x + 1 if x <0
fx) = {x ifo<x<1
2x —1 ifx>1

Ans. Here given that

f(x) = 2x+1 for x<0 (1)




69

When x =0, f(x) =f(0) = 2x+1 = 2X0+1 =1 --------- (2)

When 0<x<1, f(x) =x

Whenx=1, fx)=f1)=x=1

When x>1, f(x) = 2x-1
Continuity testatx =0

LHL = limxso- f(x)
= limx-o0-(2x + 1)

=(2X0)+1 =1

RH.L = lim,_ o+ f(x)

= lim,,o+x =0
As LH.L # RH.L
= limx-o f(x) does not exist
Hence, f(x) is not continuous at x = 0.
Continuity testatx = 1
L.H.L = limx-1- f(x) = limx-1-x

= limx-s1-x =1

R.H.L =1lim,_;+ f(x) =lim,_+2x—1
=2X1-1-=1

As L.H.L = R.H.L
limxs1 f(x) =1

From given data f(1) = 1

Hence, limx-1 f(x) = f(1)

Therefore, f(x) is continuous at x = 1

Q8.Examine continuity of f(x) = [3x + 11] atx = -1

Ans.

lim
x— ——

1 f(x) = lim
T3 X273

- er(3)

)
e (5)

{x20-=>x<0 => f(x) = 2x+1 from (1)}

{Xx>0+=> x>0 => 0<x<1 => f(x) = x}

{x>1- =>x<1li.e. 0<x<1 => f(x) = x from (3)}

{x>1+ =>x>1, f(x) = 2x-1 from (5)}

{from equation (4)}

L (2016-5)

1

u3x+11] {Letu=3x+11whenx>-,u=3X>3x-"" +11 =0}

3 3

(1)

= limy0[u]
Now, lim,_,o-[u] = lim,o- =1 = -1

And lim,_o+[u] = lim,_o+ 0 =0

{Asu>0-=>-1<u<0=>[u] =-1
{Asu>0+=>0<u<1l=>[u]=0}
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As, LH.L # RH.L

= lim,_o[u] does not exist =>lim 11 f(x) does not exist.
3

Hence, f(x) is not continuous at x = 0.
Q9. Determine the value of K for which f(x) is continuous at x = 1.

x% —3x+2
f(x) ={ 1 **1
K x=1

Ans.
Given function is continuous at x = 1.
=>lim,_¢ f(x) =f(1)
=>lim,; f(x) = K--=-mmmmmmmmmmee (1)
Now, let us find lim,_,{ f(x)

. . x% — 3x+2
lim,y f(x) = lim,,; —— (% form)

x2 — 2x—x+2
x—1
x(x—2)— 1 (x—2)
x—1

= limx_ﬂ

= lim,_,q

(x=2) (x-1)
(x=1)
= lime(x —2) =1-2=-1--mmmmm- )
Hence, From (1) and (2) we have K =-1. (Ans)

lim,_,4 {Asx=>1,x#1, x-1+0}

axz+b ifx<1
Qu0.Iffx)={ 1 ifx=1
2ax —b if x>1

is continuous at x = 1, then find a and b.
Ans.
Given that f(x) is continuous at x = 1
= limx-1 f(x) = f(1)

= lime1 f(x) =1 —mmmmmmmee- (1) {Asf(1) =1 given}
From (1) as limx-1 f(x) exists
=>limx-1- f(x)=lim,_ 1+ f(x)=limxs1 f(x) (2)

From (1) and (2) we have,
limes1- f(x) =1

=>limxs1-(ax?2+ b) =1  {Asx>1-=>x< 1 => f(x) = ax? +b from def" of f(x)}
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=>axl?+b=1

=>a+b=1 3)
Again from (1) and (2)
lim,+ f(x) = 1 {x>1" =>x>1, =>f(x) = 2ax - b}

=>lim,_+(2ax—b) =1

> (2xax1l)-b=1

Eq"(3) a+b=
EqQ" 4) 2a-b=1

2 a=2

From (3) a+b=1
= b=1-a=1-2=
3

w |~

Hence,a=2 andb=1
3 3

Q11. Find the value of ‘a’ such that

sin ax

f(x) = (g

x=0

is continuous atx =0
Ans. f(x)is continuous atx =0
=>lim,_q f(x) = f(0)

=>lim sinax 1
x—0

sin x a
sinax

=> llm a( ax )
x—=>0—mx—

=>a

[ L
|
Q|r

=>a2=1

=>a = *1 (Ans)
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Q12. Examine the continuity of the function

i 1
x?sin - x=£0

f(x) = { . atx =0.
0

x=0
Ans.

Let us evaluate limx—o X2 Sini .

We know that-1 <sinl<1

X

=>(-1)x’<x%sin1<x?.1
X

=> -x2< x2sinl < x?
X

NOW, liquo(—xz) = '02 =0
limwox?z = 02 =0

Hence, by sandwich theorem

limx-o x2sinL=0
X

Given f(0) = 0
Hence limx-o f(x)= f(0)
Therefore, f(x) is continuous at x = 0.

Q13. Test continuity of f(x) atx =0

f(x) _ {ef—l x#*0
ex+1
0 x=0

Ans:-Evaluation of limx-o f(x) is not possible directly.

1
ex—1

LH.L = limwo- f(x) = limy_o- T
ex+1

- 1 1
{when x>0 then —> -0 =>e>0}
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1

. . ex—1
RH.L. =lim,_ o+ f(x) =limyo+ —

ex+1

1
{when x>0+ then 150 =>er>00 =>150}
N T

ex

1
ex 1 1
171 =771
= limx_)0+ eJlC ex = limx_)0+ 1_61&
ex +L -|__f
11 ex
ex ex
10 _
140
From above L.H.L # R.H.L
=>limx-o0 f(x) does not exist.
Therefore, f(x) is not continuous at x = 0.
Q14. Discuss the continuity of the function
x -2 #0
fx)={*"% X at x=0
2 x=0
Ans: -
IxI
LHL = limxo-f(x) = limx——
x—0~ X
(%) -
= limx-o-{ x — } {X-->0 => x<0 => |x]| =-x}
= limx-o-{x — (—=1)} = limx-o-{x + 1}
=0+1=1
RHL = lim_g+f(x) = limx—-2
x—0t X

=lim,_g+{x =2} {x->0"=> x>0=> |x| =x}
= lime—o0-{x—1)} =0-1 = -1
So, L.H.L # RH.L =>limx-o0 f(x) does not exist.
Therefore, f(x) is not continuous at x = 0.




QL.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Q8.

74

Exercise

Find the value of the constant K, so that the function given below is continuous at x = 0.
1—cos2x
fx) = {22 <%0 (5 marks)
K x=0

Test the continuity of f(x) at x = 1, where

x>+ 1 ifx<1
f(x) = {2 ifx =1 (5 marks)
3x—1  ifx>1
Show that the function f(x) given by

sinx + cosx x #+ 0
f(x) ={=« is continuous at x = 0. (5 marks)
2 x=0

Test continuity of f(x) atx = 1

x/—1
f(x)= G—1 ¥ * 1 (5 marks)
7 x=1
Test continuity of f(x) atx = 0
fx)= (1+20x  if x# 0 (2017-W) (5 marks)
eifx =0

Test continuity of f(x) at x = 2

el + 2
f(x)= {2 * (10 marks)
1 x=2
Find the value of K for which f(x) is continuous at x = 0.
8¥—4X—2%41 x#0
f(x) = { X2 (2016-S) (10 marks)
K x=0
Test the continuity of the function f(x) at x = 0.
sin3x
f(x) = {tan"17x x#0 (5 marks)

3/7 x=0
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Q9. Test continuity of the function f(x) atx = 1

x2—4x+3
f(x) = { 1 x#1 (5 marks)
2 x=1

Q10. Examine the continuity of the function of f(x) at x=0.

2x + 1 ifx< 0
f(x) = {0 ifx =0 (2014-s) (5 marks)
x2+ 1 ifx>0

Answers
1)K=1,

Qno. 2, 4,5, 8 are continuous .
6, 9, 10 are discontinuous

7.2(In2)?
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Derivatives

Introduction

The study of differential calculus originated in the process of solving the following three
problems
1. From the astronomical consideration particularly involving an attempt to have a better
approximation of 7 as developed by Bhaskaracharya, Madhava and Nilakantha.
2. Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a functiony = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation
method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.

(7) Define Euler’s theorem and apply it solve different problems based on partial
differentiation.

Expected background knowledge

1. Function
2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x2

Table-1
X 5 5.1 5.01 5.001 5.0001
y 25 26.01 25.1001 25.010001 | 25.00100001

Let x = 5and y = 25 be a reference point
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We denote the small changes in the value of x as '6x’,
&x = small change in x
8y = change in y, when there is a change of 6x in x.

Now, %Lis called Increment ratio or Newton quotient or average rate of change of y.
X

Now, let us write table -1 in terms of §x, 8y as

Table-2
ox 0.1 0.01 0.001 0.0001
Sy 1.01 0.1001 0.010001 0.00100001
oy 10.1 10.01 10.001 10.0001
ox

From table-2 &y varies as 6x varies

It is clear from the table when 6x=> 0
= §y>0 and g;;% 10

This & when 6x—> 0 is the instantaneous rate of change of y at the value of x.

&x

In above case x = 5, so t;a;at x=5is10

Definition of derivative of afunction (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

T fx+8x)—f(x)
‘:l%; = limg, o e

dv is also denoted by f '(x)

dx

= o= (0 =

are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.
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Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a’ in the domain Dy is given by

dy . . (a+h)—
v Jea=f '(@) = lim,_ fa—hf@

Example -1
Find the derivative of f(x) = x2atx =5

h
2_re2
= limyo (5+h)?—5
h
= limy.g (5+h+5)(5+h—5)
h
= limyo S = im0 (10 + h) = 10

Geometrical Interpretation of %iy_
X

Y
H Jix+ dxy 4+ &y
(Fig.-1) R
PM =y
QN =y + &y
P5S=8x
as= &y
P+ by
L 4
X X
o® X T M N
+ »
x+ dx

oM =x
L
14 ON=x+ 6x
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Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+6x,y + 8y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to X-
axis.

PS QN

Let QP Secant meets x-axis, (by extending it) and 2@P— make angle 6 with x-axis then angle QPS
=0

In AQPS, tan 6 = & = &
PS &x

AsQN=y+68y, NS=PM=y
=> QS = QN -NS = &y.
Similarly, ON = x+6x and OM = x => PS = MN = ON — OM = §x

When §x —0 then Q—P and QP secant becomes tangent at P.

In APQS 8y { tan 0 gives slope of PQ line}

tanf = =
ox

We know

. Sy _ _
11m6x_>0§ = z(ii;;_ tan 8

Now when §x — 0 the line PQ becomes tangent at P

So,

?f;z tan 6 = slope of the tangent to the curve at P.

So derivative of a function at a point represents the slope or gradient of the tangent at that point.
Example 2
Q. Find the slope of the tangent to the curvey = x2 at x = 5.

Ans. As we have done it in example — 1.

iL:|x=5 =10
dx

Therefore, slope of the tangent at x = 5 is 10.
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Derivative of some standard functions

1. 4 ()=
(=0
2. i (xn) = n.xn—t

3. i (a*) = arlog, @ In particularﬁ (ex) = ex

4, 4 =_1 In particular < =d (Inx) =1
dx (loga X) x logea P dx (lOge X) dx ( ) x
5 <4 i =
= (sinx) = cosx
6. < (cosx)=-sinx
dx
7. <4 (tan x) = sec2x
dx
8. < (cotx) = - coseczx
dx

9. < (sec x) = sec x.tan x
X

10. di (cosec x) = - cosec X. cot x
X

11. d in— =—1
- (sin-1x) N

12. 4 (cos1x) =-_L_
dx 1—x2

13. 4 (tan-1x) =_1

dx 1+x2
14. 4 (cot-1x) =-_1_
dx 1+x2
15. 4 (sec-1x) =1
dx |x|Vx2—1
16. < (cosec-1x) =-__1
dx |x|Vx2—1

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,
(i) L {cf(x)} = cf' (x)

(ii) < (f+g)=f'+g

(i)  L(f-g)=f'-g

(iv) L {fgy="fg'+f'g

V) dgh_fef
(v) dx{g} 5
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Example-3
Find the derivative of the following:
()3x3 (i) 6vx (iii) 9 3¢
Ans.

() = (3x%) =340 =3X3x1 = 92

dx dx dx
i Y _d6VD _cdoh) =G ()= 61 —1_ g lyr =l
(") dx dx 6 dx dx (X ) 2X2 =6 2 X \/;

(iii) dy = d(9 3 _ 9 a3 = 93x1n3
dx dx dx

(iv) d5cotx) = 5 d(cotx) = 5 (- cosec?x) = - 5 cosec?x
dx dx
Example 4
Flnd‘jilx (i)y=x3-x2+6

(i) y =$ + x2(1-X) + sin-1x

(iii) y = cosec x - sec~1 x.cot x

Ans.
0) dy = d(x3 -x2+ 6)
dx dx
_deD) _deh | d©)
T ax dx dx
=3x2-2x+0
= 3x2 - 2X
(i) dy = d (L 4 x2(1-x) + sin-1x)
dx dx x

d@ d d /.
= ot (1=-x)}+--(sin"1x)

=1
=962) 4 2@ (1-x) +4 (x2). (1-X)} +L (sin~1x)
dx dx dx dx

{as Z(fg)=fg' +'g}
1

1 1
= (- 5) x4+ {x2(0-1)+ 2x. (1-x)}

+
V1=x2

(iv) 5 cot x
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=._1_3-xZ+2X-2x2 +_1

22 1—x2
=-21-+2X-3x2+_1_
2x2 1—x?
(III) d_y — d(cosecx — sec” L x.cot X)
dx
__d(cosecx) _ d(sec - x.cot X)
T dx dx

=(- cosecx.cotx) — {sec-1x . (- cosec? x) + 1
xx2—1

= sec 1 x cosec2x - COSEC X COt X - —_L_ ot x
X‘/- 2

Example-5
Find the derivative of following functions w.r.t x.

3 2
x5—2e2n¥ |y x3

A 3x242x+5 (ii) P i) tanx iV
(I) Vx x ( ) cos~1lx ( ) ( x+1 )
Ans.

_ gy B@O+2+0NE- 3x° +2x+5)£x;_1

= — 2
O &= >
{As_d (fy-fefe
L=ty

(6x+2)vx—(3x%+2x+5)
— 20/x

X

3 3
6x2+2v/x—3x2—/x—_5_
— 2 20/x

X
3
9 — 5
_XxZ —_
_
X
9 1
="Vx+ -
5 = —3
2 Vx 2x2
- X_pX
i) y=¢
X
dy _ (a®Ilna—b*Inb)x—1(a*—b*) dfy _ f'g—fg’}
dx x2 {a(g) T g2

_ xa*Ina—xb*In b—a*+b*

x2

_ d*(xln a—1)+b*(1—x In b)
= —

cot x}

X

(v) xsinx- e
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iii = @nx
( ) y cos~lx
cos—1 x sec2x—tanx ( —_1)
d_y — V1—x2
dx (cos™1x)2
cos lx sec?x+ tanx
- 1—x2
(cos~—1x)2
3 2
i x5—2e2M%4 1nx3
(iv) y=-"
x+1
3 2
xs—zelnxz —
_ +=Inx {AS elnx = x and lnex = x}
x+1
3 2
x5—2x2-|—31nx
- x+1
3 3 21 3 2 2
dy (x5 —4x+§)(x+1)—(x5—2x +31Inx)(1+0)
dx (x+1)?

3 =2 2 3 2
T e D+ D)= 202 Anx
_ 5 3x 3

(x+1)2

3 i 2,23 2 2 5 2 2

=—5x —4x"+3+ex 5 —4dx+5—x5+2x —glnx
(x+1)2

2 223 3 22

3—4x—2x —zx5+—3T3; zlnx
— 5x5

(x+1)2

X

(V) &= d (rsing)- (e )

dx dx dx 1+x2
x.(1+x2)—ex(0+2x)}

(1+x%)2
X4 x2eX—2xe*

{xcos x+1.sinx}—A{e

=X COS X + sin x — {e
(12+xz)2

. -2
X COS X + sin X - ex{+x _~}

_ (1+x2)2
XCOSX+sSinx- x 1-x

e ( 1+x2)
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Example 6

Find the slope of the tangent to the curvey = Inx atx = 1? [2017-w]

Ans.

Slope of tangentto the curvey = Inx at x = 1is @] -1
2 dx 2

Now, &= d(Inx) =1L

dx dx x

Now 4] =1=2
dx x:l jz-
2

Example -7
Find f ' (v/3) if f(X) = X tan-1 x[2017-w]

Ans. f(x) = xtan-1x

1y — d(xtan"lx) _ 1 +1. tan1x
f (X) - dx =X 1+4x2

1
=x—+ tan-lx
1+x

f'(V3) = ¥ ttan1y3
1+ W3)?

B r

T1+3 3

:ﬁ-l-
4

w |

Example-8
Find the gradient of the tangent to the curve 2x2-3x-1 at (1,-2).
Ans.

dy = 4x -3
dx

j—y =4X1-3=1
at (1,-2)
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Derivative of a composite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions
1)sin x2 is form by composition of two functions, one is sin x function and other is x2.
y= sinx? = sinu where u = x2
2) Similarly y = vx2 + 3x + 1 is written as
y=+u whereu = x2 4+ 3x + 1
3) y= \/Mis form by composition of three functions.
y = vu where u = sinv and v = (x2+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

dy _dy du
dx du " dx

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally t is a
differentiable function of x. Then

Ay oy e dt
dx du dv dx
Example-9
Find <
dx
(i).y=(2+2x—1)5 (i) y = cotdx

(i) Vsinvx  (2016-S) (iv) anx (V) 5sins?
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AnNs.
(i) y=(x2+4+2x—1)5
Here, y=uwSandu=x2+2x—-1

du=2x+2=2(x+1)and d=5us

dx dx
dy _dy du
dx du dx

= 5 ut 2(x+1)

=10 (x2 + 2x — 1)* (x+1)
(i) y = cot3x can be writtenasy = u3
where u = cot x

du = - cosec?x, .= 3 u?
dx du

dy = dy, du = 3 y2(—cosec?x)
dx du dx

= - 3 cot2xcosec?x

(i) y=Vsinvx
Herey = Vu, u=sinv, v=x

So,d&v=_1 ,du=CcosvV,dv=_1_
du 2vu dv dx 2vx

Therefore, v = dy, du dv_
dx du dv dx

1 .cosv._L_
2Vu 2Vx

1
—_ 1 .cos+x.
2+/sin v 2vVx

_ cosvx

a Wsinvxx
(|V) y = alnx
Herey = a» whereu = Inx

dy =qulnag and =1
du dx x
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1
Henced_y=d_yd_u =atlna._
dx dudx x

1
=alnxlna _
X

Ina anx

1
X
(V) y = Ssinx2

Herey = 5%, u =sinv, v = x2

dy=5u]n5, du=cosv, dv= 2X
du dv dx

Therefore, v = dydudv = 5uln5,cosv. 2X
dx du dv dx

5sinvIn 5 cos x2 2x

. 2
2x In5 5sinx” cos x2

Example — 10

Differentiate the following functions w.r.t. x.

(i)Veot-1yx (ii)% (2016-S) (iii) f(ai+b) (2014-S)
(iv) tan-I(secx + tanx) (2017-S)  (v) cos—l(COS erSinx)
Ans.
(I) d¥cot1 Vx _ d!cot_1 \/;)
dx - dx
{Herey =+Au, Thenﬂ =d_‘/u = ;, U= cot-1/x = cot1v, di: — ;}
du du 2vu p dg dud 1+v2
=1 {1 & {v =+ , then by chain rule = ™™
2Veot-1x  1+(x)?" dx dx dudvdx

— 1 1

2Veot™1/x (1+x) 2Jx

- 1
4 ~/xVeot=1x (1+x)

- 1
4—\/9?(1+x)‘/cot_1 Vx
(i) a{ 1 }y=-_1 f'(x)
dx f(x) {f0)}

__f®
(0}
@iy 4 1 }=- 1 f’(ax+b) < (ax+b)
dx f(ax+b) {f(ax+b)}? dx
_ _af'(ax+b)

f(ax+b)?
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(iv) y=tan-!(secx + tanx)

sin x

_1
=tan—1( + )
COSX  COSXx
— —1 1+sinx
~ tan
cosx
sin?* 2x x x
>+ cos 5+2sinscos;
= -1 2 2 2592
tan { cos?I—sin%Z }
2 2
x x 2
1 (sing+cos,x

=tan {—=—F—"—=——=
(cosz—sin3z)(cosy+sin;)

_ 4 COS Xrsin” . .
=tan ' (_%__%) {dividing numerator and denominator by =
Cosz—sin2 2
cosl X
J sin
- " 1+tanx:
- tan—l( COS2 cos 2) - tan—l( >
ﬂ sing 1—tan—
5057_ cos™ 2
2 2

_ 4 tan”+tang® _
= tan ! 4 ) = 1 {t (n X, =" + x
tan an(—4 33 -7 -
1—tarr tan; 4 2 4 2

Hencedr= 4 {tan-(secx +tanx) } = d (n4+ ) =1
dx dx dx 4 2 2

— —1,cosx+sinx
(v) Y = cos — % )
1
= cos~1(cosx —_ + sinx. i)
— el V2 V2
= cos T i . T
(cos x cos 4 + sinx.sin-)
= cos—1 =X-7
(cos(x — T—I)) "
dy = d i
Hence_y < (Cos_l(cosx+smx))
dx dx NG
d
= (X-o)= 1
dx ( 4-)
Example -11

If y = sin 5x cos 7x then find cg_
X

AnNs.

dy = sin 5x d(cos 7x) + 4(sin 5x). cos 7x
dx dx dx

= sin 5x. (-7 sin 7x) + 5 cos 5x cos 7x

= 5 cos 5x cos 7x — 7 sin 5x sin 7x
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Example -12
Find dvif y = cosec?(2x? + log , x)
dx

AnNs.

dy = 2 cosec (2x2 + log x){(-cosec(2x2 + log x)).cot(2x2+1log x)} (4x+ _1 )
dx 7 7 7 xloge 7

= - 2 cosec?(2x? + log7x). Cot (2x2 +log x)[4x+ 1t ]
7

xloge 7

Methods of differentiation

We use following two methods for differentiation of some functions.

0] Substitution
(ii) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler function in
the new variable so that the differentiation w.r.t to new variable becomes easier. After
differentiation we again re-substitute the old variable. This can be better understood by following
examples.

Example — 13
y= tan_l(ix__x) 3
1+ x2
Ans.
X=X
y = tan-1(f ),
1+ x2

(If we differentiate directly by applying chain rule , it will be very complicated. So, we have to
adopt substitution technique here.)

Now y = tan-1(¥" ) = tan-1(V"" )
1+ x; 1+ Vxx

Now Put x = tan o« , X = tan 8
(ML)

1+tana.tanf

Then, y = tan™!

= tan-1(tan(x —f))

=o-f =tan-1+/x -tan-1x
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(Asvx =tan x = «= tan-1vx andx = tan f = § = tan-1yx)

Now ¥ = ¢ (tan-1+/x - tan x)
dx dx
1 d 1
= _ (V%) -
1+(Wx)2 dx 1+x2
1 1 1

14x " 2Vx  1+x2

1 1

- 1+02Vx 1+ (Ans)
Example -14
Find @ ify = cos-1 ' ~‘2)  (2015-S)
dt 1+¢2
Ans.
42
y = cos-1 ! t) {Puttand =t = 0 = tan-1t}
=z
— COS_l 1—tan®6
1+tan 6

= cos~1(cos 26)
=26
=2tan-1t

dy=4d (2tan-1t) = _2
dt dt 1+t2

Note

When we apply substitution method, then we must have proper knowledge about trigonometric
formulae. Because it makes the choice of new variable easy. If proper substitution is not made,
then problem will be more complicated than original.

Example -15
Ify = secl( ) then find @v_
a dx
Ans.
y =sec! (\/_) Putx =atané
a

_1,Va?+a2tan? _1Va?(1+t 2493
= sec 1(\/a +a‘tan ) = sec 1( a=(1+tan<-0)
a

a
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Teocl0 _ 0
_ Sec—l(m) = sec 1 (&Y
a
= sec-1(sech) = 6 =tan-1()
a
Now dy = d {tan-1 «x Y= 1 d x)
E E Z 1+&) a a
a
=1, &=L
1+%) ‘a a aZtxZ
az az
a? _ a

a(x?+a?) T X2+a?

Example — 16
. . T+x
Differentiate sin? (cot-1 -~ )W.r.t x. [2018-S]
Ans.
1+x cos™1x
y = sin?(cot-1 \/E) {Putx=cos20 =6 = T}
2
= sin?(cot-! \/‘lim'm)) = sin? ( cot-! N )
(1—cos 26 25in28
= sin? ( cot-1Vcot20 ) = sin2cot-1(cotf) = sin20

dy _dy d6 _ d (sin2g) 4 (ﬁ)
dx do dx de dx 2

=25in9cos€i( -1 )

2 V1-x2
o -1 — . V1—cos?26
= sin 26 (2 1—x) T 212

V17X = - 1(Ans)
2V1—x2 2

Example — 17

Find the derivative of cot-1(vV1 + x2 + x) w.r.t X

AnNs.

y =cot-!(W1+x2+x) { Putx=cotf =>6 = cot-1x}

cot-1(W/1 + cot20 + cot 0)

cot—l(\/coseCZH + cot8)
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= cot~!(cosec@ + cot8)

—1,-1 cos6

=cot™ (T __+—)

sinf sinf

1+cosf
sinf

= cot‘l(

)

20052‘9
= Cot—l( z )

ZSlnz_.COSZ_

0
COs.

= cot-1(__2)
.S'I.'l’lE

0 cot 1y
= —-1(cot(— =
cor ity =773

Type equation here.

dy d cot™lx, _1,-1 _ 1

dx dx 2 2 1+x2 2(1+x2)

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.
Example — 18
Differentiate (sin x)tanx
Ans.
y = (sin x)tanx
Taking logarithms of both sides we have,
Iny = In(sin x)tanx
=Iny =tanx. Insinx

Differentiating both sides w.r.t x, we have

1d .
= _% =tanx . cosx + sec2x. Insinx
y dx sin x
1dy . .
= __ =tanx .cotx + sec?x. Insinx = 1+ sec2x. Insinx
y dx

d .
= 2 =y (1+sec?x. Insinx)
dx

Hence 4v.= (sin x)tan* (1+sec2x. In sin x)
dx
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Example — 19

2\3x=1
(X_l)—

x7(6— 7x2)2

Differentiate y =

AnNs.

_ (x=1)%/3x—1
= 3

x7(6=7x2)2

Taking logarithm of both sides

a
=Iny

=>Ilny=2In(x—1) +21In(3x — 1) - 7Inx -3In(6 — 7x2) { asInx» = nInx}
2 2

Differentiating both sides w.r.t, we have

1dy _ 2 d(x-1) 1 1 dBx=1)_7_3_1 d(6=7x%
ydx x—1 dx 2(3Bx-1) dx x 26-7x% dx
_ 2 3 7 3(14x)
=< 4__ - L4 T
x—1  2@Bx—-1) x 2(6-7x%)
24 3 7,
x—1  2Bx-1) x 6-—7x%
Sy 3 7,
dx x—1  23x-1) x 6-7x%
(x—1)%V3x=1 2 3 21x Ans
ﬁa———a‘[x_—r TG3x=T) E+67 1 (Ans)
x (6 7x )2
Example — 20

Find the derivative of y = (log x)=nx  (2017-W, 2015-S)
Ans: - y = (log x)tanx

Taking logarithm of both sides,

logy = log(log x)tanx

= logy = tanx log(logx)

1dy

= =tanx _1 .1+ seczxlog(logx)
ydx logx x

== (22X + sec?x log(logx))
dx xlog x

=¥ = (logx)tanx (2

+ sec2x log(log x)
dx xlog x

2 7 2.3
=In(x—1) +InvV3x—1-Inx -In(6— 7x )?{aslogab=loga+logb&log z=

loga-log b}
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Example - 21
Differentiate (sin x)n* w.r.t x (2017-S)
Ans.
Yy = (sinx)nx
Then log y = log (sin x)nx = In x log (sin x)
Differentiating w.r.t x,

14y — jnx L cosx + 1 log(sin x)
y dx sin x x

d .
= Y=y [ Inx cotx +logGinx]
dx x
d_y = (sinx)nx [ In cot X +_logGinn ]
dx x
Example — 22
Find 4 ify = xr
dx

Ans. y=x*

Taking logarithm of both sides,
= logy = logx* = x log x
Differentiating w.r.t x,

1d 1
=>_Y=x_+1.logx

y dx x
> 2_3;= y (1+log x) = x*(1 + logx).
Example — 23
Differentiate (In x)* + (sin-1x)* w.r.t. x.
Ans:- y= (Inx)* + (sin-1x)* = u +v
u = (Inx)* and v = (sin-1x)*
Taking logarithm of both sides,
= logu = log(Inx)~and logv = log (sin-1x)~

= log u= x log (In x) and log v = x log (sin-1x)
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Differentiating w.r.t x,,

1du

=>__ =24 (xlog(Inx)) ())and 1dv = 4 (xlog(sin-1x))
udx dx vdx dx

S!™=[x1 .1+1.log(Inx)]andie=x_1 . 1+ 1, log(sin-1x)
udx Inx x vdx sin~1x 1—x

>™ =yl +log(nx)]and@=v[__*___ +log(sin-1x)]
dx Inx dx sin~lxv/1—x2

= ™ = (Inx)* [ _ + log (In X)] and.&: = (sin* ) [ ___ +log(sin-1x)]

dx Inx sin~lxv1—x

Now, d&r = d (u +v) = du+ dv.
dx dx dx dx

= (Inx)~ [ ol log (InX)] + (sin~'x)* [~ + log(sin-1x)] (Ans)

sin~lxvil—x

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable ‘t’,
which is called as a parameter. Such type of representation of a fnction is called parametric
form. For example equation of circle can be given by x =rcost, y = rsin t.

Here X, y both are functions of parameter 't’.
So, this form of the function is called parametric form.

Derivative of function given in parametric form

Ify=f(t), x=g(t), Then

’ af(e) dy
& _fO _ _a )

"o "B T d

Example — 24

Find ixifx =at2and y=2bt
X

Ans.
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Example -25

Find %iy_ifx =a(l+cosf)andy=b(1-sing) (2018-S)

Ans. ¢ =3 (-sinf)=-asinf, & =b(-cosh)=-bcosh
do de

dy _ (dy/d8) _ —bcosd _ b
Hence dx (dx/ae) T “asing ECOt 6
Example — 26
Find ffiLwhen x=a(cost+tsint)andy =a(sint—tcost) (2017-S, 2017-W)
X

Ans.

(tii_x= a(-sint+tcost+ 1.sint)
t

=a(tcost)=atcost

dy

o =@ (cost—t(-sint) — 1. cost)

=atsint,

dy (dx) atsint
Lo =gl = =tant.
dx (d_t) atcost

Example — 27

Ifsinx =_2t_andtany =_2t_then find 2.
1+t2 1-t2 dx

AnNs.

Putt =tan 6 {In this case by substitution we can convert both x and y into functions of
another parameter 6, which are easily differentiable w.r.tto 6 .}

Then sin x =2l — gjn 29
1+tan<6

= X = sin~1(sin 20) = 26

tan =_2t _— 2tané@ —
Yy PR Rk m—r tan 26

=y =20
Now, &» =2 and dx =2
de de
&,
Hence & = #=2=1
dx & 2
de
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Differentiation of a function w.r.t another function

Suppose we have two differentiable functions given by y = f(x) and z = g(x). Then to find
the derivative of y w.r.t. z we have to follow the following formula.

d.
ay _ ()

dz (&

Example-28
Find the derivative of tan x w.r.t cot x  (2017-w)
Ans.

Lety =tanxand z = cot x

4y = sec?x , 2= - cosec2x
dx dx
dy
— (@) sec?x . d(tan x .
Now, & = —dx= — = - sec2xsin2x,Hence (anx)  _ sec2xsinx
dz = —cosec?x d (cotx)
Example — 29

Find the derivative of e2losx w.r.t 2x2  [2018-S, 2017-w]
Ans.
y = e?logx and z = 2x?2

4y — 4 (e2logx) = d_(elogxz) = d(x2) = 2
dx dx dx dx

dz = d(2x2) = 4X
dx

dx
Hence &= (9)/(d)=22=1
dz dx dx 4x 2
Example — 30

Differentiate ax w.r.t xe= [2014-S]
Ans. y =grandz=xa

Now, & = g*xlog a and 4z = axa-1

dx dx
(dx) a*lo a1
Hence o é) — 1 = 0oga (Ans)
d
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Example — 31

Differentiate sin-1(—2-)
1+x2

1— 2
w.rtcos1 = " )

14+x2

(2016-S)

Ans. Lety = sm—l(—)& Z = cos~I( _)_

14x2 1+x2
Putx =tant
y = sin-1( 2x_) = sin— I(M) =sin-1(sin2t) = 2t
1+x2 1+tan?t
=% =)
dt
. A 1— 2 1— 2
Similarly, z = cos=t ") = cosI( tan t) = cos~1(cos 2t) = 2t
1+x2 1+ tan’t
)
dt
dy
dy —Ci) _ oo 1
4 =d =2
dz (d_t) 2
d (sin
Hence o 2)) =1

d (COS*l(—))

Example — 32
Find derivative of log x w.r.t \/_x [2017-W]
Ans.
y =logxandz=+x
Now,dr=1 and dz=_1_
dx x dx  2Vx
dy 1
Hence ¥ _ () _ L:ﬁ =2 (Ans)
dz (‘;i) 2—\1/_ x Vx
Example -33
Differentiate 1=cosx yy p t 1=Sin%
1+cosx 1+sin x
Ans.
y = 1—cosx d 7 = 1—si.nx
1+4+cosx 1+sinx
d_y — (14+cosx)(sin x)—(1—cos x) (— sin x) {AS {f}
dx (1+cosx)? dx g

f'g- fg}
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__ sinx+sin xcosx+sin x—sinxcosx
(1+cosx)?

2sinx
(1+cos x)2

dz _ (1+sinx)(—cosx)—(1—sinx) cosx
dx (1+sin x)?2

__ —C0sx—C0S x sin x—cos x+cos x sin x

(1+sinx)?2
_ —2cosx
(1+sin x)?2
dy/ 2sinx 2
dy _ C "ax) — (+wosx? _ —tanx(1+sinx)
d dz: —2wosx 2
z () (L+sinx)?2 (1+cosx)

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y
cannot be expressed in terms of x is called Implicit function.

eg.x2+y2-25=0
Xy = yX

x2y+y2x +xy=25 etc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply
we differentiate both side w.r.t x and express—dd»v in terms of both x and y.

Example — 34

Find iy_when x3+y3-3xy =0
X

Ans.

Given x3 + y3-3xy = 0

Differentiating both sides w.r.t x We have,

32 + 322 - 3xa-3.1y=0
dx dx
> d_y(3y2 —3x) = 3y - 3x2
dx

2.2 2
:>dy_3y 3x° _ y—x (Ans)

[2015-S]
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Example — 35

Find & if In Vi@ F 37 = tan-1()  [2017-w]

dx x

AnNs.

Given In VXZF y7 = tan-1(%)
X

Differentiating both sides w.r.t x,

dy
1 dy 1 -yl
2x+2y D)= ([ , )
VaZ+yZ 2Vx%+y? dx 1+() 2 x
2(x+y dy) 1 dy _ y
A = ——r (( =)

=——dX
2 2 2 x“+y x2
(+ys) X

X
d
x+y D42 (x 3_}'_},)
X

dY = —"=9x
oy T @yl

SX+y=xXxd-y
dx dx

:>(x-y)§§=x+y

= dy _xty
dx x—y
Example — 36

Find &if y< = [2014-S, 2016-S, 2017-w]
X

Ans. Given yx = xv

Taking logarithm of both sides

=lny* =Ilnxy

=>Xlny=ylnx

Differentiating both sides w.r.t x, we have

>Xxld+ 1. lny=a.Inx+ylL
y dx dx x

d
"% +lny=Inx&+y
y dx dx x

> (x—Inx)=(2x—Iny)
y dx x
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x:yln_x) d_y= y—xlny

:>( y dx x

d -
=2 _ yy—xlny)

dx x(x—yInx)

.4y _yy—xIny)
dx x(x—ylnx)

Example — 37

Find ixif y2 cot x = x2 coty
X

Ans. y2cotx =x2coty
Differentiating both sides w.r.t x,

= 2y & cot X + y2(- cosec2x) = 2x coty + xz(-coseczydl)
dx dx

d
= 2y cot X & - y2coseczx = 2X cot y - x2cosec?y
dx dx

= (2y cot x + xzcoseczy)ﬂgZ = 2x cot y + y2cosec2x
X

2

dy  2xcoty+ yzcosec X

dx  2ycotx+ x%cosecty
Example — 38
Find dvif yx = xsiny
dx

Ans.yx = xsiny

Taking logarithm of both sides
log y* = log xsiny

= xlogy=siny log x
Differentiating both sides w.r.t x,

1
=>1l.logy+x1d =cosyd.logx + siny._
y dx dx x

= (x— logx cos y)dy =siny — logy
y dx x
x=ylogxcosyy dy _ siny—xlogy
= (=loveosyy & _ shy-xlogy.
y x x

:>d_y _ y(siny—xlogy)
dx  x(x—y log x cos y)
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Differentiation of Infinite series

Example — 39
Ify = x find &
dx
Ans.
y=x

Taking logarithm of both sides
=logy =log x» =y log x

Differentiating both sides
S = wlogx +y L
ydx dx x

>l —-logx)ir=y
y dx x
d 2
N y % 1 h%

dx % C-logx) ~ x(1—ylogx)
y

Example — 2

Ify = Vsinx + Vsinx + Vsinx + -

>y = Vsinx + (\/sinx ++/sinx + )

Sy =+sinx+y

Squaring both sides
=y2=sinX+Yy

Differentiating both sides w.r.t x,

= 2y & = COS X + 4
dx dx

= (2y-1)d = cos x
dx

= d_y _cosx
dx ~ 2y—1
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Miscellaneous examples

Example -1
Differentiate the following functions w.r.t x

(I) Yvatx +va—x

at+x— va—x
(i) x| forx+0
(iii) tan—1 e2x
(iv) otan~ 1%
(V) tan-1 7 ax
a?—12x?
(Vi)  xx
(vi)  logiosinx + log, 10 x>0
viii x e
( ) (xe)e + (ex)x
(ix) xXxx
(X) —1 Ve V=2,
tan ( )
;1+x —;1—x
Ans.
va+x— va—x

_ (atx+vVa—x)Watx+a—x)
T (JaFx-Vamn (VaFxt Van)
_ _(atxt Va—x)?
 (arx)? - (Ja—x)?
_ (atx)+(a=x)+ 2vatxJa—x
- (a+x)— (a—x)
_ 2a+2V(a+x)(a—x)
2x
_ atVa?—x2
- X

dy _ d a+Va?—x?
Now dx E( x )

x{0+ ! (—2x)}— (a+ Va2=x2).1
v

= 2Va2—x
x2
2
- (a+Va@E=x)
_ NaZ—z

x2
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— x2— ava?—x2— a®4x>
x2Va?—x?

_ = x%2— ava?—x2— a®+x?

x*\a?—x2

_ §a2+ a\/az—x2)

xZ\/aZ—xZ
i) y=Ix
Whenx<0,y=|x| =-
Whenx >0,y =|x| =x

So dix = d=0 = -] whenx <0
dx dx

dx] = dx) =1 whenx >0

dx dx

(i) y=tanle

d 2%
o1 ()=
dx  1+(e?%)2 dx 1+ e*
(IV) y = etan71 %2
2\ — ptan™1x? 1
dy _ gtanlx? d (tan"'x?) =e a (a?)
dx dx 1+(x2)2 dx
2 x etan71x2
- 1+x*
(v) 7 ax Zax
=tan! ___ — = -1 a2
y a2—12x2 tan ( a2—12x2
2
3x, 4x
= tan- 1( r z) = tan-1(@t@
_12x
al a’a

(Putting 3= = tan 6:&4x =tan 0, )
a a

tan 81+tan 62

= tan-l(
1—tan@1ta QZ 4
=0 +6 =tan! " +tan!
1 2

a a

Now dr = d(tan-1 gi) + L(tan—lb
dx a dx

dx

=1 @+ 1 _O=__O+

) =tan-{tan(6 + 6 )}
1 2

N0

JXZ 2
WO e e 115 a

3a? 4a?
= t— 2
(a?+9x%)a (a“+16x%)a

— 3a + 4a (Ans)

a?+9x2  a’?+16x2

16x a
1+ 2
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(vi) y=xk
Taking logarithm of both sides,
Iny = In x'x

:>Iny=\/; Inx

Differentiating both sides w.r.t x,

dy _ In x 1

w Y9xT
= ¥ = x¥x (nx+2)  (ans)
dx 2vVx

(vii) y=logosinx + log, 10

}

=logio sinx +

{aslog, 2 =

log1ox 1 1 loga b
dy _ 1 cosx + {— : }
dx sinx loge 10 (log10x)? x loge 10

_ cotx _ 1
loge 10 x(log10 x)2loge 10

—logioe- - 3ng)

= cotx lo e -
810 x(log1o x)2

(viii) V= ()¢ + (e
Lety =y; +y wherey, = (x9)¢ , y,= (ex)
Now, y; = (x¢)¢"

Taking logarithm of both sides

log y1 = log (x9)¢ = ex log xe

= log y1 = ex elog x = extllogx

Differentiating w.r.t x we have
= LW = ot pgy + e"+1

y1 dx x+1
= dv _ (ex+1logx+ _)

dx

= (x2)¢" &1 (logx + ;) """"""" (1)

Againy,= (ex)*"
Taking log of both sides
= Iny2 = xeln ex= xex = xetl
Differentiating w.r.t x we have,

5192 = (e+1) xet1-1 = (e+1)xe
y2 dx

=>—yz ya(e+1)x® = ()™ (e+1)xe - (2)
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From (1) and (2)
dy _ dyl | dy2
dx __dx dx

1 1 x_ X e
“(x) e (logx + ;) +() (e+tl)x (ans)
(ix) y=@)
Taking logarithm of both sides,
Iny = In x* = x*In x
Differentiating w.r.t x we have,

X

1 — g 40D 4 px L
y dx dx x

dy d(xX)
> = 7 + x—1

— y(lnx — ; x*¥1)

ST (1 CLCRIT TP s pU—— (1)
dx

Now let z = x*
Taking logarithm both sides,
= logz=Inx*
=logz = x Inx

Differentiating w.r.t x we have,

1d 1
=>__Z=1.Inx+ X —

gdx x
=>U=z(Inx+1)

dx
=

d(x®) _
dx

x* (Inx + 1) e 2)

From (1) and (2)

dy = x(In X xx (In X +1)+ x=-1)
dx

= x< (xx(Inx)2 + x* In X + xx-1)
=x¥x*1( x (Inx)®> +xInx +1) (Ans)

_ —1 AV1+x2+ V142
) y=sanT(om o

Put = x2 = cos 6

_1,V1+cos 6+ V1—cos @
Theny = tan~! )
y (\/1+cos 0— 1—cos &’
COS \/ﬁ_ >
§+ 2 sin %—
VZcost vV
2= 2 sin 2
\]_ 2] \/— 2]
2 coss+ 2 sins
= tan~I( E
\/2_cosz——x/2_sin2—

= tan—1(
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o 0
CcOoS .
Sin.
cos . cos . ey, . 7]
= tan!(__ ) {dividing numerator and denominator by - }
sin
COS__ cos
2 2
1+tanf tam’z+tanE
=tan }(——%) =tan"! (29
1—tan§ 1 —tany tany
0 6
=tan-! (tan(z+ ) =7+ _
4 2 4 2
=il' + cos™1x?
4 2
Nowdr=0+21(_=L )2x
dx 2 V1-(x?2)2
= - X
1—x
Example — 2
(a+y)

If cos y = x cos (a+y) then show that v = cos

dx sina

Ans. Given cos y = x cos (a+y)

cosy

cos(a+y)
Differentiate both sides w.r.t x we have,

cos(a+y)(— sin yﬁy —cosy (—sin(a+y))ﬂ’
d. dx

= X
=1 cos%(a+y)

=1 _dy {sin(a+y)cosyz—cos(a+y)siny}
dx cos“(a+y)

=1 =% {sin(a+y—y);

cos2(a+y)

d_y _ cos?*(at+y)

= ——— (Proved)

Example — 3

Differentiate sec-1 ¢ "Sw.rtVi=x
2x2—1

Ans.
Herey=sec—1(—1 ),z=V1—x?
2x2-1'

Let x = cos 0

) = sec! (#)

1
Theny = sec—l(
cos 26

2cos26—1




108

= sec 1(sec260) =20 = 2cos1x

dy = d(2 cos~1x) =

dx dx 1—x
dz_ =_(-2X) = -
dx 2V1—x2 1—x
—2
dy _ Vix2 _ 22 _ 2
NOWd T =" x x
\/1—x2

Example — 4

If y = 1Qlogsinx findgz.

Ans.
dy ___ 4 (1Qlogsinx), _(logsmx)
dx dlogsmx
= 10logsinx Jog 10_(logsinx) (As 4 ((a®) = axlog a)
€ dx dx e
= 10logsinxn 10 —— cosx = In10 cotx 10wogsinx
sin x
Example -5
If x = cos? andy = sin-1! then find &=
V1+t? 1+t2 dx
X = cos! —
— ( Put t = tan0)
= cos1

(7%) =cos~ (_1)
1+tan?6 sec

= cos~ ! (cosf) =6 =tan-1t
dx 1
=>__=
dt  1+t2
.. . . tan6
Similarly y = sin-! _ = sin~
1+t2 \/1+tan2
=sin—1(—2€—) = sin -1(sin 0)
cos O secl
Ldy 1
Tdt T 1+
dy 1
d / /1442
Hence, = "= "1+ =1
dx g /14

) = sin-1(tan0)

sec O

=@ =tan-1¢
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Exercise

Short Questions (2 marks)

1) Find the slope of the tangent tothe curvey = x2 atx = - 12[2014—8]

2) Find the derivative of sin x w.r.t cos x. [2017-S]
3) Find the derivative of cos x w.r.tlog, x .  [2015-S]
4) Find e;y;if X =at?,y = 2at. [2017-w]
5) Differentiate tan-1 x w.r.t cos—1 x.

6) Differentiate y = xsin ' X, w.r.t. X.

7) Differentiate cosec(cot-1 x) w.r.t sec (tan-1 x)

8) Differentiate sec?(tan—1 x) w.r.t (1-x2)

9) Differentiate tan-1 V1wt x

P
10) Differentiatecot-1x w.r.t. cosec-1x

11) Find -;(liy_of each of the following
X

i) (tan-15x)2
ii) (sin-12x4)
iii) tan-1(cosv/x)
iv) logr(logs x)
V) sin(ex2)

Long Questions (5 marks)

12) Differentiate tan-1(2>* """} w.r.t x. [2017-w]

cos x+sinx

13) If y = tan-1 V"2 then find .

1—sinx dx

14) Find fg_if x =y In (xy) (2016-S)

15) Find fg_if y = (tan x)lnx (2017-w)
X
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16) If X VTFy + yWTF% = 0 Prove that (1+x2) ® + 1= 0 (forx = y)
dx

17) Ify = log (1+¥x) , then find .
1—V/x dx

2_ .2
18) If cos—l(x ¥ =tan-'a, Prove that & =,

x +y E x
x 2
19) Find 2 =7 ¥+ (Lyi=1,

20) If exty —x = 0 prove that &» = 1=x_

dx x
x

V-
21) Ify =( \/a:)\/x_ — then prove that & = y
dx 2—y log x

22) Find v ifx = zat_  _ 2bt_
dx 1+¢2 ! 1-t2

23) Differentiate sin2x w.r.t (In x)2

T—x

) . . -1 2% 1y
24) Differentiate sin (@ W.rttan  V—

25) Differentiate tan-! x w.r.t tan-1v1 + x2

26) If x = a1t andy = at (ﬁ) then find &

1+¢2 1+¢2 dx

27) If sin (xy) +x = x2 —vy, then find 4
y dx

28) If \/-1733.2- + \/1_—};2—: a(X-y) , prove that & = QL

dx 1—x2

*an~1lx
29) Differentiatec " w.r.t. x.
V14x?

30) Ify = log (x+Vxz— 1) then find %,

31) Find ixof each of the following
X

(1) sin1(2axV1 — ax?)

. 1462 2 !
i) [~ —1p
1—t
(iii) tan—1(1+‘/1_x2

iv -1 1
(iv) x2 cos—1 (Y1) + x2 cosec-1(E
Vr+l Vx-1

)
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(V) sin—1(3x 4x3)
(vi)  tan- 1( )
y =4
(vii) cos1 )
I
ANSWER
1) -1 (2) -cotx (3)—xsinx (40
t
(5) —V1-x% (6) xsin” Tx [sm -|— logx | (7)1 (8)'1
1+x2
_ 1 xVx2—1
O = WO%a
10tan~15x . %éx—?m:)e)“ in=1 3 sinv/x
11) () T 1+25x2 (i) 1-x° (III) 2x(1+cos?V/x)
(iv)

x log7 x(loge 7)2

(v) 2x ex2cos (ex2)

12) -1 (1391 (14) x> __ (15) (tanx)"* [Lintanx 4 Secinxy
2 x(1+ln(xy)) tanx
1 19) —(ayy;  (22) bO+D® xsin2x
(17) Vx(1—x) (19) (bx)3 (22) a(1-t?)3 (23) 2Inx
—4TT g g
(4 HTT @8) 2 @e) T @n) TGS
x2 -1
(29) ¢ " Fl2x+ 1 __x ] (30)=—=
VitxZ (1+x2)tan~l x  (1+x2) Vx2—1
31) (i) i Kacial ii 1 iv) mx
1—a®x (i) (1—t%)2 (i) 2 2122 ()
v) 3 viii
v) T2 (viy 7# 2 (vii) 7= 2 (vill) - (ex_e_X)z
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Successive Differentiation

If f is a differential function of x , then the derivative of f(x) may be again differentiable
w.r.tx. If f(x) =d_df then f'(x)is called first derivative of f.

If f'(x) is differentiable , and 4r @ = f"(x), then f "(x) is called the 2™ order derivative of
dx

f (X) wr.tx.

The above process can be successively continued to obtained derive functions of higher
orders.

Notations

1%t Order derivatives —» ‘:lx, y',vy1,Dy,fx

2
27 Order derivatives —» *” Y Y, D2y, f "(X)

dx?

3
3 Order derivatives » *”, y", Y, D3y, )

dx3

n'" Order derivatives — © 7, ym, Y , Dy, Fn(X)

dx"
Example -1

Find 2" order derivatives of following function.

()y=x5+4x3-2x2 +1 (i) y = log, x
(i) y=vVxz+1 (iv)y =L

VE
() yi= 2 =i(xs + 43 - 202 +1) = Sxt+12x2-4x+0

= 5x4+12x2-4x
d’y _ d () = d(5x4+12x2-4x)
dx dx dx
= 20x3 + 24x—-4 (Ans)

() yi=-2(og,x) =1

d acn 1
=¥=""=-" (ans)
2 dx dx x2

iy y=vxz+1
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= 1 d(x2+1 Chain Rule
Y1 N as ( ) ( )
_ 2x+0  _ X

T+ VP

a__* )
— ViZil

dvi
Y2= dx dx 5
1VEEFL —x . 1 dl—+1)
2\_/x2+1

_ dx . .o N
= ) (applying division formula of derivative)

VGEEFD) — 2

— 2Vx2+41
x24+1

— (xz+1)—x2 _
VaZtl (2+1) (x? +1)

(Ans)

() yi-(D) =) =-L el

dy 1 3 -1 3 -5 3
= = - - 2 = X 2 =
Y2 dx Z(Z)x 4 ax'2
Example -2

Find y; and y: if y = log(sin x) (2018-S)

Ans.

y1=-log(sinX) = L cosx = cotx
dx sin x

Yo = dj;i = %(cotx) = - cosec?x (Ans)
Example — 3

If x = at?, y = 2at then find dziz
dx

Ans.

dy (dx) L@at) 20 1
& = % G =2et =+

E) (at)
d?y _ d ,dyy _ d,dyy dt
Now == Ec(d Et(d " dx
d 1 1
A 1
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Example — 4
2
Ifx = a (6 — sinf) , y = a (1+cosh) then find «”_
dx?
Ans.
dy
dy _ gg — —asing _ _ sinf
dx 9 a(l—cosO) 1—cos 6
de
o o
_ -2 sinfcosz—_ 2]
A cot 2
2

2 d d dy
=2 2 =-‘1Z(Td’) {as j—z is function of 8}

2 dx dx
dx dx “dx 70
A (=coth cosec?® ! 1 cosec 20 1 0 6
=ds 2 = 22 — 2 ——cosec? _, cosec?—
dx a(l—cos) 2a 2sin2?. T 4q 2 2
de 2
[
=_1 cosec*_
4a 2
Example — 4
2
Find ¢ from the equation x2+ y2 = a2
dx?
Ans.
Given x2+ y2 = @2 (1)
Differentiate both sides,
2X+2ydr=0
dx
dx y
Again differentiating w.r.t x
d’y y1-x® o
= = {—5" }+  { applying division formula }
—X.
= Do 7T ey
dx? y.y?

5 Yo ol Form (1))
3

dx? y.y? y

Example -5
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Ifx=3t-£2,y=t+1,finde att=2.

dx?

Ans.
Given y=t+1 ,x=3t-t.

22 -1 and E=3-3p
dt dt

v _ P/ 114
d T 3342 T 3(1—¢2
dx dx/  3-3t 3(1—t2)

@y SO e e

—dtde —3 (-t =30-t)
dx? dx 3-3t2 3(1-t2)
dt
_2 ot
9 (1-t%)3
%y
Nowd”] =2 2 4 4

o2 2 9223 o(3p 243
Example — 6
If y = ewxsin bx , then prove that y> — 2ay: + (a2 + b2)y = 0 [2017-w]
Ans.
Given y = e sin bx -------------------- (1)
Differentiate both sides,
Y1 = @e®* sin bx + e%x b cos bx
=y,= ay + bear cos bx--------------- (2)
Differentiate w.r.t x,
= Y, = ay; +ba ex cos bx + b eaxb(- sin bx)
= Y2 = ayi + ab e* cos bx - b2y
= Y2=ayi+a(yr-ay) - by {from (2)}

= Yy,=ayi+ayi-ay- be

=| y2-2ay1+ (a2 +b2)y=0 (proved)

Example -7
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If y = emcos "% then show that (1-x2)¢” -x & -m2y =0 (2018-S)
dx? dx

Ans. y = emcos_lx

:>d_y= emcos_lx ( m )=-_my
dx V1—x2 V1—x2
dy
= VT=x7 2 = -my ----mmmmmeen (1)
dx

Differentiate w.r.t x

1(=2x) d d? d
S Ty o &

2V1—xZ dx dx
ey 2 d%y
—_ dx+ (1—x )dxz =-m dl
VI—x? dx

2
> X+ (11— = -mivyir=x
dx dx? dx

S (1—x2)d” - x ¥ =m(-my) = mzy{from (1)}

dx? dx
2y dy _
=>(1—-x2)d” - x ~-m2y=0
dx? dx
Example — 8
If y = ax sin x, then x2y, — 2xy; + (x2+2)y = 0 (2016-S)
Ans. y = ax sin x (1)

Differentiate w.r.t X,
= y1 =a[l.sin X +X. cos X]

= y1 = a (sin X +X €os X) (2)

Differentiate w.r.t x,

=>y,=a(cosx + 1. Cos x — X . sin x)

= Y2 = 2a COS X — ax Sin X 3)

Now L.H.S = x2y, - 2xyi + (x24+2)y { applying equation (1),(2) and(3) }
= 2 @ x2 COS X - ax3sin X — 2ax sin X — 2 a x2 cos X + ax3sin X + 2ax sin x
=0=RH.S (Proved)

Exercise
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Question with short answers (2marks)
1) Find y; for following
() y=2x2+x (i) y = exsinx
Question with long answers (5 marks)
2) If x =2cost—cos 2t,y = 2sint—sin 2t then find y”".
3) Findy; y = tan x + sec x
4) If y = sin-1x , then show that (1-x2) y,-xy1 =0 [2017-w]

5) If y = A cos nx + B sin nx then show that dz_yz+ n2y =0
dx

6) Ify = log (x+ V1 +x2) , Prove that (1 +x2 )y, +xy1 =0
Question with long answers (10 marks)
7) If y = sin (m sin-1x) prove that (1-x2) y2-xy1 + m2y =0

8)Ify = gmsin_ ' X prove that (1-x2) y .- xy 1= m2y (2017-W, 2017-S)

Ans.
D () 2- 1 (ii) 2 ex cos x
4x/2
3
2) 3)_ cosx
BSinEcos 2% ) (1—sin x)?2

Partial Differentiation
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The functions studied so far are of a single independent variable. There are functions
which depends on two or more variables. Example, the pressure(P) of a given mass of gas is
dependent on its volume(v) and temperature (T).

Functions of two variable

A function f : X x Y to Z is a function of two variables if there exist a unique element
z = f(x,y) in Z corresponding to every pair (x,y) in X x Y.

Domainof fisX x Y .
f(XxY) istherangeoff. {f(XxY) CZ}
Notation : - z = f(x,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit | as (x,y) = (a,b), .If given € > 0, there exist §> 0 such
that |f(x,y)-l | <e whenever o < |(x,y) — (a,b)| <6 .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if
() f(a,b) is defined
(ll) lim(x,y)ﬁ(a_b) f(x, y) exists.

(iii) lim(x,y)—)(a,b) f(x,y) = f(a,b)

Finding limits and testing continuity of functions of two variable is beyond our
syllabus so we have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.

If variable x undergoes a chance §x, while y remains constant, then z undergoes a
changes written as 6z

Now, 6z = f(x+ 8x,y) — f(x,y)

If 3z exist as 6x—> 0, then we write the partial derivative of zw.r.t x as

8x

—dz=f =7 =1 fat8xy)—f(xy)
o= o x= 2= limgeo ———5 ———

Similarly partial derivative of zw.r.ty,
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fCoy+y)—f(xy)

Af — dz — fy= Zy= limgy_,o Sy

day 9y

a—i , :—y symbols are used to notify the partial differentiation.
Note

As from above theory it is clear when partial differentiation w.r.t X is taken , then vy is treated
as constant and vice — versa. (All the formulae and techniques used in derivative chapter
remain same here)

2"d Order Partial Differentiation

If we differentiate the 3z , 3z w.r.t x or y , then we set higher order partial derivatives as follows.
d0x Ody

15t Order Partial Derivatives?z , 3z ,
dox ady

2" Order Partial Derivatives

BZZ=6 2zY=7 =f

92 0x ox XX

L _2 ()= z

= f,
dydx Oy ox o

7z _9 (7)=z =f
0xay ox Ody Xy Xy

¥1_0 )=z =f
92 a8y 9y Yy Yy

Note:fyx = fxy when partial derivatives are continuous .
Example -1

Find 8z , oz
ox Oy

() z = 2x2y + xy? + 5xy.

(i) z=tan-1() [2018-S]
y

(iii) z=evtanx [2019-W]

(iv)  z=log (x2 + y?) [2015-S]

(v) 1 x [2014-S]

“sin (5
y
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(vi) z= f(i) [2017-S]
Vi) x4 y*

Ans.
) Z = 2x2y + Xy? + 5xy

dz
9y

92 = 3 (2x%y) + 2(xy?) + 2 (5xy)
ox Ox ax dx

=2y () +y2 0
ox ox

2y.2x +y2.1+5y.1

y
0_2=£tanx = eytanx

ay ox
(iv)  z=log (x2 + y?)
o1 _a(xyr)=
ox (x2+y2) ox x2+y2
% = 2(x2+y?) =
dy (x2+y2) ay x2 +y

(x) + 5y &
dox

( Herey is treated as constant)

€9)

= 4xy +y? + 5y.
— 9,29 ay a9y
=2x ay+ + 5x 3%
=2x2 + x.2y + 5x=2x2 + 2xy + 5x
(i) z=tan1()
y
1y 1, 1
8 =2 & @) = 5
y y2
I
yat+yH)  xP+y?
%= 1+( e O -ﬂ—w&( )
=_*_
x2+y?
(iii) z=evtanx
9z = ey a_(tan X) = ¢
ox ox 1+x2

{2 y2= 0 Asy is constant}
ox
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(v) zZ= Sm—1(X)

6z 1 x 1 1 1

Y= 2O o=

&x Zax y \/M Y y?—x?

y2

> °H=_.C)

o " J1-29y y \/@ v
¥ y2
=

(vi) z =f(»)

u=f0)20)=F0). @)
=2 Q)

9z =f° (y) Y 1

5 13 0=f0)-
=1f'(»

Vi) z=xv 4+ yx

0z

ay

Z =yx1+yrIny (yisa constant here)

2 =xplnx+xy~1  (Asxis treated as constant)

Example-2 . Find fxand fyx where f(x,y) = x3 + y3 + 3xy

Ans: - fy=3x2+ 3y ,f, = 3y2+ 3x

fxx=ai(fx) = 6X+ 0 =6X
fu=2(f)=0+3=3
ay

Example -3

2
Ifz=log (x2+y2)+ -1»_,provethat?” +
g (x2 + y?) an ') p -
X X

Ans. 9z =_1 2x +_1 (-7)
x  (xX%+y?) 147 %2
2
2x xz y 2x—y
T2 + X2 4y? ("x_z) T X21y2

2
6220

9y?




az _ 1 2y + 1 1
oy T —zZ )
1+, ¥

2y + x?
(P+y?)  (P+yH) x

_ 2ytx
(x*+y?)

2
Now?” =2 (a_Z) _ (P+y)(2-0)—(2x—y)(2x+0)
9x2  9x ‘ox (x24y?)2

_ 2x2+2y2—4x2+2xy _ 2y2—2x2+2xy

(x2+y2)2 (x2+y2)2

& _ 9 (a_z _ (*%4+y%)(240)—(2y+x)(0+2y)
32 9y a)) (2+y?)?

_ 2x2+2y2—4y2—2xy _ 2x2—2y2—2xy
(x2+y2)2 (x2+y2)2

Now 9%z + 0%z _ 2y*—2x%42xy+2x*—2y*—2xy
axr  9y? (x2+y?)2

=__0 =0(Proved)

(xZ +y2)2

Homogenous function and Euler’s theorem

Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = t*f(x,y)
where t is any constant.

Example — 4

Test whether the following functions are homogenous or not. If homogenous then find their
degree.

(i) 2xy? + 3x2y (ii) sin-1()
y

aea 2 2
(ii) 3—x;ff.2yy— (iv) x2 + 2xy + 4x

Ans.

(i) Let f(x, y) = 2xy2 + 3x2y
f(tx, ty) = 2(ex)(ty)? + 3 (ex)X(ty)
= 2txt2y? + 3 t2x2ty
= t3(2xy?2 + 3x2y) = t3f(x,y)
Hence f(x,y) is a homogenous function of degree 3.
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(ii) Let f(x,y)= -1 *
sin  (-)
y
f(tx, ty) = sin-1(*) =sin-1* = 0 1 x_ = tof(x, )
- t sin (-
ty y
Hence f(x, y) is a homogenous function of degree *0'.

(iii) 2.0
flx,y) =2
x+y
_3(tx)%+ 2(ty)% _ 2 3x%42y%) _
fix, ty) == =T = tfx )

Hence f (X, y) is a homogenous function of degree 1.
(iv) f(x,y) =x2+ 2xy + 4x

f(tx, ty) = (tx)2 + 2 () (ty) + 4()

=t (b2 + 2t xy + 4%)
So here f (tx, ty) cannot be expressed as t*f (x, y)
Hence f(x,y) is not a homogenous function.

Note

0] If each term in the expression of a function is of the same degree then the function
is homogenous.

(i) If z is a homogenous function of x and y of degree n , then?z and 2z are also
ox oy

homogenous of degree n-1.
(iii) If z=1(X, y) is a homogenous function of degree n, then we can write it as

Z = x"d (¥)
pe
e.g. In example - 4(i) 2xy? + 3x2y is homogenous function of degree 3.
Now f(x,y) = 2xy? + 3x2y = X3(2(i) 2+3 (i)) =x3 q’(i)

Similarly in Example - 4 (iii), f(x,y) is of degree 1.

Now f(X, Y) _ 3x2+2y 2 _ 2 (3_,_2(1)2 3+2(§()2 ~ ,
X+y ; 1+ )=X(_1+y—_)_xq)()_()

Euler’s theorem

If z is a homogenous function of degree n, then x % 4 yd¥ =nz [2014-S]
ox ay

Proof: -

Since z is a homogenous function of degree n, so z can be written as

z=09()
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Now 2z = n xn- 1q>(_)+an>() _(y)

ox
=nxn-1 (p(}) N an) & . x_z
=N -2 Y P (1)
Slmllarly, az =’ (x)a/ (;
= 0@ ) (Y = 21 D) oo 2)
Now x x Equation (1) + y x Equation (2)
:x;+y;y=x{nxn—1 (p( ) a2y g (y) Pyt <1>’(§)

n n—1 v n—1 "y
x 00 -x YO O4x yOO)
=N ‘P(y;) = nz (proved)

Example -5

Verify Euler’s theorem forz = » [2014-S]
X

Ans. aZ—B(y_)—-y

ox Ox x

2_0 (=1

dy 0y «x x

Herez=f(x,y)=x
F(tx, ty) = =r= f(x, y)

Hence f(x, y) is a homogenous function of degree 0.

Statement of Euler's theorem is  x %% + y32=nz (here n=0)
Ox dy

=>x¥ +y2=0.2=0
ox ay

Now we have to verify it.
From above

LHS=x% _tyd =x(- _)+ l=-v 4
ox ay x x

=0=RH.S

Hence Euler’s theorem is verified.
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Example — 6
Verify Euler’s theorem for z = x2y2 + 4xy3 - 3x3y
Ans. Herez =f(x,y) = x2y2 + 4xy3 - 3x3y
F (tx, ty) = t2x2t2y? + 4txt3y3 - 3t3x3y
= t4(x2y? + 4xy3 - 3x3y) = t4f(X, y)
Hence z is homogenous function of degree 4.
Here n = 4.So, the statement of Euler’s theorem is

a
xZ +yo=4z
ox ay

Now we have to verify it

9z = 9 (x2y2 + 4xy3 - 3x3y)
ox Ox

= 2xy? + 4y3 - 3 ( 3x2)y
= 2xy2 + 4y3 - Ox2y-mmmmmmmemm e (1)

9z = 8 (x2y? + 4xy3 - 3x3y)
dy 0y

= 2x2y + 12xy?2 - 3x3 - (2)

LHS=x23+yd
Ox ay

=X (2X y2 + 4y3 - 9x2y) + y (2x2y + 12xy? - 3x3) {from (1) and (2)}
= 2x2y2 + 4xy3 - 9 x3y + 2x2y2 + 12xy3 - 3x3y
= 4x2y2 + 16xy3 - 12x3y

= 4 (x2y2 + 4xy3 - 3x3y) = 4z (verified)

Example -7

If z = sin-1(*%) show that x % + y 92 =tan z [2017-S, 2018-S, 2019-W]
x+y 0x dy

Ans.

Let z = sin-1(">) = sin-lu
x+y

Nowu = 2
x+y
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u=(tx,ty) = =2 () =ty
tx+ty t x+y

Hence u is homogenous function of degree 1.

So by Euler’s theorem

Asz =sin-lu

=>u=sinz
du=23(sinz)=cosz¥ 2)
Ox  Ox ox
Anddau=23(sinz)=coszd¥ 3)
dy 9y 3y
From (1), (2) and (3)

= X C0SZ3¥% +YyCOoSzZd¥=sinz
ox ay

9 .
=x "’ 4y = sinz = tan z (Proved)
ox ay cos z

Example — 8

If u = sin—1 (%) + tan-1( %) show that x % + yu =0
y x ox ay

Ans.
Ifu= -1*x -1
sin () +tan (-)
y x
u (tx, ty) = sin-1 & + tan-1( 2
ty tx

- -1 -1y
sin (;)+tan (;)

=u(x,y)

4

Hence u is a homogenous function of degree ‘0

So by Euler’s theorem

ou
x_

+ ﬁJ.L:O
ox yay
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Example -9
Ifz= _1 X3+y3 0z 0z
tan ), show thatx — +Y — =sin 2z [2017-w]
x+y ox ay

3+ 3
Ans. Letz=tan-!,whereu= (")
x+y

3.,3143.,3 3 3
Now u (tx, ty) = * 7Y =2 () = 2
tx+ty x+y

Hence u is a homogenous function of degree 2.

So by Euler’s theorem

Now z = tan—1u

>u=tanz Q)
9= a—(tan Z) = SeCZZa_Z _______________ (3)
ox  Ox dx
And 3= 3 (tanz) = seCZZa_Z' """"""" 4)

From (1), (2), (3) and (4)

0
=>x+yau=2y
ox ay

) 9
>xsec2z”_+ Yy secz = 2tanz
Ox ay

0z
=>x__+ydz=2tnz =2tan z cos?z
ox oy sec?z

= 2.sinz cos2z = 2 Sin zZ COS Z

Cos z

= sin 2 z (proved)

Example — 10
If z is @a homogenous function of x and y of degree n and 2z, 2z are continuous , then show that
2 8%z 9%z %z _ ox oy
x*_ "+ 2xy +y2_ " =n(n-1)z
9x? Axdy 9y?
Proof

Given z is a homogenous function of degree n

So by Euler’s theorem
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PR VA I v S— (1)
Ox ay
Differentiating (1) w.r.t x,
9z 92z %z _ o
1& XW yaxf)y ~ax
:)xﬁ-}— y ¥z = (n-1)& 2)
9x2 0xay ox
Differentiating (1) w.r.ty,
2
2 +1.02 4y =nd
d0yox oy 9y? ay
Sy 02 +y2 = (1) T 3)
Axdy ay? ay

{As®z , 3z gre continuous}
ox Oy

{ aZZ = aZZ }
oxdy  0yodx

Equr(2) X x + Equr(3) Xy

62 62 2 aZ
=>x27 7 +xy °7 +xy2” +y277 =x(n-1) % +y (n-1)z
ox?2 Axdy Axdy ay? ox oy

2 2 FY
S22 7742y 37 43277 = (n1) {x0z + yo }
ox? 0x9y ay? ox ay

= (n-1) nz

=n(n-1)z (proved)
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Exercise

Question with short answers (2 marks)

1)ifz=sinxfind 3z and 2.
y ox oy

2) IFf(x,y) = Vxz + y2, find fi, f, .
3) IfF f(x,y) = log (x2 + y2- 2xy) find fi , fyx, fiy

4) If z = f(x,y) , then find.2z , o=
dox Ody

5) Find 3z, 3z if z = xev + yex
dx Oy

Questions with long answers (5 marks)

6) Given f(u,v) = 2u=3», find f (2,1) and f (2,1)
2+172

u

7) If z=x=y,then show that x93z +ya =0
x+y ox ay

8) If z = x2y + 3xy? - = Find partial derivatives of 2" order.
y

9) Verify Euler’s theorem for u = x2 log(f)

10) Ifz=xyf ) then show thatxaa_z+ y gi= 2z
x X y

=gin~1 (X u o1
11) If u =sin (\/;+\/37) show thatx ——+y 3 ~ 2 tanu
12) Ifz= x*+y? 9z 0z
In(—) then show thatx — +y — =1
x+y ax 9y
2 2
13)1fz = cos1 77, then show that x 92 + y & = - cot z
x+y 0x dy
Answers
1) 1cos (x) , =x cos (*) 2)_x Y 32 2 2
y y ¥ y Vaz4y? P 4y? =)? " (x=)? * (x=y)?

-17

4)y fxy) , xf(xy) 5)er +yex, Xer +er 6) & =L

8) Zn=2y, Zx=2x+6y+L , Ly=2X+6y+L ,Z,=6Xx-2
v y? y3
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INTEGRATION

Introduction

Calculus deals with some important geometrical problem related to draw a
tangent of a curve and determine area of a region under a curve. In order to solve these
problems we use differentiation and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to
1. Explain integration as inverse process of differentiation.
2. State types of integration.
3. State integral of some standard functions like x» , sinx, cosx,.... sin=1x , ...... ax etc.
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard
integration formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

If 9= g(x), then the integration of g(x) w.r.t xis [ g(x)dx = f(x) + ¢

X

=> The Symbol [. is used to denote the operation of integration called as Integral sign.

=>» The function (here g(x) ) is called the integrand.

=> 'dx’ denote that the Integration is to be performed w.r.t X (x is the variable of
Integration).

=>» 'c’is the constant of Integration (which gives family of curves)

=>» Integrate means to find the Integral of the function and the process is known as
Integration
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Types of Integration

Integration are of two types:- i) Indefinite i) definite
The integration written in the form [ g(x)dx is called indefinite integral.
The integration written in the form Lb g(x)dx is called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in
the next chapter.

Algebra of Integrals

. JIf() £ g)]dx = [ f)dx + [ f(x)dx £ [ g(x)dx
i, [Af(x)dx = A [ f(x)dx for any constant A.
i diu [ fG)dx ) = adi(ff<x>dx>= M)

Simple Integration Formula of some standard functions

i) [kdx =kx+c

d n+1 1
i Xt AX = X + C, N#-
”)Jx n+1

ii) [ Zdx =In]x| + ¢

. - J— ax
iv) | axdx = E-i_ c

V) [exdx = ex+c

Vi) [sinxdx = —cosx +c
vii) [cosxdx = sinx +c¢
viii) [ seczxdx = tanx + ¢
iX) [ cosec?xdx = —cotx + ¢

X) [ secxtanxdx = secx + ¢

xi) [ cosecxcotxdx = —cosecx + ¢
.. 1
xii) [ dx = sin-1x + ¢
V1—x2

-1
xiii) [ dx = cos~x + ¢
1—x2
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1

Xiv) [—Sdx=tan"x +c XV) [ —=i-dx = cot~1x + ¢
1+x 1+x
. 1 . -1
Xvi) f dx = seclx+c XV||) f dx = cosec—lx + ¢
xVx?—1 xVx%—1

Methods of integration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example-1 Evaluate the following
(i) f(5x3+2x5—7x+i+5)dx
NCE
Ans :-[(5x3 +2x5—7x+i+5)dx
Vxoox

=  5[x3dx+2[x5dx —7 [ xdx + fx_l/z dx+5/ “*{ by algebra of integration}

1 X541 X141 S
= 5xx +4+2x -7 +%* +5Inlx|+c

3+1 5+1 1 1
1/2
4 6 2 P
= 5Xx?+2x%_7xx;+—1—+ S5In|x| + ¢
2
s5x*  x6 7x2
= —_— _—— 1/2
4+3 2+2x + 5inx + ¢
Sx* | X6 7x? + 5Inx +c
= 4+ - 42
4 3 2 \/X
(i) 3x*—5x3+4x?—x+2
[———)dx
ANs ;- 3x*—5x3+4x%—x+2
f( 3 ) dx

_ x4 _ 5x3 4x? i )
= f3_dx J-_dx+fx_3dx Jx_3dx+JxZ_3dx

3 3
=3fxdx—5fdx+4ff—fx—2dx+2fx—3dxdx
X

1+1 x—2+1 zx—3+1
= 3x*_ —5x+4inx— +
1+1 —2+1 —3+1
2
= 3xx 1 1

——5x+4lnx+-—=+c
2 X X

+c

3x2 1 1

— —=5x+4lnx+-——5+c
2 x X
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(iii)  [(4cosx — 3ex + 12—x2)dx

Ans :- [(4cosx —3e* +

\/_)dx

4f cosxdx —3 [erdx+2 [

=
= 4sinx — 3ex +2sin-1x + ¢
(iv)  [6x3(x+5)2dx

Ans - [ 6x3 (x + 5)2dx

[ 6x3(x2 + 10x + 25)dx

f(6x5 + 60x* + 150x3)dx

6fx5dx+60fx4dx+150fx3dx

6x_+60>< +150 x +c
6 5 4

x6+12x5+ x4+c

(V) [ 5tan?xdx

[ 5tan?xdx = [5(sec?x — 1)dx

5[ sec?xdx — 5 [ 1.dx

S5tanx —5x + ¢

(vi)  [sinzldx
2

Ans :- [sin2Zdx
2

= f(l_wsx)dxz 1[fdx — [cosxdx] {1-cosx=2 sinzg }
2 2

= Ll[x—sinx]+cC
2
wii) [ dx
1+sinx
Ans - [ dx
1+sinx
=f (1-sinx)sinx _ J(l smx)smx dx

(1+sinx)(1—sinx) 1—sin?x

sin x— smzx sinx

J(—a—)dx = [—adx— [ tan xdx
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= i 1 dx — [(secx — 1)dx
COSX Ccosx

[ tanx.secxdx — [ sec?xdx + [ dx

= secx—tanx+x+c

(vii)y [ —1

sin?x.cos?x

Ans :- [——L——dx

sin?x.cos?x

2 2
sin“x+cos“x
= J dx

sin®x .cos®x

- ['Sinzx dx + f cos?x dx

sin?xcos?x Sin?xcos?x
= [ sec? xdx + [ cosec?xdx
= tanx — cotx + ¢

\/1 cos 2x

(ix) [tan—1{ Ydx

1+4cos 2x

T—cos 2x.

Ans :- [ tan- 1{\/

} X (~1—cos2x =2sin2xand 1+ cox2x = 2cos2x)

= ftan—l{\/zsm_x} dx = [tan (\/Wf)dx

2cos%x

[ tan-1 (tanx)dx (-tan-(tanx) = x)

2
= xdx =" +¢
2
secx
(X) f secx+tanx

Ans:- [ .

secx+tanx

/

seczx—secxtanx

secx(secx—tanx) dx = dx { sec’x — tan’x =1}

/

(secx+tanx)(secx—tanx) secix— tan®x
= [ sec?x dx — [ secx tanx dx = tanx —secx + C
(xi) [ avexdx

Ans:- [ arexdx = [(ae)*dx { weknow | a*dx = % here ae is in place of a}

=@ L =2 +c (Ans)
In(ae) In(ae)
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(xii) [V1+ cos2x dx (2017-S, 2018-S)
Ans: - [V1+ cos2x dx = [V2cos2x dx
= [ V2cosxdx

=2 sinx + ¢

2. INTEGRATION BY SUBSTITUTION:-

When the integral [ f(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘x’ by another variable t (as
x=@(t)) which can be integrated easily. This is called substitution method.

[fedx = [ f(X)ditdt = [flo®1d'(®Odt,  where x=a(t).

d

The substitution x=d(t) depends upon the nature of the given integral and has to be properly
chosen so that integration is easier after substitution. The following types of substitution are very
often used in Integrations.

TYPE -1
[ f(ax + b)dx
Putax+b =t
adx = dt

=>dx=1dt

a

« [ flax+bydx = [f(@©)  dt = L[ f(O)dt
TYPE -1
J xn=t f(xeydx
Putx» =t
nxn—ldx = dt

dt
=>xn-1dx = _
n

[x=ifeydx = [ F) %= Lf fo)dt
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TYPE -1l
JUF O f(x)dx
Put f(x)=t
Differentiate both sites w.r.t x,
Fo=%
dx
=> [} f(0dx = [trdt="_+¢
= —f(") +c (~t=f(x)
n+1
TYPE-IV
i
Put f(x)=t
=>f1(x)dx =dt
~f ];((x)) dx = [ % =lIn|t]| +c =In|f()|+c (= f(x) =1t)
SOME USE FULL RESULTS
1. f dx
ax+b

Ans :- Putax+b=t

Differentiate both sites w.r.t x,

dx dt 1 1
= /a_lfgz—ln|t|=—ln|ax+b|+c.
ax+b a a

jm——lnlax+b| +c
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2. [ cotxdx

Ans:-[ cotxdx

= f cosx dx

sinx

Put sinx=t
Differentiate both sites w.r.t x,

dt

cosx =—
dx

=>dt = cosxdx

d N
. feosdx = Y = 1In|t| = In|sinx| + ¢
sinx t

[ cotxdx = In|sinx| + c

3. [tanxdx
Ans :-f tanxdx

= [ Ieextamy (multiply & divide by sec x)

secx

Put secx =t

Differentiate both sites w.r.t x.
sec X tan x =4«
dx

=>secx tanxdx = dt

d
fsecxtanx dx =f_t=]n|t|:ln|secx|+c

secx t

[ tanxdx = In|secx| + c

4. [ cosecxdx

Ans :-[ cosecxdx

1
=f dx

Zsz— cosy
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Divide numerator & denominator by cos2 %/,

2x

ooy sec’®/5

J oivde = [ " dx
25inzcosz 2tan /2
cos2%/y

Let tanr=t¢
2

=>sec2X/ x Ydx = dt
2 2

=>sec? x/z dx =2dt

fseczx/
2tan”
2
2d d
= [“= (" =mlt|+c
2t t

dx

=In |tanf| +c
2

, X
J cosecxdx =1n |tan§| +c

S]n_72( ZSIH_JZC Slnic LSanJi
Nowtany= <= = | = 1-cosx = COSECX — COtX
2 €65 —=x x Stitx Sttx
7  2singcosy

Hence [ cosecxdx=In | cosecx-cotx | + ¢

5. [ secxdx

Ans:-[ secxdx
- n T
- fcosec(z +x)dx  (~ cosec (/o + x) = secx)

— Toox x
= In |tan(; +;)| +c¢ (~ [cosecxdx =In|tan E| +¢)

T X
J secxdx = In|[tan (Z + E)“ +c

As tan(® 4+ ¥) = secx+ tanx ( we can easily verify it by applying trigonometric formulae.
4 2

Hence [ secxdx =In|secx+tanx | +c
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BY APPLYING ABOVE FORMULA WE OBTAIN FOLLOWING

1.

1
J cos(ax + b) dx = asin(ax +b)+c

Proof : - cos(ax + b)dx
Put ax+b=6

Differentiate both sites w.r.t x.
iy
- dx

=>adx =df =>dx ="

a

« [ cos(ax +b)dx = [ cos® x ¥

a

="' [cos8df = * sinf +c
a

a

= dsin(ax +b) + ¢
a

Similarly we can get the following results.

1
2. J sin(ax + b) dx = —acos(ax +b)+c

1
3. [ sec2(ax + b)dx = —tan(ax + b) + ¢
a

1
4. | [cosec2(ax+ b)dx = — —cot(ax + b)
a

1
S. J sec(ax + b) tan(ax + b) dx = Zsec(ax +b)+c

-1
6. J cosec(ax + b)cot(ax + b)dx = 7cosec (ax +b) +c¢

reax+bdx — ];eax+b +c
a
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8. j’ﬁ = %sin—l(ax +b)+c =— % cos~1(ax +b) +c
: dx 1 1
9. - - -1 S -1
J1+(ax+b)2 atan (ax +b) + ¢ acot (ax +b) + ¢
1 (ax + b)rt1
10. f(ax + byrdx,n +# -1= ————

a n+1

11. : dx I =1 -1
J SN rrrery st ~sec (ax+b)+c —cosec (ax+b)+cC
12. famx_;’_bdx = lamx+b
m Ilna

The above results of substitution may be used directly to solve different integration problem.

Example — 2 integrate the following

(i)

f xsinx2dx

e _ _
= — =>2xdx = dt}

Ans :-f xsinx?dx { Letx2 = t then 2x

= [ sint™=" [ sintdt
2 2

-1 -1
= cost+c __cosx2 + ¢ (ans)
2 2

(i)  [(x—=2)V(x2 — 4x + 7)dx

Ans :- [(x = 2)V(x2 — 4x + 7)dx

Let X2 —4x + 7 = t2
Differentiate both sides w.r.t x

2x—4 = 269
dx
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=> (2x — 4)dx = 2tdt
=> 2(x — 2)dx = 2tdt

=> (x — 2)dx = tdt
Now [(x—2)Vx? —4x +7dx=  [Veztdt

t3
=[txtdt= [t?dt= ST¢

3
(x2—4x+7 /2

=— ) +c (nt=Vx2—4x+7 = (x2—4x+7) /2).

3
(iii) f (3x+5)7dx

Ans: [ (3x + 5)7dx
Put 3x+5 =t

Differentiate w.r.t x

3=%" —>3dy=dt =>dx = 1dt
dx 3
f(3x+ 5)7dx= 1 t7dt=1x "8+

3f 3 8

1 (3x+5)8 (3x+5)8
- Xt ="+
3 8 + 24 +

(iv) x*+4x3 dx
xO+5x4+7

x4
ANS i~ | ey dx

Put x5+5xt++7=t

Differentiate w.r.t x

5x%+ 20x3 = d_t
dx

=> (5x* + 20x3)dx = dt
=>  5(x*+4x3)dx=dt
dt

=> (x4 + 4x3)dx =
5

1
x*+ax3 dx=1 dt= "In|t|+ ¢
fx5+5x4+7 gf? 5

= Elln|x5 +5x* +7|+c

1
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(v) [ sin’x cosx dx
Ans :- [ sin7x cosx dx
Put sinx = 6

Differentiating both sides w.r.t x

do
COSX = —
dx

=> cosxdx = do

68
« [ sinxcosx dx = [ 67dO = ;"‘ ¢

sinBx

= +c
8

vi) [ 2etan’® tanx sec?x dx

Ans :- [ 2etan’™ tanx sec?x dx
Put tan’x = 0
Differentiating both sides w.r.t x,

de
2tanx.sec?x = _

dx
=> 2 tanx secixdx = df
s [ 2etan’™ tanx sectx dx = [e0df = ef + ¢
= etan’x 4 .
(vil) j'@dx
Ans :- j'@dx

d d
Put Inx =t=>1= "=

x dx x

=dt

3
. J‘dez 3J't2dt= 3x " 4c= (Inx)3+c
x 3

viii) Evaluate ) ———dx (2017-S)
e"+e
Ans:- | e dx (Lett=ex+e=x =>dt= (ex —e®)dx
e“+e™

= fitt =1n|t| +c =ln|eX+e—X| +c
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) Integrate [_~_ax  (2015-)

1

Ans:-f dx (Let2-5x=t =>-5dx=dt =>dx=-4)
2—5x 5
= flat=-'mt +c= -mE-5x0 +c.
57t 5 5
x) Evaluate [ ersin exdx (2019-W)
Ans:-[ exsin exdx (Puter =t =>exdx =dt )
= [ sintdt = —cost + ¢ = —cosex + ¢

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

If the integrand is of the form sinmx cosnx ,sinmx sinnx or cosmx cosnx,a trigonometric
transformation will help to reduce.it to the sum of sines or cosines of multiple angles which can

be easily integrated.

SinMXcosnx =1X 2sinmx cosnx

N =

=1[sin(m + n) x + sin(m — n)x|
2
sinmx sinnx= 1[cos(m — n) x — cos(m + n)x|
2
cosmx cosnx= L[cos(m — n) x + cos(mm + n)x]
2

Example — 3
i) Evaluate [ sin3x cos2x dx

Ans :- [ sin3x cos2x dx

= [ sin(3x + 2x) + sin(3x — 2x) dx
2
= lf(sinSx + sinx)dx
2

= L[ sin5xdx + L [ sinxdx
2 2

2 5

1
= 1o Z€0S5% + E (—cosx) +cC

= __15055x_lcosx+c
10 2

= =1 (cos5x — 5cosx) + ¢
10
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i) Evaluate [ sin2x sinx dx
Ans :- [ sin2x sinx dx

= if cos(2x — x) — cos(2x + x)dx
2

= L [(cosx — cos3x)dx
2

= [ cosxdx — 1 [ cos3xdx
2

. 1 sin3x
X sinx — _ X +c

1
2 2 3

. 1. . .
= 1sinx — _sin3x + c= 1(3sinx —sin3x) +c¢
2 6 6

iii) Evaluate [ cos4x cos3x dx
Ans :- [ cos4x cos3x dx
= [(cos(4x — 3x) + cos(4x + 3x)dx )
2
= ! [(cosx + cos7x)dx
2
1 1
= _ [ cosxdx + _ [ cos7x
2 2
1 sin7x
X

= lsinx +
2

+c

N |

7

. 1,
= Ilsinx + _sin7x+c¢
2 14

= 1 (sin7x + 7sinx) + ¢
14
iv) Evaluate [ sin2xdx
Ans :- [ sin?xdx

1—cos2x . 1—cos?
= J( dx (~sin2x = %)

= lf(l — c0s2x)dx
2
1 1

= _[dx —_J[ cos2xdx
2 2

— lXx_lxsn’LZx_l_C
2 2 2

sin2x

x +c = 1_(2x —sin2x) + ¢
2 4 4
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v) Evaluate [ cos3x dx

= [ cos3x dx

cos3x+3cosx
f (7) dx

3x+3
(- €c0S3X = 4cos3x — 3cosx => 4cos3x = cos3x + 3cosx=>cosdx = )
4

= if(COS3x + 3cosx)dx
4

= ! [ cos3xdx + if cosxdx
4 4

. 3.,
_ 1 simdx 4 7 X sinx + ¢
4 3 4

sin3x 3sinx
= 7+ 2+
12 4

= é (sin3x + 9sinx) + ¢
vi) Evaluate [ cosSxdx
Ans :- [ cosSxdx
= [ cos*x. cosxdx=[(cos?x)2cosxdx

[ (1 — sin?x)2cosxdx

{Put sinx=60 => COSX=‘;Qx =>d6 = cosxdx}

= [(1—-62)2d0 = [(1—262+ 64)d6
=[d6—2[62d6 + [0+

3 5
= 9—2xi+8_+c
3 5

= sinx —2sin3x +1sin®x + ¢
3 5
vii) Evaluate [ sin*x cos3x dx
Ans :- [ sin‘x cos3x dx

= [ sin*x cos?x cosx dx

[ sin*x (1 — sin?x)cosxdx

{ Putsinx =0 => cosx = ddix =>df = cosxdx}
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=[ 641 — 62) do

=[(6% — 66)dO = [ 6+d6 — [ 65d6

5 7
0
—-_+c

g
5

= —1$in5x _lSi7’L7x +c
5 7

COS3X
viii) Evaluate [——=
ARS :- cos3x

) fsin‘*x

ZX
= IL cosx dx
sintx

(1—sin?x)

f sintx

Put sinx = 0 => Cosxdx = dO

cosxdx

2
=[-90 = [ -6 de

- 353 T 77T C=—=—"5=—7-TC
30 +6+ sinx 3sinx+

1
= cosec x — - cosec3x + ¢
3

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin20 =cos20(or 1 — cos?0 = sin26)
tan20 + 1 = sec?6 (also cot260 + 1 = cosec?9)
sec?0 — 1 = tan?6 (also cosec?6 — 1 = cot?0)

> the integrand of the form Va2 — x2,Vx? + a2 Vx? — a2 can be simplified by putting

X=asino
X=atané
X=a secd
X=a coso
X=a cotd
X=a cosec 6
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Note
1.The integrand of the form a?- x? can be simplify by putting x= a sin 6 (or x = a cos 6)
2. The integrand of the form x?+a? can be simplify by putting x= a tan 8 (or x = a cot )

3.The integrand of the form x? - a? can be simplify by putting x= a se 8 (or x = a cosec 6)

Example -4
i) Integrate [
a2_x2
. dx
Ans :- | —
Let x=asin @

Differentiate both sites w.r.t x
dx =acos od 6

And x=asing=>6 = sin-1-

a

Hence [ _“ _ facosodd =" gg= [df= g+c= sint*+c
VaZ—x2 VaZ—aZsin?6 a cosf a

ii) Integratej' k3

x?+a?
Ans :- xgiaz
Letx = atan @
diffentiating both sides w.r.t x,
dx = asec?6d 6
And x = tan6 => 6 = tan—1 X

Q

f dx faseCZBdB
Hence x2+a? ~J a?tan?+a?
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asec?6de
B f a’(tan?0+1)

_ fsecze do
a sec20

=1fdo =10 +c="tan 1" +c

a a a a
I dx 1t 1x+
——— = —tanl=—+c
x2 + a? a a
i) Integrate [ _*
Nz
Ans - [
N

Letx = atanf
Diffentiating w.r.t x we have,

dx = asec?6do

dx asec“6do asec?0do asec?0do
Hence [ =/ =f =
Vx2+a? Va2tan20+q2 VaZ(tan?6+1) asect
= [ secodd

In|sech + tanf| + ¢ ([ secxdx = In|secx + tanx| + c)

2
(x=atang =>tanf = =>sec? = tan20 + 1 = x_2+ 1 =>secd = \/xﬂ
a a

a
2 2
= In[V=49= ¥ 4

+l
a

a2

Vx*Far

a

= In |

++c
a

.DC'f'VJCQZF(l2

a

= In | |[+c
= ln|x+\/x2+a2|—ln|a|+c

= In|x +Vx2 4+ a2| + k(- wherek = c-In|a] is a constant)

I dx
Vx?2 + a?

=In|x+Vx2 +a?|+ k
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iv) Integrate [
X —az
Ans - [_ &
VE—at

Let x =asecd => dx=asecOtanfdo

asecOtanfdo
Now [ ____ — [asccOranfdh
Vi2—a2 Y Jalsec?o—aZ

_ f asecOtanfdo
Va?%(sec?6—1)

= [P Ge = [sech do

atanf

In|secB + tanb| + ¢

-
n|f+\/x_— 1|+ ¢
a?

a
{As x = asecd => secd = X/, =>1tand = Vseclg—T=+()2-1}
a

2_n2 X-Z—a-Z—
1n|f+\/¥|+c= ln|Ll+
a a

In|x + Vxz — a?| —Inja| +c¢

Injx + Vx2 — a2l + k  (~ k=c— In|a| = constant)

Hence

= Injx + Vx2 — a?| + k

f dx
Vx?—a?

v) Integrate [ (2016-S)
pa

x%—a?

Let X = asecd =>dx = asecHtanf d and 6 = sec-1 -
a

dx
Now f - f a secOtan6db
xVx2—a? asecOVa’sec’0—a?

_f asec6tan6 do _ asecOtan6 do
asec@w?az(secze—l) asecOVa?tan?0

— F asecOtand _J asecOtanf asecftant g

asecl atanf a’secOtan@
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= 'fdo="l0+c
a a

= lsec1 +¢
a a

I dx 1 1x+
—— = —secl—+4c¢
x\/xz_az a a

vi) Integratef %
xXc—a

Ans :- J‘Lz

xz—a
Letx = asecd =>dx=asecltand do

asecOtan6do

Now [_dx _ —
J x2—a? J a’sec?6—a?

_ J a secB tanf do
a?(sec?6—1)

_ [ secOtan6do
atan?0

=12% g =1 [z de

a tanf a %
COS!|
=1L do
a - sinf
1
=_[ cosect do
a

= 1ln|cosech — cotB| + ¢
a
=az—
- =V
X

{As x = asech => sec = Y =>cos8= " => sind = Vi=cus?6 =+
a x x2
, Vxt=—a* 6

=>sinf = => cosecl = __" and cotg =" = _* 1}

x Vx2—q? sinf x2—q?

=1ln|__*_-_% |+¢
a —a? 2—a?
|22 +c
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—a

=1lln|l_______|+c
a Vx+avx—a
=1lnpM Y+
a Vx+a
— 1 x—a 1 n
“In|—J2+c (+log,m = nlog, m)

2In|Z ) +¢

2a x+a
I dx |x - aI
=— +c
x2—a?2 2a 'x+a
vii)
Ans :- i dx
a2—x2
Letx = asin@ => dx = a cos6db
Now J J a cos6 db
a’—x2 a?—a?sin’0
_ [ acos6do _ [ cos6do
Jaz(l—sinze) - J acos?6
1 1
= _f = _[secodd
a cosf a

—
{As x = asinf => sin = © => cosd = Vr=sime = \/l—x_—

a

1 sing x
=> secl = —_a =>tanf=_""= }
cos@ Va2—x? cosO Va?—x?

1ln|secl + tanb| + ¢
a

a X

= Llln| + | +¢
a  Var—xZ ar—x%
= lln|____|+c
a  Jar—xZ
= iln|__** _|+c
a Vva+x
= 1In]_"|+¢c
a va—x

a

2

Vea—x2—

a
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1
1] atx 5 g n —
” n|a_x |2+ ¢ (~logmr =nlogm)

atx

= 1ln|_J]+c

2a a—x
J dx 1 a+x N
az—xz_Zanla—x| ¢

These 7 results deduced in Example-4 are sometimes used to find the integration of some other
functions. Some examples are given below.

Example-5 :-Integrate [~

V25—16x2
dx dx
Ans :- As _ dx _1 dx
f?ﬁg ( fvza—mxh - f\/_L5_—2 - 4IV$F)
16(,, ™% ) (Z) —x
S
\/(Z)Z—XZ
. x . dx . X
= _sint _+c (using formula f = sin1” 4+ c,herea=5/4)
4 > as—x a
4

. 4x
Isin/l! “ 4+ ¢
4 5

Example — 6: - Integrate f%dx

. e
Ans :- fmdx

dx {letex=t =>exdx=dt}

.
(e97+32
Now ex  dx = a = "tan1'+ ¢
fm IW 3 3
{as el tan1* + ¢ , here a= 3}
x24+a? a a
=1tan—1° + ¢
3 3
Example —7:- Integrate [ _%*
xVx8—4
Ans:- [_ %~ . _
s ( multiplying numerator and denominator by 4x3 )
- 1 43 dx
i =
_ 1f o dx (Letxt=t =>4 = ")
4 A= dx
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1 f 4x3dx
1Y ANEH—%

1 dt -1t dx

11 1 _qx
[——— T _X_sec - i _ = -, herea=2
= % ;+c ( using formula [ —=—>=—sec = )

x*
2sect_)+c
8 2

Example -8 ; -
Integrate [ __ ">
grate [ ———— dx
x+5

Ans - _~ °~
f\/x2+6x—7 dx

_ f x+5
Vx2423x+32-9-7

= ﬂ = = =
= NeTGT {Let x+3 =t =>dx=dt}

_ t+2
= J ViZ—16 dt

L=/ e _ fz% (putting t2—16=z=> 2tdt=dz =>tdt=%)

_1 1 _ 2
s2z+a=Vz+a =Vt —16+ ¢

= \/m+ Clemoeeeeeseesoos (2)
I, = Zf\/tzd_% (applying formula f \ﬁ% = In|x + Vx2 — a?| + k , where a=4 )
= 2In|t + V2 — 16] + ¢
=2In|(x+3)+V(x +3)2 = 16|+ oo ©)

From (1),(2) and (3) we have,

f x+5 dx =
e X = it Iy

= Jx+3)2—16+ci+2In|x+3+V(x+3)2— 16|+

= Vx2+6x—7+ 2In|x+3+Vx2+6x—7|+c (wherec:+c; = cis aconstant)
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dx

Example-9: -Integrate -
p g fvw;__a_2 (2016-S)
Ans: - fd_" (putv%v=t=>de:dt :>d_":2dt)
Vxvx—a? 2Vx Vx
2d _ — . dx -
=ft_fa— 2In(t + az) +c (Applylngfm = Injx +Vx? — a2 + k)

=21n(\/}+\/x—a2)+c

Example-10: - Evaluate  |__d

2x2+x—1
dx
Ans:- [ _ _ dx _1 dx
- f 2(x%+2-0) _jfx2+ 2. A()E——
2 2 4 4 16 2
. dx 1 x—a
A 1 dx (applying [ _,_ ,=_ In|__|+¢)
2 == T2 Gy o et
4 4 4
+ 4x+1-3
=i1 l |(x ZF)‘F|+c——ln|_‘*_|+c
22— (x+_)+_ Ax+1+43
4 4 4 4
4x—2 2x—1
=1n |22 | +c=1m | 22| +¢
3 4x+4 3 2x+2

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

d d
dwm)=v " +w
dx dx dx
d d d
or v¥="(ww)-wZ
dx dx dx

Integrating both sites,

fv™ax= [~ wdx— [wdx
dx

dx dx

d
= wv-[wZ dx
dx

Letu="" thenw = [udx
dx

Then the above result canbe written as [ uv dx = ([ udx) v- [([ udx) x ©)dx.
dx

This rule is called integration by parts and is used to integrate the product of two
functions
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Integration of the product of two functions

= (integral of first function)x second function — integral of (integral of first X derivative of second)

Int.of product =(int.first)xsecond — [ (int. first)(der. second)dx.)

=>» Before applying integration by parts we have follow some important things which are

listed below.
1. In above formula there are two functions one is u and other one is v. The function ‘u’ is

called the 15t function where as ‘v’ is called as the 2™ function.

2. The choice of 1% function is made basing on the order ETALI . The meaning of these
letters is given below.

E — Exponential function

T — Trigonometric function

A — Algebraic function

L — Logarithmic function

I — inverse trigonometric function

The following table-1 gives a proper choice of 1%t and 2" function in certain cases. Here
meN, n may be zero or any positive integer.

Table-1
Function to be integrated first function second function
x"e* eX x"
xnsinx sinx x"
X"CoSx cosx x"
xn(Inx)m x™ (Inx)m
xm sin—1 x x" sin-1x
xn cos—1 x x" cos—1lx
xn tan-1x x" tan-1x
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Example — 11
Integrate [ x cosx dx
Ans :- [ x cosx dx { from table-1, 1%t function = cosx and 2" function = x }

= {J(cosx dx)}x — [ ([ cosx dx) x Z_x. dx

xsinx — [ sinx.1.dx
= xsinx + cosx + ¢
Example — 12
Integrate [ x2exdx
Ans:-[ x2exdx  { 1%tfunction = ex and 2" function = x2 }

=([ exdx).x2 — [([ exdx) di(xZ)dx

=x2e* — [ ex X 2xdx

= x2ex — 2 [ xexdx { again by parts is applied taking ex as 1 and x as 2™ function.}

x2ex — 2[([ exdx).x — [([ exdx). 1. dx]
= x2ex —2xex+2ex+c= (x2—2x+2)ex+c
Example -13
Integrate [ tan—! xdx
Ans :- [tan-!xdx

{ There is no direct formula for tan-1 x and two functions are not multiplied with each other in
this integral. This type of integration can be solved by using integration by parts by writing
tan-1x as 1. tan-1 x where ‘1’ represent an algebraic function. }

=[1.tan"1xdx =(J1dx).tan"1x — [([ 1.dx).di(tan-1 x)dx

= xtanlx — | x. dx

1+x2
{Letl1+x2=t => 2xdx =dt

Now | x. ! dx=iff=ilnt+c=iln(1+x2)+c}
1+x2 2t 2 2

= xtan—lx-%ln(1+x2) +c
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Example -14
Integrate [ Inxdx (2016-S)

Ans : - [Inxdx

= [1.Inx dx (Taking 1 as 1% function and Inx as 2™ function)

= ([ 1.dx) Inx — [(f 1.dx) % (Inx) dx
dx

= xlnx—fx.lz dx = xlnx — [dx
=xlnx—x+c = x(lnx—1)+c¢
Example-15:-
Integrate [ (Inx)2dx
Ans :- [(Inx)2dx
=1 x (Inx)dx
= 1.dx). (Inx)2 — [(f 1.dx)%(lnx)2dx

2lnx

=x(Inx)? — [ x.___dx.

=x(Inx)? — 2 [ 1 X Inxdx

=x(Inx)? — 2[x.lnx — [ x. 1 dx]
X

=x(Inx)? — 2xlnx + 2 [ dx

= x(Inx)2 —2xinx + 2x + ¢

=x[(Inx)2 — 2(Inx) + 2] + ¢
Example — 16 :-
Evaluate [ xtan—1x dx (2017-W, 2017-S)
Ans:-[ xtan-1x dx

= (Jxdx)tan-1x — [([ x dx)di (tan—1x) dx

2
=x tan~x — .x* 1 dx
2 2 1+x2

2 1
= x tan—1x — x2+1-1 dx

2 2 1+x2




158

2 1 1
=x tan~lx — "~ (1-— ) dx
T A e
2 1
= x tan-lx — _(x —tan-1x) + ¢
2 2
x4+1 1
= ( ) tanlx — Zx+C

Note: - When the Integrand is of the form ex{ f(x) + f'(x)}, the integral is exf (x),which can be
verified by using integration by parts as given below.

[exf(x)dx = exf(x) — [([ exdx) dgf(x)dx ( choosing ex as 1st function and f(x) as 2nd)

= exf(x) — [exf(X)dx + ¢
=>[ exf(x)dx + [ exf'(x)dx = exf(x) + ¢
Hence [ ex{f(x) + f(x)dx}dx = exf(x) + ¢
Example-17: -

Integrate j‘i(1+xlnx)dx (2017-)
P
s 50 x = 0 o

= j'e:dx * [ex(Inx)dx ( Keeping 1% integral fixed we only simplify the 2" one.)

= ¢ dx + ( exdx)(Ilnx) — (. exdx) d (Inx)dx

f? f ff dx

(taking ex as 1st and Inx as 2nd function.)

X X
= edx+ exlnx - edx+c
x x
=exlnx + c.

In some cases, integrating by parts we get a multiple of the original integral on the right hand
side, which can be transferred and added to the given integral on the left hand side . After that
we can evaluate these integrals. Some examples of such integrals are given below.

Examplel8: -
Integrate [ Vx? + a2dx
Ans:-Let I = [Vx2+ a2dx

=[Vx2 + a2z x 1dx
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= {fL.doWeFa— [ 1. dx).d_d (VxrFa?). dx

1
=xVxZFaz— [x X X 2x dx

2% +a?

=xVEF @ — [xX gy

= xVx2 +a2 -

VxZ+a?

24,2 2
x“ta“—a
——dx
x“+a

x2+a?

2
it + a2 — J g dx 4 | g

dx

W F @ - [VEFarde+a [

Vx?+a?

= x x2+a2—1+a21n|x+\/x2+a2|+c

=> 2I= xv/x?2 +

a? + azln|x + Va2 + a?| + ¢

2
=> [ =_xvxrF @+ In|lx +VxrFaz + ¢
2

a
2

B ———— B ————— 2 f—m———
[Vx2 + azdx =f\/xz+az +a_ln |x+\/x2+a2| +c
2 2

Example — 19

Integrate

[ sec26Vsec?6 + 3 d6

Ans: -[ sec26Vsec?6 + 3 d6

[ sec20\tan20 + 1 + 3 df

[ sec20Vtan20 + 4 do { tand = t => sec20 d = dt}

= [Vtz4+22dt  (From example-18, putting a =2)

i
2

t
2

2
VeFzz+ Lnjt +VTEF 2+ C
2

VE + 4+ 2|t +VE 1) +

=%\/tan29 +4 + 2 In|tanb + Vtanzg + 4| + ¢
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Example-20: -
Integrate [ Vx2 —azdx  ( 2014-S)
Ans:- Let I = [Vx2 — a2dx
= fmx 1dx
= ([ Ldovr=az— [(f l.dx).d%(\/ﬁﬁa)dx
= xVxT=a7— [x x _ X 2x dx

2Vx2—a?

_ x2
= xVx2 — a2 — fwdx

EE—— 2_ 4242
= Wx? — a2 — | gy

VX —a

[ xZ_aZ a2
= xVx2 — a2 — ) ==dx - f:7x—2—r_a dx

dx

L L
=xVxf—a@ — [Vir—atdx —a?
Ve —a2

=>I=xVx2—a2—1— a?ln|x +Vx2 —a?| + ¢

=> 2l= xVx2— a2 —a?ln|x + Vx2 — a?| + ¢

2
=>I= ¥r=a - hjx+VxzT=a| +c

2 2

T I 2
=> f\/xz_azdx=f\/xz_az_a?ln|x+\/m+c
2

Example — 21
Integrate [ Va2 — x2dx
Ans - letI= [Vaz—x2dx

[Vaz — x2 x 1dx

(f 1.dx)Var=x7— [(J 1.dx).di(\/a7——x2)dx
= xWar=x7— [ x.

1
o= (T2x) dx
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— —X
= xVa? —x2 — | == dx

T _ az_xz_a
xaz —x2 — ) —=—=dx

2 2
a“—x
dx + a? dx

o= | ==
= xWar—=x2 — [VaZ=xZdx + azsin-1l+¢
a

a2z —x2 —

=>1= xWaZ=x"—1+ asin-1_+¢
a

=> 2l = x&Wa&Z=x2+ a?sin-' +c¢
a
2
=>1= xvar==xr+ “sin1 +¢
2 2 a

2

— x —— a x
[Vaz —x2dx ==Vaz —x2 + —sin1= +¢
2 2 a

Example — 22
Evaluate [ a*Va2x — 9 dx
Ans:-[ aazx — 9dx  {Putar = t => a*lna dx = tdt.}

:—1f'\/t2—32dt {As f’\/xz _azdx=1wx2_a2_

Ina 2

=_1[Et\/7_37t =37 _F |t +VE=37|]+¢
2

lna

= LEVEz —9—2In|t+ V& —9|] +¢
na -2 2

= (V@I 9~ In|(ax + Y@zl +c

Ina
=L [az_"m—glnl(ax +VaZ - 9| +c
Example-23: -
Integrate [ V2x? + 3x + 4 dx
Ans: -[V2x2 +3x + 4 dx

=2 [Vxr 4+ x+2 dx
2

(12
Shnlx +Vxr==a7 +c}
2
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- 2V 200+ (02— )2 42 dx

\fzf\/(x+ )2— +2 dx

S 3)2 4 23 3=t = —
= ‘/Zf\/(HZ) +de (putx+Z t =>dx=dt)

\/Zf‘/tz + (F7)2 dt (applying result obtained in example-18 )
4
———ms (B \/W_Z
\/2[_\/t2+( 7+ 2 e+ Ve +(—) ] +e
23 _—
= 3v2 .23 4 16 3 3 23
\/7[2_4\/(x+4) ot ln|x+4+\/(x+i)2+_|]+c

\/52 [4x+3 o, 3_ ., 5

a2 Bhx+2+ve+3x+2|]+¢
2

32 4
= 33T a4+ SV nx + S+ Va2 + x4+ 2|+ ¢ (Ans)
8 32 4 2
Example-24: -

Integrate [ eex sinbx dx

Ans:-  LetI = [ewsinbx dx

; d
= (f e dx) sinbx — [(J ew dx) x — (sinbx) x dx

ax 3 eax
=e sinbx — J'_x cosbx X b dx
a

__eYsinbx b

ewxcosbx dx
J

a a

_e™sinbx b

_ by exdx)cosbx — (  ewdx) X d (cosbx)dx]
— Y I'J i

_e%sinbx b [€Z cosbx — J e __ X (—sinbx) X b dx]
a a a

_ eYsinbx _ b [eaxc"be + b [ eaxsinbxdx]
a a a a

— e®sinbx b

b2 .
e**cosbx — e sinbx dx

a a? a?

I = o sinbx 2

b
— _ewxwcosbx— _I+c
a2

a2




=> |+ I= —_b ewxcosbx + ¢

a?+b? ax sinbx b

- a—zcosbx] +C

a?+b? ax asinbx—bcosbx

22 )I=e | 2 ]+c¢

a
ax

ﬁ [a sinbx — b cosbx] + ¢

ax

21Dz (a sinbx — bcosbx) + ¢

[ eax sinbxdx =

Example-25
Integrate [ eex cosbx dx

Ans:- By adopting the same technique as we have done in example-24 We get

ax

[ exxcosbxdx = (a cosbx + b sinbx) + ¢

a? + b2

Example-26 : - Evaluate [ e?r sin3x dx (2017-S)
Ans:-[ e sin3x dx

( Proceeding in the same manner as we have done in example-24 with a=2 and b= 3)

2x
=ﬁ [2 sin3x — 3cos3x] + ¢

2x
=_—¢ [2sin3x — 3cos3x] + ¢
449

2x
= ¢ [2sin3x — 3cos3x]+c (Ans)
13

Example-26 : - Evaluate [ e3x cos2x dx (2016-S)

Ans:- [ e3xcos2x dx ( Putting a=3 and b=2 in the result obtained by Example-25)

3x
=ﬁ [3cos2x + 2sin2x] + ¢( Note- In exam you have to proceed as example-24)

3x
=_—¢_[3cos2x + 2sin2x] + ¢
9+4

3x
= ¢ [3cos2x + 2sin2x] + ¢ (Ans)
13
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Exercise

1.Evaluate the following Integrals (2 marks questions)

. 1
i) J —dx
) =

P
ii) f(x7 + 1—) dx

x 73

1—sin3x
III) fmdx

cos2x

iv) f

sin2xcos?x

v) [V1 + sin2xdx

e +1

vi) f dx

vii) [ ezinxdx

x2

vii)) [(V1 — x2 + ) dx

1 — x2
x4V —1
ix) [ —————dx
x3Vxz — 1

1 — cos2x

—dx
x) f 1+ cos2x

x) [—2

1+sinx

Xil) [(xe+ex + e¢)dx
Xiii) [ (x? + vx)2dx
2.Evaluate the following (2 marks questions)

x2dx
(1+x3)2

D J

i) [secz(3x + 5)dx

(tan-1x)3 p
i) f g




165
e
iv) [ de
X

v) [ tan3xseczx dx

vi) [V1— sinx cosxdx
vii) fx\/xz + 3 dx

dx
viii) [ —  (2017-W)

xdx
ix) f —
VxZ — aZ

ex
x) f(ex——Z)Z dx

3
xi) [e* x?dx
xii) [ ecos*sin2x dx
xiii) [ 2x cot(x2 + 3) dx

xiv) [ extanexdx

eX +e™*
xv) [ prmm—_

xvi) [ 3xe2xdx

sinx
sin(x+«)

xvii) [

tanx + tan <
xviii) [ ———— dx
tanx — tan <

xix) [ sec3x .tanx dx

xxi) [ sin?9x cos3x dx

(2016-S)
(2014-S)

(2017-W)
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Question with long answers (5 and 10 marks )
(10 marks questions are indicated in right side of the question.)

3. Evaluate the following:-

i) [ sindx cos3x dx

i) [ cos5x cos2x dx

iii) [ sin6x sin3x dx

. 3

iv) [sin” cos’dx
4 2

v) [ cos2x cos Zdx
2

vi) [ sinSx dx (10 marks)
vii) [ cos7x dx (10 marks)
viii) [ sinéx dx (10 marks)

ix) [ cossx sind3x dx

sindx

x) J

cos®x

xi) [ sinx. cosx dx
xii) [ tans 6. sec*d dO

xiii) [ tans6 do

sindx — sin2x

xiv) [ —————— dx

COSX

4. Integrate the following :-

dx
D[ —
V11 — 4x2
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e3x
i) [——dx
V4 — et

dx
xV25 — (Inx)?

cosb
iv) f — _ de
V4 — sin20
cos6do
V4sin20 + 1
dx
5—x2—4x
x+3
vii) f —  dx
5—x2—4x

iii) [

v)

vi) J

dx

viii
) f 3x24+7

e4x

ix) [ dx

edx + 4
f secO tand
x) sec?0 + 4
)
xi)fx—20 n 4dx
dx
) [ e 13
dx
xiii) [ ——
Vet — 5

dx

xiv) [
xlnxV(lnx)z — 4

dx
xv) [ ——
Vax2 — 6

dx
xvi) [——
Vx2 + 8x

x+7
xvii) [ ———dx

Vx2 + 8x
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1

o
=

xvii) (2014-S)

4cosZx+9sin?x
xix) [ gy (2015-S)
xV(logx)2—8
dx
V25—-9x2
dx
7 —6x — x2

xx) [ (2015-S)

xxi) [

5. Evaluate the following

0] (14 x)exdx

(ii) [ x3exdx

(i)  [xsinxdx

(iv) [ x?sinax dx

(v) [ xcos2xdx

(vi) [ 2x cos3x cos2x dx (10 marks)
(vii) [ 2x3cosx2dx

(viii) [ x7lnx dx

(ix)  [(nx)3dx

nx

(X) f x—sdx

(xi) [sectlxdx

(xii)  [x sin-1xdx

(xiii) [ excos?xdx (10 marks)
(xiv) [ e?cos5xdx

(xv) [ V7x2 + 2dx

(xvi) f ex(tanx + Insecx)dx

i) JI—_L Jdx
Inx  (Inx)?
(xviii) [ sin(Inx) dx

oix) S o7 X

(xx)  [Vxz—8dx

i) V9 — x2dx

(xxii) [ ezxsinx dx  (2016-S, 2017-W)
(xxiii) [ exsinx dx (2019-W)
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. 1
1) i) —2x /24c
iv) —cotx —tanx +c

3
vii) * +c
3

viii)
X) tanx =x +c

T PN
Xiii) &+ 2 X7 + -+ ¢

-1

2) _ -t +4cC
3(1+x3)

i)
V) 2tanyx + ¢ V)

3
vii) (%% 4 3)7 + ¢

Xii) ln| sin(x2 + 3) | +c  Xiv) ln| sec ex | +c

X
xvi)3°

2+In3

+C

w7 M 3 2
i) —x7 + =x3+cC
11 2

V) sinx- cosx +cC

sin~x+c

Xi) tanx — secx + ¢

i) Ltan(3x+5) + ¢
3

tan4x

+c

viii) — glog(z —3x)+c

. 3
Xi) lex +¢
3

Answer
iii) — cotx + cosx + ¢

Vi) ex —ex+c

1y

2x2

iX) sec—1x —

. e+1
Xii) x__
e+1

+er+ ex+c

i) Can 0" 4 ¢
4

N 2 N
Vi) —= (1 — sinx) “2+¢
3
iX) \/xz —a2+c
- ecos2X +c

Xii)

XV) In(ex —e=x) + ¢

XVii) xcosa — sina In | sin(x + a) | +c

Xxviii) xcos2a + sin2a In | sin(x — a) | +c

XX) etan” X 4 ¢
3) i) —cos7x —lcosx+c
2

. X
V) =2 cps3Xx—2c0S_ 4 ¢
5 4 4

XiX) sec — sec "+
3
21 1,23
xxi)sin * =Y 4 ¢
21 23
i) 1 sm7x +1 sm3x + ¢ i) Lsin3x — Lsin9x + ¢
6 18

V)lsm5x+1
2

, , 3 . 1,
Vii) Sinx — sin3x + —sinsx ——-sin7x + ¢
5 7

6
X) 1.c8. 1
8COS x—6COS x+c

Xii)—é tans 0 + étang 0+c
Xiv) 4cosx — % cos3x+c
3

. 2x ..
4) )1isin'__+¢ 1l
) )2 Vi1 )

. e
1sin-1

1 s
X) gsec x —

xm)itan49

3x
—+c

3 2

SlTl

+ c Vii)—cosx+%0053x —éCOSSx +c

viii) % (60x — 45sin2x + 9sindx — sinbx) + ¢

1 1

(3x — sindx + - sm8x) +c

1 3

—-Ssec
3 x+c ) 128

—%tanza +1n|seco| +c

. Inx
i) sin-1__+¢
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L ing
iv) sm_l(%) +c

vii) sin-1 2~
3

X) 1tan—1 sech

+c
- )

2x
Xi) Lo -1 (=) +
)Ngsec (\/5) c

Xvi)ln|x+4+\/x2+8x| +c

3tanx

Xviii) 1 tan 1( _)_+C

. .3
Xx) 1sin-17+c

3 5

S—x—4x +c

V) Lin|sind +sinz 0 + | + ¢ Vi) sin-12 ¢

etx

viili) _L_tan-1¥"+c ix) Ltan-1 (¢ —)+e
V21 V7 8
1 —1 410 1 _qx+3
Xi)—tan (—)+c Xi)-tan —+c
20 2 2 2
xiv) sec—1 () + ¢ xv)lin|2x +Vaxz=6| +¢
2 2 2

Xvii)\/xz+8x+3ln|x+4+\/x2+8x| +c

XiX) log| logx + V{logx)7= 8| +c

xxi) 1in| 7 | + ¢
8 1—x

5) i) xex+ ¢

i) ex(x3 —3x2+ 6x—6) +¢

iii)sinx — xcosx + ¢

iv) _13 [(2 — a2x?)cosax + 2axsinax] + ¢
a

vi)

1 .
cosx + 2z C0s5x + x (sinx + ésme) t+c

VIII) (81nx -1

1

Tt (1 +4inx) +c

Xii) (x_ - l) sin-ix + xVIT==x"+ ¢
2 4 4

xiv) &
29

xvi) ex In(secx) + ¢ Xvii) = + ¢
Inx

XiX) x

e _+c
x+1

. 9 .
xxi) 2VI=xz 4+ _sin-1 4+ ¢
2 2 3 5

(ZCOSSx + 5sin5x) + ¢ Xv) \/‘7'7?—4——2'+
Xviii)

2
XX) s\VXZ =8 —4ln|x+VxT=8

xXii)e (ZSmx —cosx) + ¢ Xxxiii) e

V) 1(2x2 + 2xsin2x + cos2x) + ¢
8

Vi) x2sinx? + cosx? + ¢

iX) x[(Inx)? — 3(Inx)? + 6lnx — 6] + ¢

Xi)xsec-lx—ln|x+\/x2—1| +c

Xiiii)6_x(5 + cos2x + 2sin2x) + ¢
10

ln|\/’?x+\/7“x2—-i-—2'| .

ﬂ

[sin(inx) — cos(lnx)] + ¢
8| +c

(smx —cosx)+c
2
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DEFINITE INTEGRAL

Introduction

It was stated earlier that integral can be considered as process of summation.
In such case the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using propetrties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integral

Integration can be considered as a process of summation. In this case the integral is
called as definite integrals.

a=Xp Vi X3 Va2 X; X1 Vp X,=b

Fig-1
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Definition:-

Let f(x) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of Iength h1, hz, .............. hni.e. h1 = x1 — Xo ’ hy - X2 — x4 PP ’ hn = Xn — Xn-1

Let v; be any point in [Xr.1, Xr] i.€. v1 € [xp x1], V2 € [X1X2], covovrvriviviine ; Un € [xp—1x,].

Then the sum of area of the rectangles (as shown in fig) when n>« is defined as the

definite integral of f(x) from a to b, denoted by [ P F0)dx
Here, a = lowerlimitofintegration
b = upperlimitofintegration
Mathematically,

J2 fodx = Lmhf(v:) + hf(v3) +..c + haf(Vi)]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and [ f(x)dx = @ (x) + ¢, them

J2 fGdx = ® (b) - ® (a)

Note :- No arbitrary constants are used in definite integral.

Example:
1.Find f12 x3 dx
Ans.

4
First find J x*dx =<+ ¢
Here, f(x) = x3, ® (x) ==
4
By fundamental theorem

[ixdx =0 (2)- (1)

_ 2t 1* _ 16 _1 _ 15
T4 a7 4 4T g
. 1
2.Find [ _ax
0 14x2
Ans.
0 14x2 Y
=tan-!1 -tan-t0
=n-0= =
4 4

3.Find f23 2xex dx
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Ans.
f23 2xex” dx
{Letx2=u=>2xdx =du,whenx =2, u=x2=4,
Whenx =3, u=x2 =09,
So, lower limit changes to 4 and upper limit changes to 9}
= | 49 eudu
= [ev]§ = e - et (Ans)

Properties of Definite Integral

1. (" fodx = [P F®)de

Explanation

; Definite i3ntegra| is ir31dependent of variable.
e.g. [“x2dx = [“utdu = ["t2dt
2 2 2

2. fbf(x)dx =- f:f(x)dx

Explanation

If Iimitas of definitze integrals are interchanged then the value changes to its negative.
e.g. [“xdx =- [“xdx
2 3

3. fbf(x)dx:fcf(x)dx+ fbf(x)dx where, a<c<b.

Explanation

If we integrate f(x) in [a,b] and c € [a,b] such that a<c<b, then the above integral is same if
we integrate f(x) in [a,cland [c,b] and then add them.

e.g. [®xdx = [*xdx + [°xdx
2 2 4

verification;
6 xdx = [x ]6
fz 72
82 = 36-4=18-2 = 16 —--mmmmeeee (1)
txdx + Sxdx = x2]42+ [*2e  =[%2-— 22] +[e - 42]
fz 4 5 2 74 4 26 > > 7
= [+ [2- ] = (82) + (188)
2 2 2
=6+ 10 = 16----—------- (2)

From (1) and (2) we have,

[®xdx = [*xdx + [®xdx (verified)
2 2 4
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A4 [*fx)dx = ["f(a—x)dx
0 0
e.g. [Fsinxdx = [Zsin(Z — x) dx
0 0 2
verification
[Zsinxdx = [- cos x]*
0 0

='[COS§—COSO]='[O'1] =1

T gin(™ —
fo Sm(z—x) dx = J2 cos xdx

=[sinx]? =sinz-sin0=1-0 =1
0 2
From (1) and (2)

fog sinxdx = J:)Jlsin (% — x) dx (verified)

5.(i) If f(x) is an even function, then

L f0dx =2 [ f(x)dx

(i) If f(x) is an odd function, then

[° F0dx =0

(1)

)

Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

f(-x)=-f(x)

Sinx , X ,x3 ......... are examples of odd functions.

f(x) is an even function if

f (%) = f(x)

Cosx, x2 , x* ......... are examples of even functions .

Example:-

2
f_zxzdx =2 foz x2dx

{f(x) = x2is an even function as, f(-x) = (-x)? = x2. So, f(—x) = f(x)}

Similarly,
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s
J2asinxdx =0
2

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
= f(x) is an odd function.

6.(i) fozaf(x)dx =2 f:f(x)dx if f(2a-x) =f(x)
(i) [ f(x)dx = 0 if f(2a - X) = -f(x).

7.fbf(x)dx=fbf(a+b—x)dx

Problems

. 1
Q1.Find f_zlxldx
Ans.

|x| changes its definition at ‘0’, so divide the integral into two parts (-2,0) and (0,1).

Now, [ |xldx
= [° Ixldx + [|x|dx{Property (3) [ F(x)dx = [ f(x) dx + [” f(x)dx}
-2 0 a a c

1 . _
= f_OZ—xdx + foxdx{when, -2<x<0ie x<0then, |x| =-x}

=-[x]o +[*]{when, 0 <x<1lie 0<xthen, |x| =x}
272 20

02 (2% 2 2

=-[- — 1+~

2 2 2 2

=-[0-4+[1-0]=2+
2 2

Q2.f° |x+2|dx="?
Ans.
ff6|x +2|dx = f_84|u|du {Letu=x+2=>du=dx, when,x=-6,u=-6+2=-4}
{when,x=6,u=6+2 =8}
= fo,Jul du + [ luldu{property (3)}
= o, zudu + zfos udu { when -4<u<0 then Iul = -u and when 0<u<8 ,then Iul = u}

=_[l]0 +[u_]

8
2 —4 2 0
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=-1[uwe +1[uwf =-1[02— (=4)* ] +1[82~ 0]
2 -4 2 0 2 2
=-1(-16) +1(64)
2 2
=8+32 = 40(Ans)
Q3. Find [ [x]dx
Ans.
[x] is a function which changes it value at every integral point. So, we have to break the
range into défferent mtegral ranges i.e. (1,3) can be breaked into (1,2) and (2,3)
fl [x]dx = f ldx + f ldx {applying property (3)i.e. f fl)dx = f f)dx + f fx)dx}
= f ldx+ [ de{when 1<x<2then[x]=1, when 2<x<3 then [x] = 2}
= X + (247
=2-1)+2(3B-2)=1+(2X1)=1+2=3
3

Q4. Evaluate [2[2x]dx

Ans.

fg[Zx]dx=f3[u]d_u

0 0 2

{Putu = 2x, du =2dx = >dx—duwhen x—O,u=2x=0whenx=3_,u=2x=3}
2

1w du+f du+f

2 70, -

[[0]o+[u]1+2[u] I=500+2-1)+2(3-2)]

1

5[0"‘1"‘2] = 3(Ans)

(IS

Q5. Find [ {|x] + [x] } dx
Ans.

'O+ DDz =[x dx+ [

- =[° leldx+f|915|dx+f dx+f
—f —xdx+f xdx+f (- 1)dx+f de{Bydefnof|x|&[ 1}

2 le O

=-[512 21t [0 - [x1-1 +0
—'g(OZ (1)2)+ (12 - 0)-(0-(-1))

=-;(1)+ 1- (1)

—1+11 0 (A
=713 =0 (Ans)

Q6. Evaluate J Sm\f:rnx - dx {2016-S, 2017-W}

Ans.
In this type of problems we generally use property (4). And this type of problem can be
solved by following technique.

IS L ) G — 1)
O Vsinx++/cosx
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i \/sin(ﬂ—x)
= |2 = z = dx
\/sin(z——x)+ \/cos(z——x)

{In above x is replaced by %— x. As by property(4) there is no change in integral value}
= VTOosX

=J2—— ___dx
0 \/wsx+ Vsinx

=>1= f veosy
- o Vsinx+cosx
Now equation (1) +(2)\/ J
S [+1=[2__ ™  gx4[7__F 4«
. 0~ Vsinx+ vcosx 0 Vsinx+ cosx
“simx+ Veosx
2 21 =2 dx
0 Vsinx+ vcosx

= 21 = [fdx = [x]*
0 0

® 20=C-0)="
(2 ) 2

2 1=Z

T

Hence, [z _—""
0 Vsinx+ vcosx

dx =

Q7. Evaluate [ log(1 + tang)d6{2016-S}
Ans.

Let I = fozlog(l + tan®)do

= [Flog (1 + tan(¥ — ) d6 {As [ *f(W)dx = [ "f(a — x)dx}

tanﬁ—tane

= [ilog (1 + ) do
0

1 +tamn .tan 6

1— tanb
14+ tan 6

= Jilog (1 + ) do

1+tan6+1—tanb

_-Elog( 1+ tan 8 )d@

= f‘*log( —)db

1+tand
= foz(logZ —log(1 + tan®))de {log (%) = log a - log b}
=[ é‘r’logZ do - [ é‘r‘log(l + tand) do
> 1= fflogZ deo - [ flogu + tand) do
= I=log2 ffd@ -1 {As]= foglog(l + tan)}




178

= Z T
21 =log2 [0],=1log 2 (Z_ 0)
= =E
2l=—log 2

D =2
| 8log2

Hence, [#log(1 + tanf) do = §log2 (Ans)

Q8. Evaluate [ dx

0 x+1
Ans.
1 x _ rlx+1-1
fomdx_fo — dx
Spet oy
01 x+1l x+1) X
=/ (A-_"dx
0 x+1
=[x-In (x+1)]}
=[(1-In(1+4+1)) - (0 -In(0+1))]
=1-In2-0+1In1
=1-n2-0+40
L =1-In2
Q9.f dx
0 e¥+e*
Ans. L L
fl dx = f dx =f dx
0 e*+ e~* 0 ex+j 0 ex.e’;j:l
_ 1 e*dx _ fl e dx
_ Pext¥+1 0 e2x4+1
IOW
{ Lett=ex,=>dt=exdx
when,x=0,t=ex=¢e0=1
. whenx=1,t=el=¢e }
=J _dat =[tan-t]e
1 241 1
=tan-le-tan-11
T
=tan-1€- p (Ans)
Q10./F _ax =3
1 x/x?-1
Ans.
f\/i dx = [Sec—l x]\/Z_
1 x/x2—1 1
= sec-1v/2-sec-11
=20
4
_ Vs
=3 (Ans)

Q11.Find [*_' ax
0 x+Vx
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AnNs.
f4 1 _dx
0 x4+Vx 1
Letvx =t, Then,__ gy — gt
2v/x

= dx=2vxdt=2tdt
Whenx=0,t=+vx=+0=0
Whenx=4,t=\/Z=2
Now,

4 1 2 2tdt
fO x+Vx fO t2+t

2
=2f% wae =2 ar =2 [In(1+0)]2
0 t(1+t) 0 1+t)

= 2(n3-In1) =2(In3-0)=21In3 (Ans)
Q12. Evaluate [*_ ' gx

O 1+cotx
Ans.

Vs s
71 dx=f7__ 1. dx {Property 4}
0 1+4cotx 0 1+cot(;—x)

T 1

= [2 dx
0 1+tanx

=21
0
1 cotx
s
= [ mmer
0 C
cotx
JT
= [2 cotx dx
0 1+cotx

T
cotx+1—-1
z dx

0 1+cotx
- (z 1 —
J ( 1+cotx)
= f% de-[3 1 dx D
. 0 1+cotx
Letl=[*_ " dx
O 1+cotx
Then from (1)
[=[2dx-1
= 21=f5dx= [x]?= (—-0)
0
2 [=Z
4
Hence, [£ ' dx= = (Ans)
0 1+cotx 4

Q13. Prove that [Flog(sinx)dx = [Flog(cosx)dx = -zlog2  {2018-S}
0 0 2
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Ans.
Letl= f(;?_rlog(sinx)dx o)
= ff log(Sin(g — X))dx {foaf(x)dx = fc‘)"f(a ~x)dx}
= foglog(cosx)dx e @
Add (1) and (2)

[+1 = fOE log(sinx)dx + [2log(cosx)dx
= JZ{log(sinx) + log(cosx)}dx
= fz log(sinx. cosx)dx {loga + logb = log ab}
2sinx.cosx
= f Zlog(————)dx
= f Z log(

= fOZ(log sin2x — log 2)dx

sm2x

)dx

21 = Jzlogsin2x dx - [21082dx - ----mmemeeneeoe- 3)

Now, fOZ log sin2x dx {Putt = 2x we have dt = 2dx whenx=0,t = 0 whenx = > t=m}
= f logsint ™

= f log smtdt { Here f(t) = log sin(t), Then f(m — t) =log sin(w — t) = log sin(t) = f(t)}
=1x2 félog(smt)dt {By property-6 i.e.fozaf(x)dx = ngf(x)dx ,Where f(2a-x) = f(x)}
2

= [%log(sint)dt { We have [Tlogsintdt = 2 [*log(sint)dt }
0 0 0

= [2log(sim)dx  (Property (1) [ f(odx = [ f(tyd)

=1 (from (1))
= I=f§logsin2xdx - meemmmmmosseeeoe 4)
From (3) and (4)
= 21=1-f0§10g2dx

s

= 2[=1-log2 [x]3
= I=—log2(%‘0)
Hence, fg‘log(sinx)dx = [Flog cosx dx

= ';log 2 (Proved)

Exercise
Evaluate the integrals ( 2 marks and 5 marks questions)
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(Questions with 2 marks is marked on right of the questions)
) fjlxdx
2)  [F__cosx __dx (2015-S)

O sinx+cosx

3)  [f_1 dx
0 1+tanx
1log(1+x)

4) f% arp dx

5) dx
0 x2+42x+3

6) f T xdx
0 1+sinx

7) qu log(tanx)dx (2017-S) (2014-S)
dx

8) J (% 1+sinx

9) J& sin2x log(tanx) dx
1()) fﬂ xsinx  dy

O 1+cosx

11) [Z__sinx  gx (2017-W)

O sinx+cosx
12) f_ll[x]dx (2018-S) (2marks)
13) [ _dx_dx (2016-S) (2017-S)
qm
14) [ _dx dx (2marks)
0 1+x2

15)  [’xldx  (2017-W)

ANSWERS
1.5-v3-v2
2.
4
3.z
4
4.%Iog 2 {Hints Put x = tan6}
510 5+3V3
9( 1+\/§)
6.7
7.0
8.1
9.0
2

10.— 11, = 12. -1
4 4

13.z 14, =« 15. 3
2 4

Area under plane curve
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In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , x = a and x =b is given by

‘\Y
-
X? 0
VY’
Fig-2
Area = f: f(x)dx
Example -1

Find the area bounded y = ex , X-axisx =4 and x = 2
Ans.
Here y = ex is the curve
Area of the curve bounded by X-axis , x =4and x = 2 is

Area = [*ydx = [*exdx
2 2

= [e*]4 = e* — e2 (Ans)

Example -2
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Find the area enclosedbyy =9-x2,y=0,x=0and x = 2.

Ans.

Area = [*ydx = [*(9 — x?)dx
0 0
= [9x = ]2 = [ (9X2) - 2 - (0-0)]
30 3
= 18 -8 =54=8 = 46 (Ans)
3 3 3

Area of a circle with centre at origin

As shown in figure-3, the circle with centre at origin is divided into four equal parts by the
co-ordinate axes

Fig-3

T\
e
®
W

VY

Hence area of the circle =4 X area OAB

Example -3
Find the area of the circle x2 + y2 = a2 (2015-S)
Ans.

Area of circle = 4 X area OAB (see fig-4)
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VY’
Fig-4

Now equation of circle is x2 + y2 = a2

sy=vaz—x* (for portion OAB)

(Actually y = +Vaz — x2) , but in 1t quadrant y is +ve)

>y= Vaz — x2

Now the portion OAB is bounded by y — axisi.e. x =0,
X axis and y = Vaz — x2
In the given region x varies from 0 to a ; as it is clear from figure the point A is (a,0)
(A = (a,0) because x2 + y2 = a2 has radius a)
Now Area of OAB = [y dx

= Lam dx

= [xfar—x2 +izsin—1ﬁa
2

2 aO
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2 2
=[avar=az + L sin12— (0+ Zsin-10)]

2 2 a 2
2 i 2 i 2
=0+2asin-11-0+0 =2 sin-11=2 ,7=1xq2
2 2 2 2 4

Hence area of circle is = 4 X area of OAB
=4 Xina2 = ma? sq units
Example — 2
Find the area bounded by the curve x2 + y2 = 9(2017-S)

Ans: - Area of the curve x2 + y2 = 9 i.e. circle = 4 X Area OAB { from fig-5}

Y

X+ Y=9

A(3,0)

vY

Fig-5

As x2 4+ y2 =9 has radius 3

So, Ais at (3,0)
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Area of OAB is the area bounded by curve AB, Y axis and X axis.

Now Curve ABis x2+y2=9=y =9 —x2
(asin 1t quadranty is +ve)

In the region OAB x varies from 0 to 3.

Now area of OAB = [y dx = [>vVe==*dx
0 0

= Area bounded by the curve x2 + y2 = 9 is = 4 X Area of OAB
=4X 97” = 971 sq units (Ans)

Exercise

Q.1 Find the area bounded by the curve xy = ¢2,y =0, x=2and x = 3. ( 2 marks)

Q.2 Find the area bounded by the curve x2 + y2z = 4. (2015-S) (10 marks)

Q.3 Find the area of the circle x2 + y2 = 16. (10 marks)

Ans . (1)c? log?i
2

(2) 47 sq units

(3) 16 = sq units
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Differential Equation
Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection
with problem of Physics especially in theory of bending beams, oscillation of mechanical system
etc. The study of differential equation is a wide field in pure and applied mathematics, physics
and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables
and derivatives of dependent variables with respect to one or more independent variables.

Here x is an independent variable, y is dependent variable and 4-is the derivative of the

dx

dependent variable w.r.t. the independent variable.

Examples: - i) s Xy = x?
dx

. d3 d? ;
i) Y +xt"Y + b 44y =sinx

dx3 dx? dx

o d .
iii) 2+ sinx = cosx.
dx

Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one
independent variable and derivatives of dependent variablewith respect to independent variable.

2
Mathematically F (x,y,”>,*%,......) = 0
dx dx?

~ d
Examples :- i) 2 +y=x2
dx

. d3 d? .
i) 7 +xt“7 + v 44y =sinx

dx3 dx? dx

N5
iii) — + ytanx = secx
dx
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Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent
variables and partial derivatives of dependent variable with respect to independent variables.

Examples:- 9z + 3z = xy
ox Oy

0%u |, 0%u , 9%u _ 0
9x2 9y? 922

In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.
order of a differential equation is 'n’ if the order of the highest order derivative term present in
the equation is n.

Examplel: - s y = 2x
dx

The highest order derivative term in the equation is dl, which has order 1.

dx

~.order of the differential equation is 1.
dty | v _

Example-2:-"" +4d7 + dy 4+ y =X
dx* dB dx

4
The highest order derivative term is d_y, having order 4.
dx*

Hence the above differential equation has order 4.
Degree

A differential equation is said to be of degree 'n’, if the power i.e. highest exponent of the
highest order derivative in the equation is ‘n’ after the equation has been freed from fractions
and radicals as far as derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative
terms present in fraction form i.e. in the denominator and derivatives with radicals i.e

\/E 3 dy 4 dy
ot \/dx, \/dx terms.
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Example:- Find the order and degree of following ordinary differential equations.
dy d3y dy 4
) —3( ) + xif) ( ) +—+3(;) +cosx=0
s dly d
iii) <5 = Vi+ )2 (2017-W)
23 d2

iv) [1+ (z—i) Jz=m dx—zy (2016-S)

Vi+ @

dy 241 1+( M : 3 d_zy
V) (E) + ZI = 2 Vl)—z— \/E
x dx?

Ans: - i) dY = 3(‘“)4 +X

dx? dx

2
Here C%is the highest order derivative term.
dx

Hence order of the differential equation is 2.

Again equation does not contain any derivative term in fractional form or with radical.

2
Power of the highest order derivative term d_yzis 1.
dx

Hence degree of differential equation is 1.

i) dty 3 &
@D +t=7 3(—) + cosx =0

From above it is clear that t%is the highest order derivative term with power 3.
dx

Hence order =4 and degree =3

i) 4% =V @y

dx? dx

{As the above equation contain square root, so first we have to remove square root .}
Squaring both sides we have (dzy Loy )
(3 @
2
Now “2is the highest order term with power 2.

dx?

~order =2 anddegree=2.
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. 23 2

iv) [14+ (@) 3= &2
) [ (dx) ]2 m dx?

As power of the left hand side derivative term is3E , SO we have to eliminate the fractional

power.
Now squaring both sides we have,
2, 2
[1+ @ P=mL)
dx dx?
2
The power of highest order derivative term ﬂis 2.

dx?

Hence order = 2 and degree = 2.

2 1
v (M + =2
dx gX

As %lv_is present in the denominator of 2" term in L.H.S. , so we have to remove it first.
X
Multiplying both side by fic)i/_ we have,
X

Y341 1=9 W

(dx) +t1=2 dx
Now the only derivative term ix has power 3.

X

Hence order = 1 and degree = 3.

N

. 1+ (d_x) 3 d?y

vi) —= =V 2
dx?

The equation contain both fractional form as well as radicals, so we have to remove it.

1t multiplyingdz_Zon both sides we have,
dx

3 /d%y dzy

dy
\/'1 + (E)Z = T
Now squaring both sides we have,

d?y * d% »

d
1+ = R
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Again taking cube of both sides we have
dy dzy d2y dzy
I+ V=G @ =@’

2
From above the highest order derivative term %has power 8.
dx

Hence order = 2 and degree = 8.

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.
i) Every dependent variable and its derivatives have power '1’.

ii) The equation has neither terms having multiplication of dependent variable with its
derivatives nor multiplication of two derivative terms.

Otherwise the equation is said to be non linear.
Examples:- i) Y 4 Xy = x?2
dx

d3 d?
ii) Y+ x* y+y=

_dx3 _dx2 SInx

vy 3 d?

i) 47 + y 7Y = 4x
dx3 dx?

W (D)3+1=2%2
dx dx
d3 dy d?

v+ P ry=92

S — X
dx3 dx dx?

Among the above examples (i) and (ii) satisfy all the condition of linear equation. So the 1% two
equations represent linear equations.

2
The (iii) is non linear because of the term yd_yzwhich is @ multiplication of dependent variable y
dx

2
and derivative term ¢~ .
dx?

The example (iv) is not linear due to the 15t term which contain dZ_With power 3 violating the
X

15t condition of linearity.

The example (v) is not linear due to 2" term which does satisfy the 2™ linearity property.
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Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential
equation is called a Solution of the differential equation i.e y = f(x) or F(x,y)=0 represent a

2
Solution of the ordinary differential equation F (x,y,*,%”,..., %) = 0 of order n if it satisfy it.
dx dx? dxn

There are two types of Solutions i) General Solution ii) particular Solution

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the

differential equation is called as the general Solution. ,
d<y
Example- y= Acosx+ B sinx is a general Solution of differential equation ﬁ+y =0

Particular Solution

The Solution obtained by giving particular values to the arbitrary constants in the general
solution is called particular solution

2
Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation sz+y = 0.
dx

Differential equation of first order and first degree

A differential equation of 1% order and 1% degree involves x,y and v
dx

Mathematically it is written as v = flxy) or F(x,y, di) =0
dx dx

Solution of Differential equation of first order and first degree

The Solution of 1%t order and 1% degree differential equation is obtained by following
methods if they are in some standard forms as i) Variable separable form ii) Linear differential
equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy+ g(y)dx =0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

Solution is given by [ ®_ = — [~

g) I70)
=>log | g | +log | f(x)| =logc
=>gfx)=c

Where g(y) and f(x) are functions of y and x respectively, is called a variable and separable
type equation.
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Examplel: - Solve Y= x2+2x+5

dx

Ans: - &v=x242x+5
dx

=>dy = (x2+ 2x + 5)dx
Integrating both sides we have,

=>[dy= [(x2+2x+5)dx

3 2
=>y=x +

- X +5X+C=L3+x2+5x+c (Ans)
3

2
2 3

Example-2: - Solve &» = 2y,
dx  x%+1

Ans: - dy =2
dx x24+1

dy _ dx
2y x%+1

2y x2+1

=>§ log, y = tan-1x + C
=>log,y = 2tan-ix + K  { 2C = K'is a constant as C is constant}

Example-3: - Solve dv.= x cosx

dx

Ans: - &4 =xcosx =>dy=xcosxdx
dx

Integrating both sides we have, =>[ dy = [ xcosx dx
=>y= x[cosxdx— f{@ [ cosxdx}dx  {integrating by parts}
dx
=>y =X sinX — [ 1.sinxdx = X sinx +cosx + C (Ans)

Example-4: - Solve 4= VI—y2
X

Ans:-dx=+T—y2
dx

d
=> . Jli}yz = [ dx { Integrating both sides}

=> sin-ly =x+c . (Ans)
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Example5: - Solve sec2x tany dx + secty tanxdy =0

Ans: -sec2x tany dx + secty tanxdy =0

=>sec?ytanx dy = - sec2x tany dx
_ \seczy dy _  sec’xdx
tany tanx
sec’y d 2x d
=> secyay _ _ | secxadx
tany tanx

Letu=tany => du = sec2ydy and letv=tanx =>dv = sec?x dx

=>fﬂ _ v
u v
=> Inu=-Inv+InC => Inu + Inv = InC
=>Inuv=InC =>uv=C => tany tanx = C (Ans)
Example-6: - Solve x cos?y dx = y cos?x dy
Ans:-x cos?y dx = y cos’x dy

- ydy _ xdx

COSzy COS2

x
=>ysecy dy = xsec?x dx
Integrating both sides,
=>[ysectydy = [ xsecx dx

=>y [ sec?y dy — f{iy).fseczy dy}dy = [ xsec’x dx — f{ﬂ.fseczx dx}dx
dy dx

=>ytany — [ 1.tany dy = xtanx - [ 1.tanx dx

=> y tany — log Isecyl = x tanx — log IsecxI+ C

=> ytany - log Isecyl -xtanx+ log Isecx] = C (Ans)
Example-7: - Solve (1 +y?)dx+ (1+x2)dy =0  (2015-S)
Ans ;- (1+y2)dx+ (1+x2)dy =0

=>1+x2)dy =- (1+y?dx

dy dx - dy - odx
= - => = —
1+y? 1+x2 ] 1+y2 J 1+x2

=>tan-ly = —tan-lx + tan-1C {astan-1C can be taken as a constant}
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=>tan-ly + tan-1x = tan-1C

—1 yt+x

=> tan = tan-1C
1-yx

_ y+x

—>—1_yx = C (Ans)

Example-8:- Solve §v_= sin(x+y)
X

Ans :- @ =sin(x+y) {Letx+y =z differentiatingw.r.t. x, 1+dr=4dz }
dx dx dx

=>dz-]1 =sinz
dx

=> dz= 1+ sinz
dx

dz
=> —=
1+ sinz dx

Integrating both sides we have,

_>f1+sinz - fdx
_ (1-sinz)dz _
- f(l—sinz)(1+ sinz) - fdx
_ « (1=sinz)dz _
_>J 1—sin?z - fdx
_ «y (A=sinz)dz
_>J cos?z = f dx
=>[(seczz—= """ Ydz = [dx
€0SZ cosZ
=>[(sec?z — tanz secz )dz = [dx

=>tanz-secz=x+C
=> tan(x+y) -sec (x+y) -x=C

Example-9: - Find the particular solution of &2 = cos2y, @y =zwhenx = 0.
dx 4

Ans: -4x. = coszy
dx

=>P - gy =>sec?ydy =dx

cos?y B
Integrating both sides we have,

=>[sectydy = [dx
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=> tany = X + C------------ (1) (general Solution)

Now putting x=0 and y =z in equation (1) we have,
4

=>tan§=0+C =>C=1 (2)

From (1) and (2) we have,
tany = x+1 (Ans)
Example-10:- Find the particular solution of (1+x)y dx + (1-y)xdy = 0, Given y=2 at x=1.
Ans:-(14+x)ydx + (1-y)xdy =0
=> (1-y)xdy =- (1+x)y dx
=Ygy =— @ dx
=>C-Ddy=—(-+ 1)dr
y x
Ie-Ddy = =[Gt s
=> logy -y = - (logx + x) + C (general solution)------------- (1)
Putting x=1 and y =2 in Equation(1) we have,
=>log2-2=-(logl +1) +C

=>1log2-2=-(0+1)+C=1+C

=>C=log2-1 (2)

From (1) and (2) we have,
logy -y =-logx-x+log2-1
=>logy-y +logx+x=1og2-1  (Ans)

Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its
derivative occurring in the equation are of first degree only and are not multiplied together.

Example: -i)5£+ y = sinx
X

ii)dy + ytanx = secx etc.
dx
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General form of linear differential equation

The general form of linear differential equation is given by,

d
Zy Py = Qislinearinyand ¢.
dx dx

Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (L.F.).

|F. = efPax

Then the solution is given by y (I.F) = [ Q. (I.F.)dx + C.

If equation is given in the form

d d
_x+ Px = Q , where P and Q are functions of y only or constants and is linear in x and L
dy dy
then

|F. = eJPdy

Then the solution is given by x (I.F) = [ Q.(I.F.)dy + C .
This can be better understood by following examples.

Example-11: - Solve (1 + x2) e 2xy = x3( 2014-S, 2016-S, 2017-W ).
dx

Ans: -(1 + x?) A 2xy = x3
dx

3
_ldy 2xy X

T Tdx (1+x2) ~ 142

By comparing with the general form of linear differential equation %lz+ Py = Q.
X

HereP=_2x & Q= X’

(1+x2) 1+x2

- 2X
J(1+xz) dx

Now integrating factor I.LF. = eJPdx = ¢ (putting 1 +x2 =t =>2xdx = dt )

dt
=elt =elt=t=1+x2

Solution is given by

3
1+x2

yXILF.= [Q.(LF)dx +C =/

(1+x2)dx +C =[x3dx + ¢
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4
= y(l+x?)=x+c
4

4
= x 4

4(14x2) 1422

Example-12: - SoIveEdy +y=e>
X

Ans: - By comparing the given equation with general form of linear differential equation we
have, P=1andQ = e~

LF. = ef Pdx = gf Ldx = ox
Solutionis y.(I.F.) = [Q.(I.F.)dx + C
= [exexdx + ¢
=>yer =[l.dx+c=x+c
=>y =xe*+ce*

Example-13: - Solve (1 — x2) . — xy = 1(2017-S)

dx

Ans:- (1 - x2)d_y— xy=1
dx

=>dy X y =
dx  1—x? 1—x2

Comparing with general form we have,

P= d andQ= 1

1—x2 1—x

—Ld
Now LF. = e/ Pdx = ef a2 (Putl1—x2 =t => —2xdx =dt => —xdx = d?t)

dt 1
= efﬂ = e_zlnt = eln\/t = \/?

=V1-x
Solutionis y.(I.F)= [Q.(I.F.)dx +C
dx
=>y\;1 — xZ — J'l_lxz \/I _xzdx + C = f — +c

=sin"lx+c¢

Hence solution of the differential equation is given by

1

sin”x + c ( Ans)
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Example-14 ; - Solve %L+ Y cotx = cosXx.
X

Ans:- By comparing the given equation with general form,
P = cotx and Q = cosx

LF. = efPdx = gfcotxdx = plnsinx = giny

solution is given by y.(I.F.) = [Q.(I.F.)dx +C

=>y.sinx = [ cosx sinxdx + ¢ (putsinx =t => cosxdx = dt)

2 .ZX
= tdt+c=t +c=sin" +¢

J 2 2
Hencey = "™+ _° (Ans)
2 sinx
Example-15 ; - Solve §L+ y secx = tanx. (2017-W).
X

Ans: - Comparing the given equation with general from of linear equation.
P=secxand Q = tanx
I.F. = eJ Pdx = pf secxdx
= eln(secx+tanx)
= secx + tanx
The solution is given by, y.I.F.= [Q.(I.F.)dx +C

=  y(secx + tanx) = [ tanx. (secx + tanx)dx + C

[ (secxtanx + tan?x)dx + C

[(secxtanx + sec?x — 1)dx +C

=secx+tanx —x+c

x c

Hence y =1 — (Ans)

secx+tanx secx+tanx
Examplel6: - Solve (x +y + 1) @ =1,
dx

Ans:- (x+y+ 1)ﬂ= 1
dx

=> (x+y+1dy=dx

=> (x+y+1) =2
dy
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=>dx= (x+y+1)
dy

=>dr—x=y+1
dy

Now comparing with the general form Dy opx= Q , we have,
dy

P=-1&Q=y+1
Now I.F. = e/ Pdy = ef -1dy = -,
The solution is given by
x(I.LF)= [Q.(ILF)dy +c

2 xev= [(y+1).ev+c
= (y+1) [evdy — [(f edy) (j_y@ +1)dy +c

=@+ 1D(—e)—[—er.l.dy+c
=—ev(y+ 1+ (—e¥)+c
=—eYy+1+1)+c=—-ev(y+2)+c

Hence x=—y—2+cey (Ans)
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Exercise

Question with short answers (2 marks)

1. Find the order and degree of the differential equations.

] d?’y dy 3 3/
)] a_ 7= [1+ (E) ] 2 (2016-S)

d?y dy 2/
i) —= () 3 (2019-W)

T 3
i) €7 = V——55 (2015-5,2017-W)

Y.
= T
. Zy
iv) 4~ = (2014-S)
dx? 14
dx
2
V) 2 i V- 1 ay_;
—+3 (;) —y =0. (2017-S)
vi) dy 2 3 Yy
(E) ty = 3

2) Solve the following

) dr= ex+y (2019-W)
dx

i) 2= 2

dx x2+1

jii) &= tany
dx

iV) cos2x dy = cos?ydx

V) ydx = xdy

Questions with long answers (5 marks)
3) Solve the following

i) (14 x2) v 4 2xy —4x2 = 0 (2019-W)
dx
i) iy_+ ytanx = secx (2015-S)
X

i) x(1 + y)dx — y(1 + x)dy = 0 (2015-S)

V) de—y = ex
dx
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V) (2 — 1) P+ 2xy = 1.(2016-S)
dx

N4y _ Yiy? (2014-S
vi) 2= L ( )

vii) iy_+ ycotx = 4xcosecx (2017-S)
X
vii)(x + 2y9) & = .
dx
iX) (ev + 1)cosxdx + evsinxdy = 0.

X) sinx siny dy = cosx cosy dx

N d +
xi) = =22
dx xy+x

Questions with long answers (10 marks)
4) Solve the following.

) exVT—yZdx +dy = 0 (2014-S)
P
i) cos2x vy y = tanx . (2017-S)
dx

iil) cos(x +y) dy = dx.

Answers
1)i)2,2 ii)2,3 iii) 3,2 iv) 2,2 v) 2,2 vi) 3,1
2) i) —er = ex + cii) Iny = 2tan-x + ¢ i) log(siny) =x+¢

iv) tany-tanx = ¢ V)r=c
X

) y(1+x2) = ﬁ+ c ii) ysecx = tanx + c iii) 1+_y2= c
3 1+x2
iv) y = xex + cex Vyx2—1)=x+c Vi) sin-i(yV1 —z2 — zV1—y2) = ¢
vii)ysinx = 2x2 + ¢ vii) x = y3+cy iX) sinx(ev +1) = ¢
X) secy cosecx = ¢ Xi) cx = yey—x

4)  )V1—y2=ex(x—1)+ cii) yetanr = etanx(tanx — 1) + ¢

i) y = tan (xﬂ) +c
2
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Multiple Choice Questions

Q.1 The value of a for which the vectorsa—» = 31+ 2] +9kand =i+ a j+ 3K are
perpendicular is

a) 10 b) -10 c) 15 d) -15
Q2. If the vectors a— = ai + 3j-6Kkand b= i- j + 2k are parallel then the value of « is
a) -3 b) 3 c)-4 d) 4
Q3. A unit vector in the direction (a—+ b~>) wherea—» =1+ 2j-kand b>== 1 - 2j + 3 kK is equal to
i+

a 4 bY1i +_1F A)2i+ L1k d) None of these
) %l % )21 )

1
2 V3 V3

N [=

Q4. If points A and B have the following co-ordinates A(3,0,2) , B(-2,1,4) , then the vector AB is
a)5i+j + 2k b) -5t -2j + 2k C)-5i+j + 2k d)-5i -j-2k
Q5. A unit vector parallel to the sum of the vectors 3¢ -2j + Kand-2i +j-3Kis

a)

s.1] -2R b)1i+1j -1k C)1i-2Rk a)Li+1y

\/Lé V6 V6 V6 6 V6 V6 V6 V6 V6
Q6. The scalar projection of a—» = (i-2j+ k) onb>= (4i-4j + 7k) is
a) % 9% B
Q7. The unit vector along i+ j + Kis
a) L3k b) *%5* c) E* d) None of these
Q8. Thevalueof (i +2j-K) .(i+ j + 2K)is
a) -1 b) 1 c)2 d) -2

Q9. Two forces act on a particle at a point. If they are (4i + j - 3k) and (31 + j - k) , then their
resultant is

a)7i + 2j - 4k b) 7t - 2j - 4k C)-7i+ 2j - 4k d)-7-2j - 4k
Q10. The magnitude of 5i + 3j - 2k is

a)V35 b) V37 c) V38 d) V40
Q11. The value of lim,_g+ % is

a)-1 b) 1 c)0 d) None of these
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Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Q20.

Q21.

The value of lim , .. —— is
3+4x
a)-1 b) 1 c)L d-1
2 2
x2—p? .
The value of lim,._,;, —, s
a) b b) %b c)2b d)-b
x3-8 .
lim,_,, — is equal to
X2 x2
a) 4 b) 3 c) 12 d)6
The value of lim,_,; % is
a) 0 b) -1 c)1 d) does not exists
The value of lim s [x] is
2
a) 2 b) 3 c)2.5 d) None of these
The value of limg4_,q % is
5 b)z
a) : ) : c)1 d) 0
If f(x) = L 16 , X # 4 is continuous at x = 4, then the value of f(4) is
x—4
a) 8 b) 4 c) 10 d) 16

The value of k for which f(x) = smz#, x # 0, f(0) = 1is continuousatx =0 is
X

a
) 4o b)i% )0 d) 1
. 2x%—3x+1 .
The value of lim,_,; T;r
a) 2 b)2 c)2 dn

5
The slope of the curve ¥ = 5x2 atx=2

2% b% 9 %

wlao
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Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

1- 2 .
Fy=v—" Zx ,then Zis
X

dx

1+cos

a)tanx b)cotx c)sec?zx d) - cosec2x

The derivative of x w.r.t tan x is
a)sec2x b)cos?x c)—tan?x d) —cot2x
If x=4t,y= t2,thend_yis
dx
a)2 byt o2 d)«x
x 2 ot 2

Ify=\/I — cost,thend_yis
dx

a)2sin2x b)v2cosx «¢)-v2sinx  d)None of these
If y=+1 + sin2x, then% is
a)cosx b)sinx ¢)0 d)None of these
The derivative of sin x0 is
a)cosx° b) 1’;—0 cos x0 ¢) 1 sec x° d) None of these
If y = log (tan x) , then Z_iis

_1 1 0 2 2

a
)sin 2x ) cos2x sin 2x ) cos2x

: dy .
If y = sin-1 x + cos~1x , then 2 is
dx

a)l b)-1 ¢)0 d)2

dy .
If x2 4+ y2 = a2, then Yis
dx

V2x b)0 9% -

If y =log, x theny, is

1 1
a) b) —_ — 2
)x ) P ) X d) X
2y
4” wheny = exsinx, is
dx?

a)2excosx b)2ersinx c)excosx d)ersinx
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Q33.

Q34.

Q35.

Q36.

Q37.

Q38.

Q39.

Q40.

Q41

Q42

Q43

If y=In(sinx), theny; is
a)cotx b) tan x c) seczx d) —cosec?x
Ify= esn ' then (1-x2)y »-xy 1is equal to

a) y b) -y ¢)0 d) Noneofthese

Ify =tan-!x, then (1 + x2) y, +2xy1 is
1 1
b) -
a)1+x2 ) 1+x2 C) 1 d) 0

The function whose 2" derivative is itself is

a) x b) log x C) ex d) non of these

If f(x,y) = e®, theny. ¥ xYis
ay ox
a) 2x exy b) 2yex c)0 d) None of these
If z=tan-1(*) then s
x ox
a) «x b) y c) 1 d 1
g vy ey iy

If 2= (%) , then Zis
y dy

D=2 fC/y) D) L /) )= Lf(/y)  d) None of these
y y y

If z = x2y + xy?, then % is
ay

a)2xy +y%? b) x2 + 2xy C) 2xy d) 4xy
Ifz=sin(®, ) then i
If z = sin ( /y) then — is

1 x X X X
a);cos( /y) b) — 5 cos ( /y) c)cos ( /y)

. [ sin2_ dx is equal to
2

d) ) None of these

a)é[x -cosx]+c b) %[X -sinx] +c¢ ¢) (x-sinx) + ¢ d) (x-cosx)+c

. Evaluation of [+/1 —sin2x dx is

a)(sinx+ cosx) +c¢ b) sinx-cosx + ¢ ) -sinx + cos X+ ¢ d) None of these
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2
Q44. fxszdx is
a)x+tan-lx+ c b)tan-1x + ¢ c)2tan~lx+ ¢ d)x-tan-lx +c
Q45. [logexdx is

2
a)+ ¢ b) 2x2+ ¢ c)x2+ ¢ d) (x2+1) +c
2

n+1 B .
Q46. The value of n’ for which | x"dx = an+ cisnottrueis

an=1 byn=-1 on=0 d) None of these
Q47. [sin” .cos” dx is
2 2

1 1
a)%cosx+ c b)E sinx + ¢ c)—%COSX'i' c d) —Esinx+ c

Q48. The value of [ eGin™ ' x+eos™' ) gy g

T

a)ez x +c¢ b) x +c cez+ ¢ d) None of these

Q49. The value of [|x|dx , whenx < 0is
xz x2
a)7+c b)—=+c Ox2+c d)—x2 + ¢

Q50. [ 2x+2dx is

2% x 2%
a) 2. 2 +c c) 8.
) o e b) 4. ) o e d) None of these
Q51. The value of [ sin?x d(sinx) is
sin3x sin®x cos®x cos3x
a) —+c b)—+c¢ c)—+c d) +c
3 2 2 3
Q52. Evaluation of [2sinx dx is
a) -1 b) 1 c)0 d)%
Q53. The value of flz x3 dx is
a) 5 b) % oK d) None of these

Q54. The value of [* |x|dx is

a) 2 b); 02 D%
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Q55. The value of [’[x]dx is

a) 1 b) 2 c)3 d) 4
Q56. The value of [* * is
0 14x2
a) T b) 0 c) zz d) None of these
7. The value of [*i
Q5 e value o foﬁls
a) 6 b) 4 c)8 d) 10

Q58. The value of [ sinzx dx + [ cos? x dx - [*dx s
0 0 0

a) 0 b) -1 01 d) None of these
Q59. The area bounded by y =x, x=0&x=11is

a) 1sqg.Unit b)1sqg.Unit c¢)1sg.Unit d) None of these
2 3

Q60. The area bounded by the curve xy = k2, the x-axisand x = 2, x = 3 is
a) k2 logz_ sg.unit b) k2log?2 sq. Unit c) k2log 3 sq. Unit d) k2 logi sq. Unit
3 2
3

. . . dy _dy.
Q61. The order and degree of the differential equation (;)4 +y T IS

a) 3and1 b) 3and 4 c)land 4 d)land 3
Q62. The order and degree of the differential equation a dy 2 -
—=k[1+) 1"

a) 2,2 b)2,1 c)1,2 di1,1

Q63. The order and degree of the differential equation o3y T
dx? dx

a) 2,2 b)2,1 c)1,2 d) 1,1

Q64. The degree of the differential equation & = ~ is

dx

2| -

a) 3 b) 2 c)1 d) None of these

Q65. The solution of . =" is
dx vy

2
a) x2+y2=c DI+ yr=c¢ Oy:—x2=c d)—-y2—x2=c
2
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Q66. The solution of V4 + = 2is
dx

a) y=x+c b)y=c Oy+x=c dx=c

Q67. The solution of &» = sec2x is

dx

a) y=2secx+c b)y=cotx+c cJy=tanx+c d) y = cosec x +c

Q68. The integrating factor of the linear differential equation le_iL+ (secx)y =tanxis

a) secx+tanx b) cosec x — cot x c) tan x + cot x d) None of these

Q69. The I.F of the linear differential equation %ix+ 3.y=xis
X X

a) x2 b) x3 C)x* d) x
Q70. The solution of the differential equation ¢x + \/_H =0is
dy  V1—y?

a) sin-lx+sin-ly=c b) cos1x —cos-ly =¢

C)sin-1x — sin-ly =¢ d) None of these
Answers: -
Q1. (d) Q2. (a) Q3. (b) Q4. (o) Q5. (a) Q6. (c)
Q7. (a) Q8. (b) Q9. (a) Q10. () Q11. (b) Q12.(c)

Q13. (0 Q14. (o) Q15. (d) Q16. (a) Q17. (b) Q18. (a)
Q19. (d) Q20. (a) Q21.(b) Q22. (c) Q23. (b) Q24. (b)

Q25. (b))  Q26.(d) Q27. (b) Q28. (c) Q29. (c) Q30. (d)
Q31.(b)  Q32(a) Q33. (d) Q34.(a)  Q35.(d) Q36.(c)
Q37.(c)  Q38. (b) Q39. (a) Q40.(b) Q41.(a) Q42.(b)
Q43. (@)  Q44.(d) Q45. (a) Q46. (b) Q47.(c) Q48.(a)
Q49.(b)  Q50.(b) Q51.(a) Q52.(b) Q53.(b)  Q54.a)
Q55.(c)  Q56. (a) Q57.(b) Q58.(a) Q59.(b) Q60.(d)
Q61. (@)  Q62. (b) Q63.(a) Q64.(b) Q65.(c) Q66.(b)

Q67.(c) Q68.(a) Q69.(b) Q70.(a)
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