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1. FUNDAMENTALS OF ENGINEERING MECHANICS

ENGINEERING MECHANICS: The subject of Engineering Mechanics is that branch of Applied
Science, which deals with the laws and principles of Mechanics, along with their applications
to engineering problems.

The subject of Engineering Mechanics may be divided into the following two main groups:
1. Statics, and 2. Dynamics

STATICS: It is that branch of Engineering Mechanics, which deals with the forces and their
effects, while acting upon the bodies at rest.

DYNAMICS: It is that branch of Engineering Mechanics, which deals with the forces and their
effects, while acting upon the bodies in motion. The subject of Dynamics may be further
sub-divided into the following two branches:

1. Kinetics, and 2. Kinematics

KINETICS: It is the branch of Dynamics, which deals with the bodies in motion due to the
application of forces,

KINEMATICS: It is that branch of Dynamics, which deals with the bodies in motion, without
any reference to the forces which are responsible for the motion.

RIGID BODY: Arigid body(also known as arigid object) is a solid bodyin
which deformation is zero or so small it can be neglected. The distance between any two
given points on a rigid body remains constant in time regardless of external forces exerted
on it. A rigid body is usually considered as a continuous distribution of mass.

FORCE: It is defined as an agent which produces or tends to produce, destroys or tends
to destroy motion. e.g., a horse applies force to pull a cart and to set it in motion. Force is
also required to work on a bicycle pump. In this case, the force is supplied by the muscular
power of our arms and shoulders.

SYSTEM OF FORCES: When two or more forces act on a body, they are called to form a
system of forces. Following systems of forces are important from the subject point of view;
1. Coplanar forces: The forces, whose lines of action lie on the same plane, are known as
coplanar forces.

2. Collinear forces: The forces, whose lines of action lie on the same line, are known as
collinear forces

3. Concurrent forces: The forces, which meet at one point, are known as concurrent forces.
The concurrent forces may or may not be collinear.
4. Coplanar concurrent forces: The forces, which meet at one point and their lines of action
also lie on the same plane, are known as coplanar concurrent forces.
5. Coplanar non-concurrent forces: The forces, which do not meet at one point, but their
lines of action lie on the same plane, are known as coplanar non-concurrent forces.
6. Non-coplanar concurrent forces: The forces, which meet at one point, but their lines of



action do not lie on the same plane, are known as non-coplanar concurrent forces.
7. Non-coplanar non-concurrent forces: The forces, which do not meet at one point and
their lines of action do not lie on the same plane, are called non-coplanar non-concurrent
forces.

CHARACTERISTIC OF A FORCE: In order to determine the effects of a force, acting on a body,
we must know the following characteristics of a force:

1. Magnitude of the force (i.e., 100 N, 50 N, 20 kN, 5 kN, etc.)

2. The direction of the line, along which the force acts (i.e., along OX, OY, at 30° North of
East etc.). It is also known as line of action of the force.

3. Nature of the force (i.e., whether the force is push or pull). This is denoted by placing an
arrow head on the line of action of the force.

4. The point at which (or through which) the force acts on the body

EFFECTS OF A FORCE: A force may produce the following effects in a body, on which it acts:
1. It may change the motion of a body. i.e. if a body is at rest, the force may set it in motion.
And if the body is already in motion, the force may accelerate it.

2. It may retard the motion of a body.

3. It may retard the forces, already acting on a body, thus bringing it to rest or in
equilibrium.

4. It may give rise to the internal stresses in the body, on which it acts.

PRINCIPLE OF TRANSMISSIBILITY: It states, “If a force acts at any point on a rigid body, it
may also be considered to act at any other point on its line of action, provided this point is
rigidly connected with the body.”

PRINCIPLE OF SUPERPOSITION: This principle states that the combined effect of force
system acting on a particle or a rigid body is the sum of effects of individual forces.

ACTION AND REACTION FORCE: Forces always act in pairs and always act in opposite
directions. When you push on an object, the object pushes back with an equal force. Think
of a pile of books on a table. The weight of the books exerts a downward force on the table.
This is the action force. The table exerts an equal upward force on the books. This is
the reaction force.

FREE BODY DIAGRAM: A free body diagram is a graphical illustration used to visualize the
applied forces, moments, and resulting reactions on a body in a given condition. They depict
a body or connected bodies with all the applied forces and moments, and reactions, which
act on the body. The body may consist of multiple internal members (such as a truss), or be
a compact body (such as a beam). A series of free bodies and other diagrams may be
necessary to solve complex problems.

REOSLUTION OF A FORCE: The process of splitting up the given force into a number of
components, without changing its effect on the body is called resolution of a force. A force
is, generally, resolved along two mutually perpendicular directions.



COMPOSITION OF FORCES: The process of finding out the resultant force, of a number of
given forces, is called composition of forces or compounding of forces.

RESULTANT FORCE: If a number of forces, P, Q, R ... etc. are acting simultaneously on a
particle, then it is possible to find out a single force which could replace them i.e., which
would produce the same effect as produced by all the given forces. This single force is called
resultant force and the given forces R ...etc. are called component forces

METHODS FOR THE RESULTANT FORCE:

Though there are many methods for finding out the resultant force of a number of given
forces, yet the following are important from the subject point of view :

1. Analytical method. 2. Method of resolution.

ANALYTICAL METHOD FOR RESULTANT FORCE:

The resultant force, of a given system of forces, may be found out analytically by the
following methods :

1. Parallelogram law of forces. 2. Method of resolution.

PARALLELOGRAM LAW OF FORCES:

It states, “If two forces, acting simultaneously on a particle, be represented in magnitude
and direction by the two adjacent sides of a parallelogram ; their resultant may be
represented in magnitude and direction by the diagonal of the parallelogram, which passes
through their point of intersection.”

Mathematically, resultant force,

R=\JF} + F. +2F,F,cos8

F, san@
and 2 O & ———
F, +F, cosB
where F, and F, = Forces whose resultant 13 required to be found out,

8 = Angle between the forces F, and F,, and
@ = Angle which the resultant force makes with one of the forces (say F ).

EXAMPLE: Two forces of 100 N and 150 N are acting simultaneously at a point. What is
the resultant of these two forces, if the angle between them is 45°7

Solution. Given : Furst force (F,) = 100 N: Second force (F,) = 150 N and angle between
F, and F, (8) = 45°
We know that the resultant force,

R=y|F + F% +2F F.cos

=4/(100)® +(150)° + 2100 x150 cos45° N

-,;'mu:mzzsnmmunxo.?mm
=232N Ans



EXAMPLE: Find the magnitude of the two forces, such that if they act at right angles, their

resultant is 10 N . But if they Act at 60°, their resultantis 13 N .
Solution. Given : Two forces = F, and .F':.

Furst of all, consider the two forces acting at nnght angles. We know that when the angle between
the two given forces 1s 90°, then the resultant force (K)

Jio -Jﬂ’ +Fi

or 10=F+F .(Squaring both sides)
Similarly, when the angle between the two forces is 60°, then the resultant force (R)

13 = |[R? + F} + 2F, F, cos 60°
13=F +F +2RF, x05 (Squaring both sides)

or FF,=13-10=3 . (Substituting F + F¥ =10)
We know that (F, + Fo ' = ' + F{ + 2RF, =10+ 6=16
F+F=\l6=4 i)
Similuly (F, -F, =F + F; -2FF,=10-6=4
F,-F,=y4=2 (i)

Solving equations (1) and (1),
F,=3N and F,=1N Ans

RESOLUTION OF A FORCE: The process of splitting up the given force into a number of
components, without changing its effect on the body is called resolution of a force. A force

is, generally, resolved along two mutually perpendicular directions. In fact, the resolution of
aforce is the reverse action of the addition of the component vectors.

PRINCIPLE OF RESOLUTION: It states, “The algebraic sum of the resolved parts of a no. of
forces, in a given direction, is equal to the resolved part of their resultant in the same
direction.”

Note: In general, the forces are resolved in the vertical and horizontal directions.

METHOD OF RESOLUTION:
+ Resolve all the forces horizontally and find the algebraic sum of all the horizontal
components .
¢ Resolve all the forces vertically and find the algebraic sum of all the vertical
components
* The resultant R of the given forces will be given by the equation;

R=J(ZH) + (ZV)

® The resultant force will be inclined at an angle , with the horizontal, such that

v

LH



EXAMPLE: A triangle ABC has its side AB = 40 mm along positive x-axis and side
BC = 30 mm along positive y-axis. Three forces of 40 N, 50 N and 30 N act along the sides AB,
BC and CA respectively. Determine magnitude of the resultant of such a system of forces.

Solution. The system of given forces is shown in Fig 2.3

From the geometry of the figure, we find that the mangle ABC is a nght angled triangle, in
which the *side AC = 50 mm. Therefore

mnﬂ-E-D.h
50

and CDGHIE:U.E
S0

Resolving all the forces horizontally (i.¢., along AB).
YH=40-30cos 0
=40-(30x08)=1611
and now resolving all the forces vertically (i.c., along BC)
YV =50-30sin 8 NN
=50-(30x06)=32N
We know that magnitude of the resultant force,

R=\(ZHY +(XV) =Ji16) + (32)* =358 N Ans.

LAWS FOR THE RESULTANT FORCE:
The resultant force, of a given system of forces, may also be found out by the following laws
1. Triangle law of forces. 2. Polygon law of forces.

TRIANGLE LAW OF FORCES:

It states, “If two forces acting simultaneously on a particle, be represented in magnitude and
direction by the two sides of a triangle, taken in order ; their resultant may be represented
in magnitude and direction by the third side of the triangle, taken in opposite order.”

POLYGON LAW OF FORCES:

It is an extension of Triangle Law of Forces for more than two forces, which states, “If a
number of forces acting simultaneously on a particle, be represented in magnitude and
direction, by the sides of a polygon taken in order ; then the resultant of all these forces may
be represented, in magnitude and direction, by the closing side of the polygon, taken in
opposite order.”

GRAPHICAL (VECTOR) METHOD FOR THE RESULTANT FORCE:
It is another name for finding out the magnitude and direction of the resultant force by the
polygon law of forces. It is done as discussed below:

# Construction of space diagram (position diagram): It means the construction of a
diagram showing the various forces (or loads) along with their magnitude and lines
of action.



7 Use of Bow’s notations: All the forces in the space diagram are named by using the
Bow's notations. It is a convenient method in which every force (or load) is named by
two capital letters, placed on its either side in the space diagram.

» Construction of vector diagram (force diagram): It means the construction of a
diagram starting from a convenient point and then go on adding all the forces
vectorially one by one (keeping in view the directions of the forces) to some suitable
scale. Now the closing side of the polygon, taken in opposite order, will give the
magnitude of the resultant force (to the scale) and its direction.

EXAMPLE: A particle is acted upon by three forces equal to 50 N, 100 N and 130 N,

along the three sides of an equilateral triangle, taken in order. Find graphically the
Magnitude and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.8 (a)
First of all. name the forces according to Bow's notations as shown in Fig. 2.8 (a). The S0
force is named as AD, 100 I¥ force as BD and 130 N force as CD.

"
100 N A
M / \
/60 ‘x\ / \ 100
130
e/ o \» r_,r’
Iy A
A O 50N ﬂ o
¥ A P ol
130 N P
d -
(@) Space diagram (b} Veector diagram

Now draw the vector diagram for the given system of forces as shown in Fig. 2.8 (b) and as
discussed below :

1. Select some smtable point a and draw ab equal to 50 I to some suitable scale and parallel
to the S0 N force of the space diagram.

2. Through b, draw be equal to 100 N to the scale and parallel to the 100 N force of the space
diagram.

3. Simularly through ¢, draw cd equal to 130 I¥ to the scale and parallel to the 130 I¥ force of
the space diagram

4. Join ad, which gives the magmtude as well as direction of the resultant force.

5. By measurement, we find the magnitude of the resultant force is equal to 70 IV and acting
at an angle of 200° with ab. Anms.



MOMENT OF A FORCE: It is the turning effect produced by a force, on the body, on which it
acts. The moment of a force is equal to the product of the force and the perpendicular
distance of the point, about which the moment is required and the line of action of the
force.

Mathematically, moment,

M=Px|

where P = Force acting on the body, and

| = Perpendicular distance between the point, about which the moment is required and the
line of action of the force.

GRAPHICAL REPRESENTATION OF A MOMENT: Consider a force P represented, in
magnitude and direction, by the line AB. Let O be a point, about which the moment of this
force is required to be found out, as shown in Fig. From O, draw OC perpendicular to AB.
Join OA and OB.

Now moment of the force P about O
=Px0C=ABx0OC
But AB x OC is equal to twice the area of triangle ABO.
Thus the moment of a force, about any point, is equal to twice the area of the triangle,
whose base is the line to some scale representing the force and whose vertex is the point
about which the moment is taken.

UNITS OF MOMENT:

Since the moment of a force is the product of force and distance, therefore the units of the
moment will depend upon the units of force and distance. Thus, if the force is in Newton
and the distance is in meters, then the units of moment will be Newton-meter (briefly
written as N-m). Similarly, the units of moment may be kN-m (i.e. kN x m), N-mm (i.e. N x
mm) etc.

TYPES OF MOMENTS:
Broadly speaking, the moments are of the following two types:
1. Clockwise moments. 2. Anticlockwise moments.

CLOCKWISE MOMENT:

4 4

(@) Clockwise moments ih) Anticlockwise moments



It is the moment of a force, whose effect is to turn or rotate the body, about the point in the
same direction in which hands of a clock move as shown in Fig.

ANTICLOCKWISE MOMENT:

It is the moment of a force, whose effect is to turn or rotate the body, about the point in the
opposite direction in which the hands of a clock move as shown in Fig.(b).
Note. The general convention is to take clockwise moment as positive and anticlockwise
moment as negative.

VARIGNON’S PRINCIPLE OR LAW OF MOMENTS:

It states, “If a number of coplanar forces are acting simultaneously on a particle, the
algebraic sum of the moments of all the forces about any point is equal to the moment of
their resultant force about the same point.”

EXAMPLE: A uniform wheel of 600 mm diameter, weighing 5 kN rests against a rigid
rectangular block of 150 mm height as shown in Fig.

Find the least pull, through the centre of the wheel, required just to turn the wheel over the
corner A of the block. Also find the reaction on the block. Take all the surfaces to be smooth.

Solution. Given : Diameter of wheel = 600 mm: Weight of wheel = 5 kN and height
of the block = 150 mm.

Least pull required just to nirn the wheel over the comer.
Let P = Least pull required just to turn the wheel in kIN.

A little consideration will show that for the least pull, it must be applied normal to AQ. The
system of forces 15 shown in Fig. 3.9. From the geometry of the figure, we find that

! 150
O0=—=035 = 3)°
sin 300 or 8=30

and AB = ,[(300)° - (150)° = 260 mm

Now taking moments about A and equanng the same,
P»x300=35x260=1300

1300
Pus—=433kN
300 Ans,

Rceaction on the block
Let R = Reaction on the block 1 kIN.
Resolving the forces horizontally and equating the same,
R cos 30° = P sin 30°
& P sin 30° _ 433x035

R
cos30° 0.806

=25kN Aps,



EXAMPLE: Four forces equal to P, 2P, 3P and 4P are respectively acting along the four sides
of square ABCD taken in order. Find the magnitude, direction and position of the resultant
force.

Solution. The system of given forces is showninFig. 3.12. P
Magnitude of the resultant force 4
Resolving all the forces honizontally, 1p- D c

YH=P-3P=-2P A1)
and now resolving all forces vertically,

SV =2P-4P=-2P A1)
We know that magnitude of the resultant forces. 4 -y
= = = = Y
R=(ZH) +(EV) =(-2PF + (-2P) ap
=2J2P Ams.
Direction of the resultant force
Let 6 = Angle, which the resultant makes with the honzontal.
v -2p
e —=—wm] = 45°
eI e Ei=E

Since Y H as well as TV are —ve, therefore resultant lies between 180°and 270°. Thus actual
angle of the resultant force = 180° + 43° = 225" Ans.
Position of the resultant force
Let x = Perpendicular distance between A and the line of action of the resultant
force.
MNow taking momeats of the resultant force about A and equating the same,

2J2Px x= (2Px a)+ (3P xa)=5Pxa

= - Ans,
232
Note. The moment of the forces P and 4P about the point A will be zero, as they pass

through at.

COUPLE: A pair of two equal and unlike parallel forces (i.e forces equal in magnitude, with
lines of action parallel to each other and acting in opposite directions) is known

as a couple.

As a matter of fact, a couple is unable to produce any translatory motion (i.e., motion in a
straight line). But it produces a motion of rotation in the body, on which it acts. The simplest
example of a couple is the forces applied to the key of a lock, while locking or unlocking it.

ARM OF A COUPLE:
The perpendicular distance (@), between the lines of action of the two equal and opposite
parallel forces, is known as arm of the couple as shown in Fig.




MOMENT OF A COUPLE: The moment of a couple is the product of the force (i.e., one of the
forces of the two equal and opposite parallel forces) and the arm of the couple.
Mathematically:

Moment of a couple=Pxa

P = Magnitude of the force, and
where

a = Arm of the couple.
CLASSIFICATION OF COUPLES:
The couples may be, broadly, classified into the following two categories, depending upon
their direction, in which the couple tends to rotate the body, on which it acts:

1. Clockwise couple, and 2. Anticlockwise couple

P P
A B A .
ot a p - a L
(a) Clockwise couple () Anticlockwise couple
CLOCKWISE COUPLE:

Acouple, whose tendency is to rotate the body, on which it acts, in a clockwise direction, is
known as a clockwise couple as shown in Fig. (@). Such a couple is also called positive couple.

ANTICLOCKWISE COUPLE:

Acouple, whose tendency is to rotate the body, on which it acts, in an anticlockwise
direction, is known as an anticlockwise couple as shown in Fig. (b). Such a couple is also
called a negative couple.

CHARACTERISTICS OF A COUPLE:
A couple (whether clockwise or anticlockwise) has the following characteristics:

1. The algebraic sum of the forces, constituting the couple, is zero.

2. The algebraic sum of the moments of the forces, constituting the couple, about any point
is the same, and equal to the moment of the couple itself.

3. A couple cannot be balanced by a single force. But it can be balanced only by a couple of
opposite sense.

4, Any no. of co-planer couples can be reduced to a single couple, whose magnitude will be
equal to the algebraic sum of the moments of all the couples.

EXAMPLE: A square ABCD has forces acting along its sides as shown in Fig. 4.13. Find the

values of P and Q, if the system reduces to a couple. Also find magnitude of the couple, if
the side of the square is 1 m.

10



CHAPTER 2: EQUILIBRIUM OF FORCES

LEARNING OUTCOMES:
On completion of the subject, the student will be able to:
» Understand the concept ofequilibrium
* Understand and analyse the various analytical and graphical conditions required for
equilibrium
* Understand the concept of free bodydiagram
¢ UnderstandtheconceptofLamistheorem
e SolveproblemsusingfreebodydiagramandLamistheorem.

2.1 DEFINITION

A little consideration will show, that if the resultant of a number of forces, acting on a particle is
zero, the particle will be in equilibrium. Such a set of forces, whose resultant is zero, are called
equilibrium forces..

A body can be said to be in equilibriumwhen all the force acting on a body balance each other or
in other word there is no net force acting on the body.

Equilibrium of a body is a state in which all the forces acting on the body are balanced
(cancelled out), and the net force acting on the body iszero.

ie ZF=0
PRINCIPLES OF EQUILIBRIUM

1. Two force principle. As per this principle, if a body in equilibrium is acted upon by two forces,
then they must be equal, opposite andcollinear.

2. Three force principle. As per this principle, if a body in equilibrium is acted upon by three
forces, then the resultant of any two forces must be equal, opposite and collinear with the third
force.

3. Four force principle. As per this principle, if a body in equilibrium is acted upon by four forces,
then the resultant of any two forces must be equal, opposite and collinear with the resultant of
the other twoforces.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A CO-PLANAR SYSTEM OF CONCURRENT
FORCES

We know that the resultant of a system of co-planar concurrent forces is given by

R=v  ,where £X (=IH) = algebraic sum of the resolved parts of the forces alonga horizontal
direction, and XY (=ZV) = algebraic sum of the resolved parts of the forces along aertical
direction

Or, R%= (£X) %+ (2Y)



If the forces are in equilibrium, R = 0 =>0 = (£X) *+ (ZY) *

Sum of the squares of two quantities is zero when each quantity is separately equal to zero.
ie.IX=0,Z¥=0

Hence necessary and sufficient conditions of a system of, co-planar concurrent forces are:

1. The algebraic sum of the resolved parts of the forces in some assigned direction is equal to
zero,and

2. The algebraic sum of the resolved parts of the forces in a direction at right angles to the
assigned direction is equal tozero.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A SYSTEM OF COPLANAR NON- CONCURRENT
FORCES

If R = resultant of a system of co-planar non-concurrent forces,

2 X = algebraic sum of the resolved parts of those forces along any direction, and

LY = algebraic sum of the resolved parts of those forces along a direction at right angles to the
previous direction.

Then, R=
= (2X) + (5Y) ?

If the force system is in equilibrium, R = 0.

0= R*= (ZX) + (ZY) *

IX=0,2Y=0
(If sum of the squares of two digits is zero, then each digit is zero)

Thus, the necessary and sufficient conditions of equilibrium for a system of co-planar and non-
concurrent forces are:;
(i) The algebraic sum of the resolved parts of the forces along any direction is equal to
zero (i.e.,ZX=0),
(i) The algebraic sum of the resolved parts of the forces along a directional right angles to
the previous direction is equal to zero (i.e. £Y =0),and
(i)  The algebraic sum of the moments of the forces about any point intheir plane is equal
to zero (i.e. ZM =0).

TYPES OF EQUILIBRIUM
— N, .
[ 1\1 : \/ Y, ' r/ ?\"r '
L4 24 ey

{a) Stable {b) Unstable (c) Neutral



Stable equilibrium

A body is said to be in stable equilibrium, if it returns back to its original position, after it is
slightly displaced from its position of rest. This happens when some additional force sets up
due to displacement and brings the body back to its originalposition.

Unstable equilibrium

A body is said to be in an unstable equilibrium, if it does not return back to its original position,
and heels farther away, after slightly displaced from its position of rest.

Neutral equilibrium

A body is said to be in a neutral equilibrium, if it occupies a new position (and remains at rest in
this position) after slightly displaced from its position of rest.

Free body: A body is said to be free body if it is isolated from all other connected members

FREE BODY DIAGRAM
Free body diagram of a body is the diagram drawn by showing all the external forces and

reactions on the body and by removing the contact surfaces.

Steps to be followed in drawing a free body diagram
a. Isolate the body from all otherbodies.
b. Indicate the external forces on the free body. (The weight of the body should alsobe
included. It should be applied at the centre of gravity of thebody)
c. The magnitude and direction of the known external forces should bementioned.
d. The reactions exerted by the supports on the body should be clearlyindicated.
e. Clearly mark the dimensions in the free bodydiagram.

(@)

Fig 2.2

A spherical ball is rested upon a surface as shown in figure 2.2 (a). By following the necessary
steps we can draw the free body diagram for this force system as shown in figure 2.2(b).
Similarly fig 2.3 (b) represents free body diagram for the the force system shown in figure 2.3(a).



LAMI'S THEOREM:

It states, “If three coplanar forces acting at a point be in equilibrium, then each force is
proportional to the sine of the angle between the other two.”

Mathematically,

P_Q_R
smoe  sinfp  siny




Proof
Consider three coplanar forces P, Q. and R acting at a
point O. Let the opposite angles to three forces be a, } and yas
shown in Fig. 5.2
IMNow let us complete the parallelogram OACB with OA
and OB as adjacent sides as shown in the figure. We know that
the resultant of two forces P and Q will be given by the diagonal
OC both in magnitude and direction of the parallelogram OACB.
Since these forces are in equilibrium, therefore the re-
sultant of the forces P and Q must be in line with OD and equal
to R, but in opposite direction.
From the geometry of the figure, we find
BC =Pand AC=0Q
Z AOC = (180° - )
and ZACO = £ BOC=(180° - o)
Z CAO = 180° — (£ AOC + £ ACO)
= 180° — [(180° — B) + (180° — )]
=180°-180°+ B -180°+
=a+p-180°
But a+P+y=7360°
Subtracting 180° from both sides of the above equation.
(ot + B —180°) + ¥ = 360° — 180° = 180°

or Z CAO = 180° —y
We know that in triangle AOC,
oA ___ACc____ ocC
sinZACO sinZAOC sinZCAO
OA AC oc

sin (180° — ) & sin (180° - ) i sin (180° - )
P = g = R
sinaa  sinfl  siny




EXAMPLE: An electric light fixture weighting 15 N hangs from a point C, by two strings
AC and BC. The string AC is inclined at 60° to the horizontal and BC at 45° to the horizontal
as shown in Fig. Using Lami’s theorem, or otherwise, determine the force in the strings AC.

ISN

Solution. Given : Weightat C= 1511
Let T, = Force in the string AC, and
Ty = Force in the string BC. B A
The system of forces is shown in Fig. 54. From the geometry of the \\ /T
figure, we find that angle between T, and 15 I¥ is 150° and angle between r: LF o i
Tye and 15 IV is 135°. " 150p
. £ ACB = 180° — (45° + 60°) = 75° e ’
Applying Lamu's equation at C,
15 2 Tac < Tsc
sin75° smn135° sinlS0° ISN
i Tac = T
sin75° sin45®  sin30°
155s1in45* 15x0.707

T T aia R -




oo

A ﬂ
N s
130", | P I
i L\lzu" >
e
1000 N l
1000 N
Fig 2.8

Solution: Given : Load at B = Load at C = 1000 N For the sake of convenience, let us split up the
string ABCD into two parts. The system of forces at joints Band is shown in Fig.2.9 (a) and (b).

%

- -]

A B
\r AL
\ e " o il
2 \ 120° - o L
rlf‘...H'“ oy
1000 N 1000 N
(a) Joint B (b) Joimt C
Fig2.9
Let G s . :
TAB = Tension in the portion AB of the string, TBC
= Tension in the portion BC of the string, and TCD
= Tension in the portion CD of thestring.
ApplyingLamisequationatjoint5,
Tyg Ty = 1000
s.:.m‘.nl‘]‘n " 5in150° sin150°
T.g _ Ty _ 1000
sin60° sin30° sin30° ..[% sin (180° = 6) = sin 6]
o l@ sin 60° . 1000 x D.8366 —1732N
sin 30° 05
1000 sin 30°

sin 30°



AgainapplyingLami'sequationatjointC,

Iec T _ 1000
sin 120° sin 120°  sin 120°
_ 1000 sin 120°

=1000N Anms.

T,
- sin 120°

Example 2.3. A light string ABCDE whose extremity A is fixed, has weights W1 and W2
attached to it at B and C. It passes round a small smooth peg at D carrying a weight of 300 N
at the free end E as shown in Fig 2.10 below. If in the equilibrium position, BC is horizontal and
AB and CD make 150° and 120° with BC, find (i) Tensions in the portion AB, BC and CD of the
string and (ii) Magnitudes of WrandW:.

150° 120° /
<\ i g
B ( 300 N
L J L J
W, W,
Fig 2.10

Solution: Given: Weight at £= 300 N For the sake of convenience, let us split up the string
ABCD into two parts. The system of forces at joints Band Cis shown in Fig (a) and (b).

D
A ,
Y 150° 1200/ 300N
i C H f [
W, W,
(a) Joint B (b) Joint C
Fig 2.11

(i) Tensions is the portion AB, BC and CD of thestring
Let TAB = Tension in the portion AB,and
TBC = Tension in the portion BC,
We know that tension in the portion CD of the string.
TCD = TDE =300 N Ans.
ApplyingLami'sequationatC,



Toe _ Wi _ 300
sin 150° sin 120°  sin 90°

Tge S W, _ 300 | _
mjuﬂ_mwo_ 1 ...[** sin (180° - 8) = sin 6]
TH=3EI]sin3»D°=3EﬂxD.5=ISI]N Ans.

W, =300 sin 60° = 300 x 0.866 = 259.8 N
AgainapplyingLami'sequationatB,
Tag  _ W, _ Ty
sin 90° sin 150°  sin 120°

Taa W, _ 150 ..[*+ sin (180° - 8) = sin 6]
‘1 sin30°  sin 60°
150 150
T.. = - =173.2N Ans.
A%~ sin60° 0866

_ 150sin 30° 150 X 0.5

W,
' sin 60° 0.866

=86.6N

(il) Magnitudes of W1 andW2

From the above calculations, we find that the magnitudes of W1 and W2 are 86.6 N and 259.8
N respectively.



3. FRICTION

INTRODUCTION:

If a block of one substance is placed over the level surface of the same or different
material, a certain degree of interlocking of the minutely projecting particles takes
place. This does not involve any force, so long as the block does not move or tends to
move. But whenever one of the blocks moves or tends to move tangentially with
respect to the surface, on which it rests, the interlocking property of the projecting
particles opposes the motion. This opposing force, which acts in the opposite
direction of the movement of the block, is called force of friction or simply friction. It
is of the following two types:

1. Static friction. 2. Dynamic friction

STATIC FRICTION:
It is the friction experienced by a body when it is at rest. Or in other words, it is the
friction when the body tends to move.

DYNAMIC FRICTION:

It is the friction experienced by a body when it is in motion. It is also called kinetic
friction. The dynamic friction is of the following two types:
1. Sliding friction: It is the friction, experienced by a body when it slides over another body.
2. Rolling friction: It is the friction, experienced by a body when it rolls over another body.

UMITING FRICTION: The maximum value of frictional force, which comes into play, when a
body just begins to slide over the surface of the other body, is known as limiting friction. It
may be noted that when the applied force is less than the limiting friction, the body remains
at rest, and the friction is called static friction, which may have any value between zero and
limiting friction.

COEFFICIENT OF FRICTION:

It is the ratio of limiting friction to the normal reaction, between the two bodies, and is
generally denoted by .

Mathematically, coefficient of friction,

p:%:[ﬂﬂ¢ or .F:p.R

¢ = Angle of friction,
F = Limiting friction. and
R = Normal reaction between the two bodies.

ANGLE OF FRICTION: Consider a body of weight W resting on an inclined plane as shown in
Fig. We know that the body is in equilibrium under the action of the following forces:

1. Weight (W) of the body, acting vertically downwards,

2. Friction force (F) acting upwards along the plane, and

3. Normal reaction (R) acting at right angles to the plane.



Let the angle of inclination (a) be gradually increased, till the body just starts sliding down
the plane. This angle of inclined plane, at which a body just begins to slide down the plane,
is called the angle of friction. This is also equal to the angle, which the normal reaction
makes with the vertical.

ANGLE OF REPOSE: Angle of repose is defined as the angle of the inclined plane with
horizontal such that a body placed on it just begins to slide.

LAWS OF FRICTION:

Prof. Coulomb, after extensive experiments, gave some laws of friction, which may be
grouped under the following heads :

1. Laws of static friction, and

2. Laws of kinetic or dynamic friction

LAWS OF STATIC FRICTION:

Following are the laws of static friction :
1. The force of friction always acts in a direction, opposite to that in which the body tends to
move, if the force of friction would have been absent.
2. The magnitude of the force of friction is exactly equal to the force, which tends to move
the body.
3. The magnitude of the limiting friction bears a constant ratio to the normal reaction
between the two surfaces. Mathematically:

F/R = CONSTANT
4. The force of friction isindependent of the area of contact between the two surfaces.
5. The force of friction depends upon the roughness of the surfaces

LAWS OF KINETIC OR DYNAMIC FRICTION:

Following are the laws of kinetic or dynamic friction:

1. The force of friction always acts in a direction, opposite to that in which the body is
moving.

2. The magnitude of kinetic friction bears a constant ratio to the normal reaction between
the two surfaces. But this ratio is slightly less than that in case of limiting friction.

3. For moderate speeds, the force of friction remains constant. But it decreases slightly with
the increase of speed.

ADVANTAGES OF FRICTION:
« Friction is responsible for many types of motion
¢ It helps us walk on the ground
« Brakes in a car make use of friction to stop the car



s Asteroids are burnt in the atmosphere before reaching Earth due to friction.
+ It helpsin the generation of heat when we rub our hands.

DISADVANTAGES OF FRICTION:
s Friction produces unnecessary heat leading to the wastage of energy.
s The force of friction acts in the opposite direction of motion, so friction slows down

the motion of moving objects.
s A lot of money goes into preventing friction and the usual wear and tear caused by it

by using techniques like greasing and oiling.
EQUILIBRIUM OF A BODY ON A ROUGH HORIZONTAL PLANE:

We know that a body, lying on a rough horizontal plane will remain in equilibrium. But
whenever a force is applied on it, the body will tend to move in the direction of the force. In
such cases, equilibrium of the body is studied first by resolving the forces horizontally and
then vertically.
Now the value of the force of friction is obtained from the relation:

F=Mr

EXAMPLE: A body of weight 300 N is lying on a rough horizontal plane having a coefficient
of friction as 0.3. Find the magnitude of the force, which can move the body, while acting at
an angle of 25° with the horizontal.

Solution. Given: Weight of the body (W) = 300 I¥; Coefficient of friction () = 0.3 and
angle made by the force with the horizontal (o) = 25°

Let P = Magnitude of the force, which can move R
the body, and _3 A'
Resolving the forces horizontally, 300 N

F=Pcoso=Pcos 25 =P x 09063
and now resolving the forces vertically,
R=W-Psina =300 - P sin 25°
=300-P x04226
We know that the force of friction (F).
09063 P=uR=03x(300-04226 P)=90-0.1268 P
or 00=09063 P+0.1268 P=10331 P

= % =871N Ans.
1.0331




EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE:
Consider a body, of weight W, lying on a rough plane inclined at an angle a with the
horizontal as shown in Fig.(a) and (b).

(@) Angle of inclination less (h) Angle of inclination more
than the angle of friction than the angle of friction

A little consideration will show, that if the inclination of the plane, with the horizontal, is
less the angle of friction, the body will be automatically in equilibrium as shown in Fig. (a). If
in this condition, the body is required to be moved upwards or downwards, a corresponding
farce is required, for the same. But, if the inclination of the plane is more than the angle of
friction, the body will move down. And an upward force (P) will be required to resist the
body from moving down the plane as shown in Fig. (b).
Though there are many types of forces, for the movement of the body, yet the following are
important from the subject point of view :
1. Force acting along the inclined plane.
2. Force acting horizontally.
3. Force acting at some angle with the inclined plane.

EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING
ALONG THE INCLINED PLANE:

Consider a body lying on a rough inclined plane subjected force acting along the inclined
plane, which keeps it in equilibrium as shown in Fig.{a) and (b).

Let W = Weight of the body,

o = Angle, which the inclined plane makes with the horizontal,

R = Normal reaction,

u = Coefficient of friction between the body and the inclined plane, and

¢ = Angle of friction, such that p = tan ¢.

A little consideration will show that if the force is not there, the body will slide down the
plane. Now we shall discuss the following two cases:

1. Minimum force (P1) which will keep the body in equilibrium, when it is at the point of
sliding downwards:

(&) Body at the point of () Body at the point of
sliding downwards sliding upwards



In this case, the force of friction (F, = p.R,) will act upwards, as the body is at the point of
sliding downwards as shown in Fig. 8 8 (a). Now resolving the forces along the plane,

P, =Wsna-puR, .1}
and now resolving the forces perpendicular to the plane.
R =Wcosa 1))

Subsnmting the value of R, in equation (7).
Py=Wsina—-p Wceos o= W(sin ot - cos )
and now substituting the value of p = tan ¢ in the above equation.
P, = W(sin a - tan ¢ cos @)
Multiplying both sides of this equation by cos .
P, cos ¢ = W(sin &t cos ¢ —sin @ cos o) = Wsin (- ¢)
sin (@ - &)

R=Wx
cos¢

2. Maximum force (P,) which will keep the body in equilibrium, when it is at the point of sliding
upwards.

In this case, the force of friction (F, = u.R,) will act downwards as the body is at the point of
shiding upwards as shown in Fig 8 8 (b). Now resolvmg the forces along the plane,

P,=Wsino+uR, A1)
and now resolving the forces perpendicular to the plane.
R,=Wcos a A1)

Substituting the value of R, in equation (i),
P,=Wsmo+pu Wcos o= W(sin o + i cos o)
and now substituting the value of p = tan ¢ 1n the above equation,
P,= W (sin o + tan ¢ cos a)
Multiplying both sides of this equation by cos ¢.
P, cos = W(sin cecos ¢ + sin ¢ cos &) = Wsin (a + 9)
P =W M5:'I.1I o+ ¢)
cos ¢

EXAMPLE: A body of weight 500 N is lying on a rough plane inclined at an angle of
25° with the horizontal. It is supported by an effort (P) parallel to the plane as shown in Fig.
Determine the minimum and maximum values of P, for which the equilibrium can exist, if
the angle of friction is 20°.

50 500N




Solution. Given: Weight of the body (W) = 500 IV ; Angle at which plane is inclined (o)
= 25° and angle of friction (§) = 20°.

Minimum value of P
We know that for the minimum value of P, the body is at the point of sliding downwards
We also know that when the body is at the point of sliding downwards, then the force

H (=]
ﬂ:WxM=imeN

cos @ cos 20°
]
5005 -0 o500 29872 AN aAm
cos 20° 0.9397

Maximum value of P
We know that for the maximum value of P, the body is at the point of sliding upwards. We
also know that when the body is at the point of sliding upwards, then the force

: o
R_wxﬂﬂ{u+¢}‘5mxﬂnl2 + 20°) N
- cos @ cos 20°
. ace
500 5 Y o SO 5

. 3762 N Ans.

EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING
HORIZONTALLY:

Consider a body lying on a rough inclined plane subjected to a force acting horizontally,
which keeps it in equilibrium as shown in Fig.(a) and (b).

W = Weight of the body,

o = Angle, which the inclined plane makes with the horizontal,

R = Normal reaction,

p = Coefficient of friction between the body and the inclined plane, and
¢ = Angle of friction, such that p = tan ¢.

A little consideration will show that if the force is not there, the body will slide down on the
plane.
Now we shall discuss the following two cases:



1. Minimum force (P,) which will keep the body in equalibrium, when it is at the point of sliding
downmwards.

(@) Body at the point of (h) Body at the point of
sliding downwards sliding upwards

Fig. 8.13.

In this case, the force of friction (F, = pu.R, ) will act upwards, as the body is at the point
of sliding downwards as shown in Fig. 8.13. (a). Now resolving the forces along the plane.

Pcosa=Wsmnoa-uR, A1)
and now resolving the forces perpendicular to the plane,
R,=Wcosa+ P, sina ...(i)

Substituting this value of R, in equation (i),
Piecosa=Wano-p(Weoos a + P, sina)
=Wsnoa-puWcos a—puP, sma

£, cos o+ uP, sino=Wsimna-puWcos o

P,(cos o+ Ju sin o) = W (sin @ — j €O @)

(sin & - p cos @)

(cos @ +  sin a)

Now substituting the value of p = tan ¢ in the above equation.,

(sin & - tan ¢ cos a)

(cos o + tan ¢ s5in @)

Multiplying the numerator and denominator by cos ¢,

sinamsut-smtcosu_“,x sin(o — @)

COs o 05 & + sin « sin & cos{a — @)

=Witan (o - o) Awheno>¢)
=Witan (¢ - ) ..when ¢ > )

R =Wx

FE=Wx

FR=WXx



2. Maximum force (P,) which will keep the body in equilibrium, when it is at the point of sliding
upwards i

In this case, the force of fniction (F, = pR,) will act downwards. as the body is at the point of
sliding upwards as shown in Fig 8.12. (b). Now resolving the forces along the plane.

P,cos o= Wsin o + uR, - A i)
and now resolving the forces perpendicular to the plane,
R,=Wcosa+ P, sim o ~Aiv)

Substituting this value of R, in the equation (i),
P,cosa=Wsma+p (Wcosa + P, sina)
=Wsino+pu Weosa+ P, sina
Pycoso-uP,sina=Wsina+pu Weosa s
P,(cos o — psin o) = W(sin a + yu cos a)
) E=Wx[sinu+u{:95u]
o < (cos o — p sin )
Now substituting the value of p = tan ¢ in the above equation.
>I:.*;:'m11+tm¢|t‘:-l:|!'n:;|'.
€Os @ — tan ¢ sin o
Multiplying the numerator and denominator by cos &,
sin o cos & + sin & cos o - sin (o + ¢)
COS (L COS § — Sin & 5in o cos (o + &)
=Wian (o + ¢)

P=W

P=Wx

EXAMPLE: A load of 1.5 kN, resting on an inclined rough plane, can be moved up the
plane by a force of 2 kN applied horizontally or by a force 1.25 kN applied parallel to the
plane. Find the inclination of the plane and the coefficient of friction.

Solution. Given: Load (W) = 1.5 kN, Honizontal effort (P) = 2 kN and effort parallel to
the inclined plane (P,) = 1.25 kKIN.

Inclination of the plane
Let @ = Inclination of the plane, and
& = Angle of friction.

2 kN

{a) Horizontal force i) Force parallel to the plane



Farst of all, consider the load of 1.5 kIV subjected to a honzontal force of 2 KIV as shown in
Fig 8.14 (a). We know that when the force 15 applied horizontally, then the magnitude of the force,
which can move the load up the plane.

P=W tan (ot + &)
or 2=15tn(a+d)

2
m[u+"'=l_q=1311l or {ﬂ+¢l=5:§l°

Now consider the load of 1.5 kIN subjected to a force of 1.25 kIN along the plane as shown in

Fig 814 (b). We Know that when the force is applied parallel to the plane, then the magnitude of the
force, which can move the load up the plane,

pP=wx 30(@+9)
cos ¢
q L]
- 125=15 sin 53.1 =15 x 08 - 1.2
cos ¢ cos¢ cosd
1.2
m¢=ﬁ=ﬂ.9& or b=163°
and a=531°"-163"=368" Ans.

Cocfficient of friction
We know that the coefficient of friction,
p=tan¢=tan 16.3°=0292 Ans.

EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO A FORCE ACTING
AT SOME ANGLE WITH THE INCLINED PLANE:

Consider a body lying on a rough inclined plane subjected to a force acting at some angle
with the inclined plane, which keeps it in equilibrium as shown in Fig.(a) and (b).

Let W= Weight of the body,

a = Angle which the inclined plane makes with the horizontal,

8 = Angle which the force makes with the inclined surface,

R = Normal reaction,

u = Coefficient of friction between the body and the inclined plane, and

¢ = Angle of friction, such that p = tan d.

A little consideration will show that if the force is not there, the body will slide down the
plane.

Now we shall discuss the following two cases :



APPLICATIONS OF FRICTION

LADDER FRICTION: The ladder is a device for climbing or scaling on the roofs or walls. It
consists of two long uprights of wood, iron or rope connected by a number of cross
pieces called rungs. These runing serve as steps.

Consider a ladder AB resting on the rough ground and leaning against a wall, as shown in
Fig.
F_i4 gt
R

As the upper end of the ladder tends to slip downwards, therefore the direction of the force
af friction between the ladder and the wall (Fw) will be upwards as shown in the figure.
Similarly, as the lower end of the ladder tends to slip away from the wall, therefore the
direction of the force of friction between the ladder and the floor (Ff) will be towards the
wall as shown in the figure.

Since the systemn is in equilibrium, therefore the algebraic sum of the horizontal and vertical
components of the forces must also be equal to zero.

Mote: The normal reaction at the floor (Rf) will act perpendicular of the floor. Similarly,
normal reaction of the wall (Rw) will also act perpendicular to the wall.

29

EXAMPLE: A ladder 5 meters long rests on a horizontal ground and leans against a smooth
vertical wall at an angle 70° with the horizontal. The weight of the ladder is 900 N and acts
at its middle. The ladder is at the point of sliding, when a man weighing 750N stands on a
rung 1.5 metre from the bottom of the ladder. Calculate the coefficient of friction between
the ladder and the floor.

Solution. Given: Length of the ladder (/) = 5 m. Angle which the ladder makes wath the
horizontal (o) = 70°, Weight of the Iadder (w,) = 900 I¥, Weight of man (w,) = 750 I and distance
between the mon and bottom of ladder = 1.5 m.

Forces acting on the ladder are shown in Fig. 9.3,

Let uJ,:Cutfﬁn:nIUffnrhunbclwn:nLMrmd
floor and
R, = Normal reaction at the floar q
Resolving the forces vertically, ‘4
R, =900 + 750 = 1650 N M g
Force of fnction at A
ﬂ:ﬁx%:prxlbﬁﬂ Ay

MNow tking moments about 5, and equating the same,

R}.xﬁsmzﬂ‘* =1Fr>c.’-cmzﬂ“|+{¢mx 2.5 sin 20%)
+ {750 % 3.5 sin 207)

- {FI:-: 5 cos20°) + (4875 sin 207)
= (py 1650 x_ﬁ cos 20°) + 4875 sin 20°
and now substiuting the values nf.ﬂ}, a.ﬂdFI from equations (1) and (ii)
1650 x 5 sin 20° = {pf'.u: 1650 x 5 cos 20°) + (4875 sin 20%)
Dividing both sides by 5 sin 20°,
1650 = (p, % 1650 cot 20°) + 975
= {I-II" 1650 x 2. 7475) + 975 = 4533 p},+0?5
1650 - 975
e

=015 A



4, CENTROID AND MOMENT OF INERTIA

CENTRE OF GRAVITY: The point, through which the whole weight of the body acts,
irrespective of its position, is known as centre of gravity (briefly written as C.G.). It may be
noted that everybody has one and only one centre of gravity.

CENTROID: The plane figures (like triangle, quadrilateral, circle etc.) have only areas, but no
mass. The centre of area of such figures is known as centroid. The method of finding out the
centroid of a figure is the same as that of finding out the centre of gravity of a body.

CENTRE OF GRAVITY BY GEOMETRICAL CONSIDERATIONS:

The centre of gravity of simple figures may be found out from the geometry of the figure as
given below.

1. The centre of gravity of uniform rod is at its middle point.

2. The centre of gravity of a rectangle (or a parallelogram) is at the point, where its
diagonals meet each other. It is also a middle point of the length as well as the breadth of
the rectangle as shown in Fig.
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3. The centre of gravity of a triangle is at the point, where the three medians (a median is a
line connecting the vertex and middle point of the opposite side) of the triangle meet as

shown in Fig.
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4. The centre of gravity of a trapezium with parallel sides @ and b is at a distance of
[ e

8

h 5________4____4
;"[EHEG] l” 1(2)

b+a > b -
measured form the side b as shown in Fig. f




5. The centre of gravity of a semicircle is at a distance of 4r/3 nt from its base measured
along the vertical radius as shown in Fig.

6. The centre of gravity of a circular sector making semi-vertical angle a is at a distance of
2r sin

5 o
7. The centre of gravity of a cube is at a distance of [/ 2 from every face (where /is the
length of each side).
8. The centre of gravity of a sphere is at a distance of d /2 from every point (where d is the
diameter of the sphere).
9. The centre of gravity of a hemisphere is at a distance of 3r/ 8 from its base, measured
along the vertical radius as shown in Fig.

T
e
—r—a
10. The centre of gravity of right circular solid cone is at a distance of h /4 from its base,
measured along the vertical axis as shown in Fig.

AXIS OF REFERENCE:

The centre of gravity of a body 1s always calculated with reference to some assumed axis
known as axis of reference (or sometimes with reference to some point of reference). The axis of

reference, of plane figures, is generally taken as the lowest line of the figure for calculating 7 and the
left line of the figure for calculating ¥ .



CENTRE OF GRAVITY OF PLANE FIGURES:
Let Y and ¥ be the co-ordinates of the centre of gravity with respect to some axis of reference.

then
?_a,.rl +ay Xy + Oy Xy + e
ay + a, + ay
I TR R B B e

ay +-ﬂ'2 +ﬂ5 G

where a,. @, a,........ etc., are the areas into which the whole figure is divided x,, x,. v, .. etc.,
are the respective co-ordinates of the areas a,, a,, a,....... on X-X axis with respect to same axis of
reference.
¥y Vo Vg €1C., are the respective co-ordinates of the areas a ... on ¥-¥ axis with

o i @
respect to same axis of the reference.

1 g

CENTRE OF GRAVITY OF SYMMETRICAL SECTIONS:

Sometimes. the given section, whose centre of gravity is requared to be found out, is symmetnical
about X-X axis or }-¥ axis. In such cases, the procedure for calculating the centre of gravity of the
body is very much simplified; as we have only to calculate either ¥ or ¥. This is due to the reason
that the centre of gravity of the body will lie on the axis of symmetry.

EXAMPLE: Find the centre of gravity of a 100 mm x 150 mm x 30 mm T-section.

Solution. As the section 15 symmetrical about Y-¥ axis, bisecting the web, therefore its
centre of gravity will lie on this axis. Split up the section into two

rectangles ABCH and DEFG as shown m Fig 6.10. d
_ ju—lﬂﬂmm—ﬂﬂi
Let bottom of the web FE be the axis of reference. T
! 30 mm
(1) Rectangle ABCH H ¢ i |D (-T
a, = 100 x 30 = 3000 mm? 150 mm :
!
1
and M= [lﬁ'ﬂ - %] = 135mm :
i
(if)y Rectangle DEFG -'—----_*H i E »
a, = 120 x 30 = 3600 mm’ ) s

and }‘2-%-ﬁ0m
We know that distance between centre of gravity of the section and bottom of the flange FE.

T ANt oY, (3000 x 135) + (3600 x 60)
a, + a, 3000 + 3600

=04 1mm  Ans.




EXAMPLE: An I-section has the following dimensions in mm units:

Bottom flange = 300 x 100

Top flange = 150 = 50

Web = 300 x 50

Determine mathematically the position of centre of gravity of the section.

Solution. As the section is symmetrical about ¥-¥ axis, bisecting the web, therefore its centre

of gravity will lie on this axis. Now split up the section into three
rectangles as shown in Fig. > ”“I'“""l"_
Let bottom of the bottom flange be the axis of reference. g | ; !
(1) Borttom flange : T :
a, = 300 x 100 = 30 000 mm~ :
300 mm :
e —» | — 50 mm
and Wi -Tzﬁﬂmm l :
L]
(i) Wb ;
a, =300 x 50 = 15 000 mm? 100 mm :
300 ;
and Y2 =lm+T=2‘-Dm + H—Smmm—hi

(ifi) Top flange
a, = 150 x 50 = 7500 mm*

and }'3t1m+300+%-425mm

‘We know that distance between centre of gravity of the section and bottom of the flange.

sadnt@: Y +a)

==

G +a; +0,

_ (30 000 x 50) + (15 000 x 250) + (7500 x 425)
30 000 + 15 000 + 7500

=160.7Tmm  Ans.

CENTRE OF GRAVITY OF UNSYMMETRICAL SECTIONS:

Sometimes, the given section, whose centre of gravity is required to be found out, is not sym-
metrical either about X-X axis or ¥-¥ axis. In such cases, we have to find out both the valoes of ¥

and y
EXAMPLE: Find the centroid of an unequal angle section 100 mm = 80 mm = 20 mm.

Solution. As the section 15 not symmetrical about any axis, therefore we have to find out the
values of ¥ and ¥ for the angle section. Split up the section into two rectangles as shown in
Fig.

Let left face of the vertical section and bottom face of the horizontal section be axes of
reference.



Let left face of the vertical section and bottom face of the horizontal section be axes of
reference,

(i) Rectangle 1 —»| |€20mm

a, = 100 x 20 = 2000 mm’ * BB

Ils%slﬂ'm G}:

100 mm
and }'I-E-i‘iﬂm
2

(if) Rectangle 2 _+_

a==1Eﬂ—2mxIﬂ=12m:1m3 Y @ 20 mm

| #—— 80 mm —» ]

_r2=20+ﬁ—ﬂ=50m_
2

and yg-?--lﬂm

We know that distance berween centre of gravity of the section and left face.

$o QN+ @Y _ (2000 X 10) + (1200 X 50)
a, + a, 2000 + 1200

Similarly, distance between centre of gravity of the section and bottom face,

= Oy ¥ + 05V " {2000 = 50) + (1200 x 10)

V=

=25 mm Ans,

=35mm  Ans

EXAMPLE: A body consists of a right circular solid cone of height 40 mm and radius
30 mm placed on a solid hemisphere of radius 30 mm of the same material. Find the

position of centre of gravity of the body.
Solution. As the body 1s symmetrical about ¥-¥ axis, therefore its centre of gravity will lie on
this axis as shown in Fig. Let bottom of the hemusphere (D) be the point of reference.
(i) Hemisphere

c
W= Zxr's 2—113'0}3 mm”
3 3
= 18 000 * mm*
Sr 5
and jr,-%-'xm-ls.ﬁmm

(1) Right circular cone

vy =£x rth=£x{3t)]=x4ﬂ mm’
° 3 3
=12 000 & mm’
and _\‘2=3ﬂ+?=4ﬂm
We know that distance between centre of gravity of the body and bottom of hemisphere D,

<_M¥+Vy, (18000mx18.75) + (12 000% x 40)
W+ 18 0007 + 12 000R

=273 mm Ans.



MOMENT OF INERTIA: The moment of a force (P) about a point, is the product of the force
and perpendicular distance (x) between the point and the line of action of the force (i.e.
P.x). This moment is also called first moment of force. If this moment is again multiplied by
the perpendicular distance (x) between the point and the line of action of the force i.e. P.x
(x) = Px2, then this quantity is called moment of the moment of a force or second
moment of force or moment of inertia (briefly written as M.1.).

MOMENT OF INERTIA OF A PLANE AREA:
Consider a plane area. whose moment of inertia is required to be found out. Split up the whole

area into a number of small elements.
Let @y, @, a4, ... = Arcas of small clements, and
Fys Iy Fye ... = Corresponding distances of the elements from the line about

which the moment of inertia is required to be found out.
Now the moment of inertia of the area,

3 ¥
I =a,n +a,ry +any +..

=Yar

UNITS OF MOMENT OF INERTIA:

As a matter of fact the units of moment of inertia of a plane area depend upon the units of
the area and the length. e.g.

1. If area is in m” and the length is also in m, the moment of inertia is expressed in m*

2. If area in mm* and the length is also in mm, then moment of inertia is expressed in mm".

MOMENT OF INERTIA BY INTEGRATION:
The moment of inertia of an area may also be found

out by the method of integration as discussed below:
Consider a plane figure, whose moment of inertia is
required to be found out about X-X axis and ¥-¥ axis as T Hl“l
showninFig  Letus divide the whole area into a no. of ’

strips. Consider one of these strips.

Let dA = Area of the stnp . i
x = Distance of the centre of gravity of the . :_- - .. .

strip on X-X axis and ¥
v = Distance of the centre of gravity of the . Moment of inertia by integration.

strip on Y-¥ axis.
We know that the moment of inertia of the strip about ¥-¥ axis

=dA . *
Mow the moment of inertia of the whole area may be found out by integrating above
equation. i.c.,
I,= YdA »

Similarly I, =X dA.y



MOMENT OF INERTIA OF A RECTANGULAR SECTION:
Consider arectangular secion ABCD as showninFig.  whose moment of inertia 1s required

to be found out. & ¥, B
Let b = Wadth of the section and : F 3
d = Depth of the section. !
Now consider a strip PQ of thickness dv paralle] to X-X axis :
and at a distance v from it as shown in the figure :
Area of the strip X pre=== -:---f--- X d
= by : 1
We know that moment of inertia of the strip about X-X axis. :
=Arcax ¥ =(b.dy)¥=b. . dy E
Now *moment of inertia of the whole section may be found :‘?’ cX
out by integrating the above equation for the whole length of the  |&—— »'—>]
lamina i.¢. from —gﬁ to + g— Rectangular section.

T 3 3 3

. gl : % (d/2) _{-JII} 'M

3|4 3 3 12
2

Similarly. Iyy = —

MOMENT OF INERTIA OF A HOLLOW RECTANGULAR SECTION:
Consider a hollow rectangular section, in which ABCD is the main section and EFGH is the
cut out section as shown in Fig
Let b = Breadth of the outer rectangle. r
d = Depth of the outer rectangle and
b,. d, = Corresponding values for the
cut out rectangle.
We know that the moment of inertia, of the outer rectangle Y- -
ABCD about X-X axis
bd* :
= E [ll']
and moment of inertia of the cut out rectangle EFGH n
about X-X axis
L

12
M1 of the hollow rectangular section about X-X axis,

=M. of rectangle ABCD — M 1 of rectangle EFGH

A hd
2 12

b 3
Similarly, 7. o
= 12 12

.(1r) Hollow rectangular
section.

Tex



THEOREM OF PERPENDICULAR AXIS:

It states, If I,.,.and I be the moments of inertia of a plane section about rwo perpendicular
axis meeting at O. the moment of inertia I, about the axis Z-Z. perpendicular to the plane and
passing through the intersection of X-X and Y-Y is given by:

I =l + Iy
Proof :

Consider a small lamina (P) of area da having co-ordinates F i
as x and v along OX and OY two mutually perpendicular axes on
a plane section as shown in Fig. /EF_ e

Now consider a plane OZ perpendicular to OX and OY. (=S ) X
Let (r) be the distance of the lamina (P) from Z-Z axis such that 4 ¥ ) ,f/
OP=r.

From the geometry of the figure. we find that Theorem of
P=x+y perpendicular axis,
We know that the moment of inertia of the lamina P about X-X axis,
Iy =da.y? [~ I=Area x (Distance)?)
Similarly. I, =da x*
and Iy =da r =da (¥ + ) A P=x 5y

=da ¥ +da. :'.':=I}T+In

MOMENT OF INERTIA OF A CIRCULAR SECTION:
Consider a circle ABCD of radius (r) with centre O and X-
X' and ¥-¥" be two axes of reference through O as shown in Fig.

Now consider an elementary ring of radius x and thickness
dx. Therefore area of the ring.

da=2nx dx
and moment of inertia of nng, about X-X axis or ¥-¥ axis
= Area x (Distance)?
=2nx dexx®
=2xx3 dx

Now moment of inertia of the whole section. about the
central axis. can be found out by integrating the above equation for the whole radius of the circle i.e.,
fromOtor.

fzz-j’znx‘ dx = z:]'x’ dx

IR-EII I-—[r] -—{d} (mbmunmg r-i)

We know from the Theorem of Perpendicular Axis that

e 1 n
«J = [ l—l—l—{d"l- l—[d]
o R 64



MOMENT OF INERTIA OF A HOLLOW CIRCULAR SECTION:

Consider a hollow circular section as shown in Fig. ¥
whose moment of inertia is required to be found out. !
Let D = Diameter of the main circle, and

d = Diameter of the cut out circle.

We know that the moment of inertia of the main circle X'
about X-X axis

== @
and moment of inertia of the cut-out circle about X-X axis ¥
l&[‘,ﬂ”‘I Hollow circular section.

Moment of inertia of the hollow circular section about X-X axis,

I, = Moment of inertia of main circle - Moment of inertia of cut out circle,

n 4 R 4 = 4 )
=— (D)} -—@=—D"-4d
S Y el e )
R

Similarly, fﬂsatn‘-d‘y

THEOREM OF PARALLEL AXIS:

It states, If the moment of inertia of a plane area about an axis through its centre of gravity is
denoted by 1. then moment of inertia of the area about any other axis AB. parallel to the first, and
at a distance h from the centre of gravity is given by:

Ig=1I,+ak’
1,; = Moment of inertia of the area about an axis AB.
I, =Moment of Inertia of the area about its centre of gravity
a = Area of the section, and
h = Distance between centre of gravity of the section and axis AB.

where

Proof
Consider a strip of a circle, whose moment of inertia is required to be found out about a line
AB as shown in Fig.
Let Oa = Area of the strip
y = Distance of the stnip from the
centre of gravity the section and
h = Distance between centre of
gravity of the section and the
axis AB.
We know that moment of inertia of the whole section about
an axis passing through the centre of gravity of the section Theorem of parallel axis.
=da. ¥




and moment of inertia of the whole section about an axis passing through its centre of gravity,
Ic=X 8.y
Moment of inertia of the section about the axis AB,
Lg=L8a(h+yP=L8aW+y+2hy)
=(Zh. da)+(Zy da)+(L2hy. da)
=ah’+ I.+0
It may be noted that £ i* . 8a=a I’ and X 1* . 8a = I, [as per equation (i) above] and ¥ 8a ¥
is the algebraic sum of moments of all the areas. about an axis through centre of gravity of the

section and is equal to .V, where ¥ is the distance between the section and the axis passing
through the centre of gravity. which obviously is zero.

MOMENT OF INERTIA OF A TRIANGULAR SECTION:

Consider a triangular section ABC whose moment of inertia
is required to be found out.
Let b = Base of the mangular section and
h = Height of the triangular section.
Now consider a small strip PQ of thickness dx at a distance of

x from the vertex A as shown in Fig. . From the geometry of the B o " -
figure. we find that the two triangles APQ and ABC are similar
Therefore - . Triangular section.
PQ_x _BC.x b ki
"k o PQ h m (" BC =base = b)
We know that arca of the strip PQ
-E.d'.r

and moment of inertia of the strip about the base BC
= Area x (Distance)’ -%dﬂh =2 -%{h-x:zdr

Now moment of inertia of the whole tmangular section may be found out by integrating the
above equation for the whole height of the triangle i.¢.. from 0 to h.

hbx 3
Igc = LT (h-x)° dx



-%j:.r (B + x* = 2hx)dx
bk 2
'Ejﬂ (xh® + xX° = 2h®) dx

] Exl 1"l
hl 2 4

3 12

We know that distance between centre of gravity of the tnangular section and base BC.,
d=%
~. Moment of inertia of the triangular section about an axis through its centre of gravity and
parallel to X-X axis.

I =1, -ad A Iy =I +ak?)
-G -%
12 2 J\3 36

MOMENT OF INERTIA OF A SEMICIRCULAR SECTION:

Consider a semicircular section ABC whose moment of

inertia is required to be found out as shown in Fig.
Let r = Radius of the semicircle.

We know that moment of inertia of the semicircular
section about the base AC 15 equal to half the moment of inertia
of the circular section about AC. Therefore moment of inertia
of the semicircular section ABC about the base AC,

-%xixtﬂ‘-ﬂ.ﬂh‘ |:]smicirmr.urmﬁmmc.

We also know that area of semicircular section,

1 , P
am— X KPP —
2 2

and distance between centre of gravity of the section and the base AC.,

. L
in

Moment of inertia of the section through its centre of gravity and parallel to x-x axis,

2 2
= [%x{r}‘] - [% X [r}']: 011r*

Note. The moment of inertia about y-v axis will be the same as that about the base AC
ie.,0393 4



MOMENT OF INERTIA OF A COMPOSITE SECTION:

The moment of inertia of a composite section may be found out by the following steps :

1. First of all, split up the given section into plane areas (i ¢.. rectangular, triangular, circular
etc., and find the centre of gravity of the section).

2. Find the moments of inertia of these areas about their respective centres of gravity.

3. Now transfer these moment of inertia about the required axis (AB) by the Theorem of
Parallel Axis, ic.,
Lg=I;+ak’
where I, = Moment of inertia of a section about its centre of gravity and parallel to the axis.
a = Area of the section,
h = Distance between the required axis and centre of gravity of the section.
4. The moments of inertia of the given section may now be obtained by the algebraic sum of
the moment of inertia about the required axis.

EXAMPLE: Find the moment of inertia of a T-section with flange as 150 mm x 50 mm

and web as 150 mm x 50 mm about X-X and Y-Y axes through the centre of gravity of the
section.

Solution. The given T-section is shown in Fig. ~
First of all, let us find out centre of gravity of the section.
As the section is symmetrical about ¥-¥ axis, therefore its centre 150 mm——» ¥

of gravity will lie on this axis. Split up the whole section into two 0 -
rectangles viz., 1 and 2 as shown mn figure. Let bottom of the web '
be the axis of reference. . T
(i) Recrangle (1) i
a, = 150 x 50 = 7500 mm? @.) 150 mm
|
il y, =150 + 22 =175 mm .
. L ] ¥
(i7) Rectangle (2)
a, = 150 x 50 = 7500 mm?* —»{50 mm/<—
-q‘
and Vv, = % =75 mm

We know that distance between centre of gravity of the section and bottom of the web,
= _ @y +a,y;, (7500 x175) + (7500 x 75)
y= = =
a, +a, 7500 + 7500
Moment of inertia about X-X axis

We also know that M1 of rectangle (1) about an axis through its centre of gravity and parallel
to X-X axis.

125 mm

3
Ip = 1060 _} 5625x10* mm*

and distance between centre of gravity of rectangle (1) and X-X axis,
h, = 175 - 125 = 50 mm



Moment of inertia of rectangle (1) about X-X axis

Ig, + a5 = (1.5625 % 10%) + [7500 x (50)° ] = 20.3125 x 10* mm"*
Similarly. moment of inertia of rectangle (2) about an axis through its centre of gravity and
parallel to X-X axis.

5 L
Ioz = % =14.0625 x 10° mm*

and distance between centre of gravity of rectangle (2) and X-X axis,
h,=125-75=50 mm
Moment of inertia of rectangle (2) about X-X axis
= Igy + ay 3 = (14.0625 x 10°) + [7500 x (50)°] = 32.8125 x 10* mm*
Now moment of inertia of the whole section about X-X axis,
Iy =1(20.3125 x 10°) + (32.8125 x 10°) = 53.125 x 10° mm*  Ams.

Moment of inernia about Y-Y avis
We know that M 1. of rectangle (1) about ¥-¥ axis

i
= ﬂ{l—l}“_}- =14.0625 x 10° mm"*

and moment of inertia of rectangle (2) about ¥-¥ axis,

5
- M. 1.5625 x 10* mm*

MNow moment of inertia of the whole section about Y-Y axis,
Iw={14.0625 x 10%) 4+ (1.5625 x 10#)= 15625 = 10* mm*  Ans.

EXAMPLE: An |-section is made up of three rectangles as shown in Fig. Find the
moment of inertia of the section about the horizontal axis passing through the centre of
gravity of the section.

Solution. First of all, let us find out centre of gravity of the section. As the section is symmetrical
about ¥-¥ axis. therefore its centre of gravity will lie on this axis.
Split up the whole section into three rectangles 1, 2 and 3 as shown & 60 mm »|

inFig . Let bottom face of the bottom flange be the axis of v
reference. I_ O] 20 mm
(i) Rectangle 1 ' i
a, = 60 x 20 = 1200 mm :
and }-,-2u+1m+?=1mm ©) 100 mm
(i1) Rectangle 2 - | - 20 mm
a, = 100 x 20 = 2000 mm* :
and }'==Eﬂ+-l-?-=?ﬂmm ' Y
(iii) Rectangle 3 ® 20 mm
a, = 100 x 20 = 2000 mm’ o—<tonsmm—t] T
and y;-%-lﬂm

We know that the distance between centre of gravity of the section and bottom face,
s taytay (1200 x 130) + (2000 x 70) + (2000 x 10) ..\
i a, +a, +a, 1200 + 2000 + 2000
= 60.8 mm




We know that moment of inertia of rectangle (1) about an axis through its centre of gravity
and parallel to X-X axis,

1
Imlmidﬂxlﬂ" mm*

and distance between centre of gravity of rectangle (1) and X-X axis,
ﬁl =130-60.8 = 69.2 mm
. Moment of inertia of rectangle (1) about X-X axis,
=Ig, +a b = (40 x10%) + [1200 x (69.2)°] = 5786 x 10* mm*
Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and
parallel to X-X axis, :
Ia: = M- 15&&7 b 10! m-.
and distance befween centre of gravity of rectangle (2) and X-X axis,
hy=T70-608 =92 mm
Moment of inertia of rectangle (2) about X-X axis,
= Ig, +a, i = (16667 x 10") +[2000 x (9.2)°] = 1836 x 10" mm*
Now moment of inertia of rectangle (3) about an axis through its centre of gravity and parallel

to X-X axis,

3
ﬂ,-mm:—;m]-ﬁﬁ_?xm’ mm*

and distance between centre of gravity of rectangle (3) and X-X axis,
h, =608 - 10 = 50.8 mm
Moment of inertia of rectangle (3) about X-X axis,
= Igy + a, by =(66.7 x 10") + [2000 x (50.8)*] = 5228 x 10" mm*
Now moment of inertia of the whole section about X-X axis,

Iy = (3786 x 10%) + (1836 x 10°) + (5228 x 10*) = 12850 x 10* mm*  Anms.



5. SIMPLE MACHINES

SIMPLE MACHINE:

A simple machine may be defined as a device, which enables us to do some useful work at
some point or to overcome some resistance, when an effort or force is applied to it, at
some other convenient point.

COMPOUND MACHINE:

A compound machine may be defined as a device, consisting of a number of simple
machines, which enables us to do some useful work at a faster speed or with a much less
effort as compared to a simple machine.

UFTING MACHINE:

It is a device, which enables us to lift a heavy load (W) by applying a comparatively smaller
effort (P).

MECHANICAL ADVANTAGE:
The mechanical advantage (briefly written as M.A.) is the ratio of weight lifted (W) to the

effort applied (P) and is always expressed in pure number. Mathematically, mechanical
advantage, M.A. = W/P

INPUT OF A MACHINE:
The input of a machine is the work done on the machine. In a lifting machine, it is measured
by the product of effort and the distance through which it has moved.

OUTPUT OF A MACHINE:
The output of a machine is the actual work done by the machine. In a lifting machine, it is

measured by the product of the weight lifted and the distance through which it has been
lifted.

EFFICIENCY OF A MACHINE:
It is the ratio of output to the input of a machine and is generally expressed as a percentage.
Mathematically, efficiency

Output

e x 100

IDEAL MACHINE:
if the efficiency of a machine is 100% i.e., if the output is equal to the input, the machine is
called as a perfect or an ideal machine.



VELOCITY RATIO:
The velocity ratio (briefly written as V.R.) is the ratio of distance moved by the effort (y) to

the distance moved by the load (x) and is always expressed in pure number. Mathematically,
velocity ratio,

RELATION BETWEEN EFFICIENCY, MECHANICAL ADVANTAGE AND VELOCITY RATIO OF A
LIFTING MACHINE:

Let W = Load hifted by the machine,
P = Effort required to lift the load,

¥ = Distance moved by the effort, in lifting the load, and
x = Distance moved by the load
We know that M.A:%:M‘P and VR =2=yi
X

We also know that input of a machine
= Effort applied x Distance through which the effort has moved

=Pxy A1)
and output of a machine = Load lifted x Distance through which the load has been hifted
=Wxx Ai)

Output _ W xx _W/P_MA
Injpst Pxy v/ix VR
Note. It may be seen from the above relation that the values of M.A. and VR. are equal only
in case of a machine whose efficiency 15 100%. But in actual practice, it is not possible.

Efficiency. n=

EXAMPLE: In a certain weight lifting machine, a weight of 1 kN is lifted by an effort of 25 N.
While the weight moves up by 100 mm, the point of application of effort moves by 8 m.
Find mechanical advantage, velocity ratio and efficiency of the machine.

Solution. Given: Weight (W) = 1 kN = 1000 N ; Effort (P) = 25 N ; Distance through which

the weight 15 moved (x) = 100 mm = 0.1 m and distance through which effort 15 moved (v) =8 m.
Mechanical advantage of the machine.
We know that mechanical advantage of the machine

Velocity ratio of the machine
We know that velocity ratio of the machine

V_R_Iltl-m Ans,

Efficiency of the machine il
We also know that efficiency of the machine,



REVERSIBILITY OF A MACHINE:

Sometimes, a machine is also capable of doing some work in the reversed direction, after
the effort is removed. Such a machine is called a reversible machine and its action is known
as reversibility of the machine.

CONDITION FOR THE REVERSIBILITY OF A MACHINE:
Consider a reversible machine, whose condition for the reversibility is required to be found
out.
Let W = Load lifted by the machine,
P = Effort required to lift the load,
y = Distance moved by the effort, and
x = Distance moved by the load
We know that input of the machine

=PxXy A1)

and output of the machine =Wxx i)
We also know that machine friction

= Input — Output = (P % y) - (W x x) (i)

A little consideration will show that in a reversible machine, the *output of the machine should
be more than the machine friction. when the effort (P) 15 zero. i.e.,
Wxy > Pxyv-WxXx

or 2Wxx > Pxy
Wxx 1
or e
Py 12
L4
2.1
or Yy 2
X
A 1
- VR, 2
1"_ _‘_=v.R.]
P X

n:-E-ﬂ'i-'iﬂ%

Hence the condition for a machine. to be reversible,
15 that its efficiency should be more than 50%.

SELF-LOCKING MACHINE:

Sometimes, a machine is not capable of doing any work in the reversed direction, after the
effort is removed. Such a machine is called a non-reversible or self-locking machine. A little
consideration will show, that the condition for a machine to be non-reversible or self-locking
is that its efficiency should not be more than 50%.



EXAMPLE: In a lifting machine, whose velocity ratio is 50, an effort of 100 N is required
to lift a load of 4 kN. Is the machine reversible ? If so, what effort should be applied, so that
the machine is at the point of reversing?

Solution. Given: Velocity ratio (VR.) = 50 , Effort (P) = 100 N and load (W) =4 kIN = 4000 N.
Reversibility of the machine

We know thatMA. = 7. = 3000 _ o

P 100
and efficiency, n= !:::' = % = (0.8 = 80%

Since efficiency of the machine 15 more than 50%, therefore the machine is reversible.  Ans.
Effort to be applied

A lirtle consideration will show that the machine will be at the point of reversing, when its
efficiency 15 50% or 0.5

Let P, = Effort requured to Lift a load of 4000 [N when the machine is at
the point of reversing,
We know that MAsY o 2090 00072
£ K
and efficiency, ﬁ,i:M'h 4000/7 _ 80
VR 50 B
n=£ﬂ_\=1w:~r Ans.

LAW OF A MACHINE: The term ‘law of a machine’ may be defined as relationship between
the effort applied and the load lifted. Thus for any machine, if we record the various efforts
required to raise the corresponding loads, and plot a graph between effort and load, we

shall get a straight line AB as shown in Fig.

— Effort (P)—»
L]
.

=
e

— Weight (W) —»

We also know that the intercept OA represents the amount of friction offered by the
machine. Or in other words, this is the effort required by the machine to overcome the
friction, before it can lift any load.

Mathematically, the law of a lifting machine is given by

the relation:

P=mW+C

where P = Effort applied to lift the load,

m = A constant (called coefficient of friction) which is equal to the slope of the line AB
W = Load lifted, and

C = Another constant, which represents the machine friction, (i.e. OA)



EXAMPLE: What load can be lifted by an effort of 120 N, if the velocity ratio is 18 and
efficiency of the machine at this load is 60%?

Determine the law of the machine, if it is observed that an effort of 200 N is required to lift a
load of 2600 N and find the effort required to run the machine at a load of 3.5 kN.

Solution. Given: Effort (P) = 1201V ; Velocity ratio (VR ) = 18 and efficiency (1) = 60% = 0.6.
Load lifted by the machine.
Let W = Load lifted by the machine.

Weknow that MA. = . = = W/120
P 120
_MA W2 _ w
VR 18 2160

W=06x2160=129061N Ans.

and efficiency. 0.6

Law of the machine
In the second case, P = 200 N and W = 2600 N
Substituting the two values of P and W in the law of the machine, ie.. P=m W + C,

120=mx 1296+ C ..A7)
and 200 =mx 2600+ C i)
Subtracting equation (¢) from (11),
80
- m=——=0.06
80=1304 m or 1304

and now substituting the value of m in equation (ii)
200=(000=x2600)+C=15%+C
C=200-15=44
Now substituting the value of m = 0.06 and C = 44 in the law of the machine,
P=006W+44  Ans.
Effort required to run the machine at a load of 3.5 kN.
Substituting the value of W = 3.5 kIN or 3500 N in the law of machine.
P=(0.06x3500)+44=254N  Ans.

MAXIMUM MECHANICAL ADVANTAGE OF A LIFTING MACHINE:

We know that mechanical advantage of a lifting machine,

M.&:E
P

For maximum mechanical advantage, substituting the value of P = mW + C in the above
equation.
1

1

Max MA = = = o

mW+C _LE m .[Ncgl:ctmg;)
w



MAXIMUM EFFICIENCY OF A LIFTING MACHINE:

We know that efficiency of a lifting machine,
L4
Mechamical advantage - w
Velocity ratio VR. PxVRLR
For *maximum efficiency, substituting the value of P = mW + C in the above equation.
w 1 1

'|1= = =
(mW +C)x VR [m+%]xV.R mx VR ---[Nei ’ %]

Tl=

Max.

SIMPLE GEAR TRAIN:

Now consider a simple train of wheels with one intermediate wheel as shown in Fig.
N1 = Speed of the driver

T1= No. of teeth on the driver,

N2, T2 = Corresponding values for the intermediate wheel, and

N3, T3 = Corresponding values for the follower.

Since the driver gears with the intermediate wheel, therefore

Let

N _ T
N T

Similarly, as the intermediate wheel gears with the follower, therefore
N, T,

M 5. —)

Multiplying equation (if) by (i),
NNy T

==X
Ny N LT
Ny T
w N, " T,

Speed of the follower  No. of teeth on the driver
Speed of the dnver —  No. of teeth on the follower




COMPOUND GEAR TRAIN:

Let N, = Speed of the dnver 1
T, = No. of teeth on the dniver 1,
Similarly N, N,...N, = Speed of the respective wheels
T, T,...T, = No. of teeth on the respective wheels.

Since the wheel 1 gears with the wheel 2. therefore

Jvﬂ-
—
Ny
N,

Similarly e

N
and L
N,

Multiplying equations (i), (i7) and (i),
T, T, T,

PR R

2=

[}

5
T,
T,
%
T,
7,

HRI X5
L NT XT,

Product of the teeth on the drivers

Product of the teeth on the followers

A1)

(1)

. A1)

Jv: =a.!|lr!mﬂlr_‘=i Sj



SIMPLE LIFTING MACHINES:

1. SIMPLE WHEEL AND AXLE:

A

In Fig. is shown a simple wheel and axle, in which the wheel A and axle B are keyed to the
same shaft. The shaft is mounted on ball bearings, order to reduce the frictional resistance
to a minimum. A string is wound round the axle B, which carries the load to be lifted. A
second string is wound round the wheel A in the opposite direction to that of the string on
B.

Let D = Diameter of effort wheel,

d = Diameter of the load axle,

W = Load lifted, and

P = Effort applied to lift the load.

One end of the string is fixed to the wheel, while the other is free and the effort is applied to
this end. Since the two strings are wound in opposite directions, therefore a downward
motion of the effort (P) will raise the load (W).

Since the wheel as well as the axle are keyed to the same shaft, therefore when the wheel
rotates through one revolution, the axle will also rotate through one revolution. We know
that displacement of the effort in one revolution of effort wheel A,

= HD I-il-{i]
and displacement of the load in one revolution
=nd ...{#)
VR = Distance moved by theeffot =D D
" Distance movedbytheload rnd 4
Load lifted w
Now - —_— =
Effort applied P
MA
and efficiency o

V.R.



EXAMPLE: A simple wheel and axle has wheel and axle of diameters of 300 mm and 30 mm

respectively. What is the efficiency of the machine, if it can lift a load of 900 N by an effort
of 100 N.

Solution. Given: Diameter of wheel (D) = 300 mm; Diameter of axle (4) = 30 mm;, Load
lifted by the machine (W) = 900 I and effort applied to lift the load (P)= 100 N
We know that velocity ratio of the simple wheel and axle,

VR = EIEI 10
d 30

w900
and mechanical advant MA=—=—=19
- P 100
Emcumy“-Mh-i-DQ-m Ans.
VR. 10

2. SINGLE PURCHASE CRAB WINCH:

=RuHiE -

In single purchase crab winch, a rope is fixed to the drum and is wound a few turns round it.
The free end of the rope carries the load W. A toothed wheel A is rigidly mounted on the
load drum. Another toothed wheel B, called pinion, is geared with the toothed wheel A as
shown in Fig. The effort is applied at the end of the handle to rotate it.
Let T, = No. of teeth on the main gear (or spur wheel) A,
T, = No. of teeth on the pinion B,
| = Length of the handle.
r = Radius of the load drum.
W = Load lifted, and
P = Effort applied to lift the load.
We know that distance moved by the effort in one revolution of the handle.
=2l A1)
~ HNo. of revolutions made by the pinion B
=]
and no. of revolutions made by the wheel A
_
-4



. No. of revolutions made by the load drum
!
" h
and distance moved by the load -zmx% ()
1
_ Distance moved by the effort 2nl y .. B

VR - - e s B
Distance moved by the load

Errrle :

w
MNow MA = F ...as usual

MA

and efficiency. = VR ..as usual

EXAMPLE: In a single purchase crab winch, the number of teeth on pinion is 25 and
that on the spur wheel 100. Radii of the drum and handle are 50 mm and 300 mm
respectively. Find the efficiency of the machine and the effect of friction, if an effort of 20N
can lift a load of 300 N.

Solution. Given: [No. of teeth on pinion (T) = 25, INo. of teeth on the spur wheel (T,) = 100,
Radius of daum (r) = 50 mm; Radius of the handle or length of the handle (/) = 300 mm. Effort (P) = 20
I and load lifted (W) = 300 IV,

Efficiency of the machine
We know that velocity ratio
1 T, 300 100
VR=E-X—tm—X—=24
roT, 50 . 25
and MA = LA - s =15
P 20
MA 15
" ; 2 — = — = (625 = 62.5% Ans.
. Efficiency, n VR 24
Effect of friction

We know that effect of friction in terms of load,

ﬁm. =(PxVR)-W=(20x24)-300= 180N

and effect of friction in terms of effort.

w 300

F sP-—s-—=T5N
{effort ) VR 24

It means that if the machine would have been ideal (1.e. without friction) then it could lift an
extra load of 180 IV with the same effort of 2014. Or it could have required 7.5 I less force to lift the
same load of 300 [N Ans,



EXAMPLE:
A single purchase crab winch, has the following details:
Length of lever = 700 mm
Number of pinion teeth = 12
Number of spur gear teeth = 96
Diameter of load axle = 200 mm
It is observed that an effort of 60 N can lift a load of 1800 N and an effort of 120 N can lift
a load of 3960 N.
What is the law of the machine? Also find efficiency of the machine in both the cases.

Solution. Given: Length of lever (/) = 700 mm; No. of pinion teeth (T,) = 12; No. of spur
g:crtccth[l"l}:%anddiauﬂmdaﬂc:ZGOmmnrradius-:n:EﬂﬂQ: 100 mm.

(1) Law of the machine
When P, = 60 N, W, = 1800 N and when P, = 120 N, W, = 3960 N_
Substituting the values of P and Win the law of the machine .e.. P=mW+ C

60 =(mx 1800)+ C 1)
and 120 = (m x 3960) + C ..{iT)
Subtracting equation (i) from equation (i1)
60 =m x 2160

MNow substituting this value of m in equation (1),

w-(:—bx1sm)+c-ﬁu+c

C=060-50=10
and now substituting the value of m = 1/36 and C = 10 in the law of machine.

P-LW+ID Ans.
36



EXAMPLE:

In a double purchase crab winch, teeth of pinions are 20 and 25 and that of spur wheels are
50 and 60. Length of the handle is 0.5 metre and radius of the load drum is 0.25 metre. If
efficiency of the machine is 60%, find the effort required to lift a load of 720 N.

Solution. Given: No. of teeth of pinion (7,) = 20 and (T,) = 25, No. of teeth of spur
wheel (T;) = 501 and (T,) = 60; Length of the handle (/) = 0.5 m; Radius of the load drum (r) = 0.25
m, Efficiency (n) = 60% = 0.6 and load to be lifted (W) = 720 IN.

Let P = Effort required in newton to lift the load.
We know that velocity ratio
V.R.Ii _T_Lx!l -E[EKEJ-IE
r\T, T,) 025\ 20 25
and MA = E = E
P
720

. Efficiency ﬂb-ﬁ-.ﬂ.-ﬂ

VR 12 F
or P=2_100n Ans

0.6

WORM AND WORM WHEEL:

n
- s —

!I

It consists of a square threaded screw, 5 (known as worm) and a toothed wheel (known as
worm wheel) geared with each other, as shown in Fig. A wheel A is attached to the worm,
over which passes a rope as shown in the figure. Sometimes, a handle is also fixed to the
worm (instead of the wheel). A load drum is securely mounted on the worm wheel.

Let;

D = Diameter of the effort wheel,

r = Radius of the load drum

W = Load lifted,

P = Effort applied to lift the load, and

T = No. of teeth on the worm wheel.
We know that distance moved by the effort in one revolution of the wheel (or handle)

=nD...[J)



If the worm is single-threaded (i.¢., for one revolution of the wheel A, the screw S pushes the
worm wheel through one teeth). then the load drum will move through

nlrﬂuhmon
T

and distance, through which the load will move

2nr -
-T )
_ Dastance moved by the effort

Distance moved by the load

nD DT

V.R.

MNow MA =— ...as usual

and efficiency. T A e ..as usual
MNotes : 1. If the worm 1s double-threaded i.¢., for one revolution of wheel A, the screw § pushes the
worm wheel through two teeths, then
o
2x2r 4r
2. In general, if the worm is n threaded, then

VR =—
nr

EXAMPLE: A worm and worm wheel with 40 teeth on the worm wheel has effort wheel
of 300 mm diameter and load drum of 100 mm diameter. Find the efficiency of the machine,
if it can lift a load of 1800 N with an effort of 24 N.

Solution. Given: No. of teeth on the worm wheel (T) = 40 ;. Diameter of effort wheel
= 300 mm Diameter of load drum = 100 mm or radius () = 50 mm, Load lifted (W) 1800 I and effort
(Py=24N.

We know that velocity ratio of worm and worm wheel,

MA 75
: : - e DS e 5%
. Efficiency. n VR 120 Ans.



SCREW JACK:
It consists of a screw, fitted in a nut, which forms the body of the jack. The principle, on
which a screw jack works, is similar to that of an inclined plane.

Fig. shows a simple screw jack, which is rotated by the application of an effort at the
end of the lever. for lifting the load. Now consider a single threaded simple screw jack.
Let I = Length of the effort arm.,

p = Pitch of the screw,

W = Load lifted. and

P = Effort applied to lift the load at the end of teh lever.
We know that distance moved by the effort in one revolution of screw,

= 2nl = ()
and distance moved by the load ~ =p (i)
ki e o mf“mm moved by the effort & 2al (@)
Distance moved by theload  p
w
Now MA = 7 ..as usual
: MA
and efficeincy. n VE ..as usual
Note: The value of P i.c.. the effort applied may also found out by the relation -
*P=Wian (¢t + &)
where W = Load lifted
mna:i
nd

and tan ¢ = | = Coefficient of friction.



EXAMPLE:

A screw jack has a thread of 10 mm pitch. What effort applied at the end of a handle 400
mm long will be required to lift a load of 2 kN, if the efficiency at this load is 45%.

SOLUTION: Given: Pitch of thread (p) = 10 mm;

Length of the handle (/) = 400 mm;

Load lifted (W) = 2 kN = 2000 N and efficiency (n) = 45% = 0.45.
Let P = Effort required to lift the load

We know that velocity ratio

VR = - = 2513
r 10
and MA = d = ?
We also know that efficiency.
2000
B MA _p _T79%

VR. 2513 P

[
P=—?' b=l?.?N Ans.
0.45

HOISTING MACHINE:

Mechanisms for raising and lowering material with intermittent motion while holding the
material freely suspended. Hoisting machines are capable of picking up loads at one location
and depositing them at another anywhere within a limited area. In contrast, elevating
machines move their loads only in a fixed vertical path, and monorails operate on a fixed
harizontal path rather than over a limited area.

The principal compaonents of hoisting machines are: sheaves and pulleys, for the hoisting
mechanisms; winches and hoists, for the power units; and derricks and cranes, for the
structural elements.

TYPES:

¢ Pulley and sheave block
Chain hoists
Mobile cranes
Winch
Jack
Shear leg
Tower cranes
Whirler cranes
Derrick cranes
Gantry cranes



6. DYNAMICS

KINETICS: It is the branch of Dynamics, which deals with the bodies in motion due to the
application of forces.

KINEMATICS: It is that branch of Dynamics, which deals with the bodies in motion, without
any reference to the forces which are responsible for the motion.

PRINCIPLE OF DYNAMICS:

1. A body can posses acceleration only when some force is applied on it. Or in other words,
if no force is applied on the body, then there will be no acceleration, and the body will
continue to move with the existing uniform velocity.

2. The force applied on a body is proportional to the product of the mass of the body and
the acceleration produced in it.

NEWTON’S LAWS OF MOTION:

Following are the three laws of motion, which were enunciated by Newton,

1. Newton’s First Law of Motion states, “Everybody continues in its state of rest or of
uniform motion, in a straight line, unless it is acted upon by some external force.”

2. Newton’s Second Law of Motion states, “The rate of change of momentum is directly
proportional to the impressed force, and takes place in the same direction, in which the
force acts.”

F = ma = Mass x Acceleration
3. Newton'’s Third Law of Motion states, “To every action, there is always an equal and
opposite reaction.”

D’ALEMBERT’S PRINCIPLE:

It states, “If a rigid body is acted upon by a system of forces, this system may be reduced to
a single resultant force whose magnitude, direction and the line of action may be found out
by the methods of graphic statics.”

We know that force acting on a body.

P=ma (i)
The equation (i) may also be written as :
P-ma=0 (i)

It may be noted that equation (i) is the equation of dynamics whereas the equation (ii) is the
equation of statics. The equation (ii) is also known as the equation of dynamic equilibrium
under the action of the real force P. This principle is known as D' Alembert’s principle.



EQUATIONS OF MOTION:

u = Initial velocity,

v = Final velocity,

t = Time (in seconds) taken by the particle to change its velocity from u to v.
a = Uniform positive acceleration, and

s = Distance travelled in t seconds.

Let

Since in t seconds, the velocity of the particle has increased steadily from (u) to (v) at the
rate of a, therefore total increase in velocity =a t

v=u+at )

We know that distance travelled by the particle,
s = Average velocity x Time

_(u+r}” i
b ..(1)

u+u+at
5= T xr=ur+~2-ar ..{11)

e

v = u?+2as

EXAMPLE:
A scooter starts from rest and moves with a constant acceleration of 1.2 m/s2.
Determine its velocity, after it has travelled for 60 meters.

Solution. Given : Imtial velocity (u) = 0 (because it starts from rest) Acceleration (a) =
1.2 m/s* and distance travelled (s) = 60 m.

Let v = Final velocity of the scooter.
We know that v =1?+2as=(0F +2x12x60=144

y=12mis = 22X3600 _ 432 kmph Ams
1000



UNITS OF WORK:

The units of work (or work done) are :
1. One N-m: It is the work done by a force of 1 N, when it displaces the body through 1 m.
It is called joule (briefly written as J), Mathematically.
1 joule =1 N-m
2. One kN-m: It is the work done by a force of 1 kN, when it displaces the body through 1 m.
It is also called kilojoule (briefly written as kl). Mathematically.
1 kilo-joule = 1 kN-m

POWER:

The power may be defined as the rate of doing work. It is thus the measure of performance
of engines. e.g. an engine doing a certain amount of work, in one second, will be twice as
powerful as an engine doing the same amount of work in two seconds.

UNITS OF POWER:

In S.1. units, the unit of power is watt (briefly written as W) which is equal to 1 N-m/s or
1J/s. Generally, a bigger unit of power (kW) is used, which is equal to 10* W. Sometimes, a
still bigger unit of power (MW) is also used, which is equal to 10° W.

ENERGY:

The energy may be defined as the capacity to do work. It exists in many forms i.e.,
mechanical, electrical chemical, heat, light etc. But in this subject, we shall deal in
mechanical energy only.

UNITS OF ENERGY:
Since the energy of a body is measured by the work it can do, therefore the units of energy
will be the same as those of the work.

POTENTIAL ENERGY:

It is the energy possessed by a body, for doing work, by virtue of its position. e.g.,

1. A body, raised to some height above the ground level, possesses some potential energy,
because it can do some work by falling on the earth’s surface.

2. Compressed air also possesses potential energy because it can do some work in
expanding, to the volume it would occupy at atmospheric pressure.

3. A compressed spring also possesses potential energy, because it can do some work in
recovering to its original shape.

Now consider a body of mass (m) raised through a height (h) above the datum level.
We know that work done in raising the body

= Weight x Distance = (mg) h = mgh

This work (equal to m.g.h) is stored in the body as potential energy.



KINETIC ENERGY:
It is the energy, possessed by a body, for doing work by virtue of its mass and velocity of
motion.

LAW OF CONSERVATION OF ENERGY:
It states “The energy can neither be created nor destroyed, though it can be transformed
from one form into any of the forms, in which the energy can exist.”

From the above statement, it is clear, that no machine can either create or destroy energy,
though it can only transform from one form into another. We know that the output of a
machine is always less than the input of the machine. This is due to the reason that a part of
the input is utilized in overcoming friction of the machine. This does not mean that this part
of energy, which is used in overcoming the friction, has been destroyed. But it reappears in
the form of heat energy at the bearings and other rubbing surfaces of the machine, though
it is not available to us for useful work.

The above statement may be exemplified as below :

1. In an electrical heater, the electrical energy is converted into heat energy.
2. In an electric bulb, the electrical energy is converted into light energy.

3. In a dynamo, the mechanical energy is converted into electrical energy.

IMPULSE AND MOMENTUM:
Impulse is the change of momentum of an object when the object is acted upon by a force
for an interval of time. So, with impulse, you can calculate the change in momentum, or you
can use impulse to calculate the average impact force of a collision.

Impulse = Force X time

Momentum is the gquantity of motion of a moving body, measured as a product of its mass
and velocity.
Momentum = mass x velocity

PHENOMENON OF COLLISION:

Whenever two elastic bodies collide with each other, the phenomenon of collision takes
place as given below :

1. The bodies, immediately after collision, come momentarily to rest.

2. The two bodies tend to compress each other, so long as they are compressed to the
maximum value.

3. The two bodies attempt to regain its original shape due to their elasticity. This process of
regaining the original shape is called restitution.

The time taken by the two bodies in compression, after the instant of collision, is called the
time of compression and time for which restitution takes place is called the time of
restitution. The sum of the two times of collision and restitution is called time of collision,
period of collision, or period of impact.



DIRECT COLLISION OF TWO BODIES:

Line of
impact

contact

The line of impact, of the two colliding bodies, is the line joining the centres of these bodies
and passes through the point of contact or point of collision as shown in Fig.

If the two bodies, before impact, are moving along the line of impact, the collision is called
as direct impact as shown in Fig.

Now; m ju; + MaU; = My Vi + M3 Vs

NOTES: 1. Since the velocity of a body is a vector quantity, therefore its direction should
always be kept in view while solving the examples.

2. If velocity of a body is taken as + ve in one direction, then the velocity in opposite
direction should be taken as - ve.

3. If one of the bodies is initially at rest, then such a collision is also called impact.

EXAMPLE: A ball of mass 1 kg moving with a velocity of 2 m/s impinges directly on a
ball of mass 2 kg at rest. The first ball, after impinging, comes to rest. Find the velocity of the
second ball after the impact and the coefficient of restitution.

Solution. Given : Mass of first ball (m,) = 1 kg . Imtial velocity of first ball (u,) =2 m/s ,
Mass of second ball (m,) = 2 kg . Imtial velocity nf second ball (1) = 0 (because it is at rtsn and final
velocity of first ball after impact (v,) = 0 (because, it comes to rest)

Velocity of the second ball after impact.
Let v, = Velocity of the second ball after impact.
We know from the law of conservation of momentum that
Myl + Maliy = MV + MV,

(1 x2|+¢2xm=11xm+{2xr:1

2=2,
or v,=1m/s Ans.
Cocfficient of restitution
Let ¢ = Coefficient of restitution.

We also know from the law of collision of elastic bodies that
{1-2 = "'1' =& '["1 - n:l

(1-0)=¢(2-0)

or e=—=— =05 Ans.

b | ==



EXAMPLE: The masses of two balls are in the ratio of 2: 1 and their velocities are in the ratio
of 1: 2, but in the opposite direction before impact. If the coefficient of restitution be 5/6,
prove that after the impact, each ball will move back with 5/6th of its original velocity.

Solution. Given : Mass of first ball (m,) =2 M ; Mass of second ball (M,) = M ; Initial
velocity of first ball (u,) = U ; Initial velocity of second ball (u,) = — 2U (Minus sign due to opposite

5
direction) and coefficient of restitution (¢) = E
Let v, = Final velocity of the first ball, and

', = Final velocity of the second ball.
We know from the law of conservation of momentum that
M, 4 Pl =My +m,y,
M x U+ M (-2U) =2Mv, + Mv,
or 0 =2Mv, + Mv,
%P V,==2v, ()
We also know from the law of collision of elastic bodies that

5 ;o
(v, —n]-fwl-u-.}z—[u (-2v)]= 2” (i)

Substituting the value of v, from equation (1)

[— -{1. ]zg or 1i=—EXU

Minus sign indicates that the direction of v, 1s opposite to that of U. Thus the first ball will
5
move back with . th of its original velocity. Ans.
Now substituting the value of v, in equation (7).

5 5
Vv, =—2[——)<U]=+—><2U
6 6

Plus sign indicates that the direction of v, is the same as that of v, or opposite to that of u,,

Thus the second ball wall also move back with i th of its original velocity. Ans.
6



