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Derivatives

Introduction

The study of differential calculus originated in the process of solving the following three
problems
1. From the astronomical consideration particularly involving an attempt to have a better
approximation of m as developed by Bhaskaracharya, Madhava and Nilakantha.
2. Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
3. Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a function y = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation
method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.

(7) Define Euler's theorem and apply it solve different problems based on partial

differentiation.

Expected background knowledge

1. Function

2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x?

Table-1
X 5 51 5.01 5.001 5.0001
y 25 26.01 25.1001 25.010001 | 25.00100001

Let x =5 and y = 25 be a reference point
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We denote the small changes in the value of x as '6x’ ,
6x = small change in x

6y = change in y, when there is a change of §x in x.

Now, % is called Increment ratio or Newton quotient or average rate of change of y.

Now, let us write table -1 in terms of 6x, dy as

Table-2
ox 0.1 0.01 0.001 0.0001
Sy 1.01 0.1001 0.010001 0.00100001
5_y 10.1 10.01 10.001 10.0001
ox

From table-2 Sy varies as §x varies

It is clear from the table when §x=> 0
2 §y> 0 and 2> 10

This % when §x—> 0 is the instantaneous rate of change of y at the value of x.

d .
In above case x = 5, sod—i:atx=5 is 10

Definition of derivative of a function (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

fx+8x)—f(x)
5x

dy _ ;.
ax limgyo

Z—Z is also denoted by f '(x)

d_y = df(x) —f! = f1
dx dx f (X) f
are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.
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Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a’ in the domain Dy is given by

dy — F ) — 1 flat+h)=f(a)
a]xza—f (a)—hmh_)(,T

Example -1

Find the derivative of f(x) = x? atx =5

d o . (5+h)-f(5
Ans. s = £ (5) = limy, o L0

(5+h)?-52

= limh_m h

. 5+h+5)(5+h—5
=1thﬁ0£————%————l

(10+h)h —

= limh_,o limh_)0(10 + h) =10

Geometrical Interpretation of %

¥
. Jix + fx.y 4+ &)
(Fig.-1) A
PM =y
QN =y + by
P5= dx
as= &y
v+ &y
¥
X X
] x M N
- i
X+ dx
oM =x
¥ ON=x+ &x
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Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+6x,y + 8y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to X-
axis.

PS- QN

Let QP Secant meets x-axis, (by extending it) and QP make angle 6 with x-axis then angle QPS
=6

_S_ %y
In AQPS, tan 9 = o5 = o

AsQN=y+8y, NS=PM=y
=> QS = QN - NS = §y.
Similarly, ON = x+6x and OM = x =>PS = MN = ON — OM = §x

When 6x —0 then Q—P and QP secant becomes tangent at P.

INAPQS | ,,9-% { tan @ gives slope of PQ line}
T 6x
We know
limg, o % = % =tan @

Now when éx — 0 the line PQ becomes tangent at P

So,

3—2: = tan 8 = slope of the tangent to the curve at P.

So derivative of a function at a point represents the slope or gradient of the tangent at that point.
Example 2
Q. Find the slope of the tangent to the curve y = x? at x = 5.

Ans. As we have done it in example — 1.
D5 =10

dx

Therefore, slope of the tangent at x = 5 is 10.
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Derivative of some standard functions

d

1. = (c)=0
2. L (xn)=nxnt
- .
d _ . d _
3. = (a¥)=a*log. a In partlculara (e¥)=e*

1

d -
4. = (log, x) = TTog.a

. d d 1
In particular = (log, x) = = (Inx) = -

d , . _
5. E(smx)—cosx

d _ .
6. = (cosx) =-sinx
7. L (tan x) = sec®x
Todx
8. L (cot x) = - cosec?x
Todx
9. L (sec x) = sec x.tan x
dx
10. :—x (cosec x) = - cosec x. cot x
i in—1 = 1
11. = (sin™" x) Wepr
d 1N_ 1
12. = (cos™ x) Newre
i -1 = 1
13. - (tan™" x) e
i -1 = -
14. = (cot™ x) o
i -1 = L
15. = (sec™x) M
i -1 = - ;
16. - (cosec™ x) PN

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,
() S {cfr=ct (9

(i) S(f+g=f+g

iy (f-g=f'-g

(v) ffg}=fg'+f'g

A fy_fe-fg
v Eh=E
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Example-3
Find the derivative of the following:
(i)3x3 (ii) 6vx (iii) 9 3* (iv) 5 cot x

Ans.

i d_y = i 3y = _d(x3) = 3-1 = 2

(i) - dx(3x) 3 " 3X3x 9x

.. dy _d@6Vx) _ ~dWx) _~d , X1 14 1 22 3

(II) 5—7—6?—65()“)—6590 —65)('2—%

(i) dy _dO39 _ gdB3) _

x
dx dx dx 93%In3

. d(5cotx) _ o d(cotx)
(IV) dx =9 dx

=5 (- cosec?x) = - 5 cosec?x
Example 4
. d_y . - 3 _ 2
Find o (Dy=x°-x“+6
(i) y = vi; +x2(1-x) + sin"1 x

(iii) y = cosec x - sec™! x.cot x

Ans.

i d_y:i 342

(i) ™ dx(x x* + 6)
—a&®) _ax?)  d©)

dx dx dx

=3x2-2x+0
= 3x2 - 2x

D o (2150 + sin-L

(i) o dx(‘/E+x(1X)+sm x)
_d(vi?) d .2 d (ein—1
—74'&{3( (1—X)}+E(Sln X)
=d(x71) d

- +{x2% (1-x) + = (x?). (1 -x)}+%(sin'1x)
{as = (fg)=fg'+f'g}

=(DxT (a2 (0- 1)+ 2x (1- )+
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1

1
=-—-x?+2x-2x%+

%2 Vi1-x2
1 1
=-—+2x-3x%+
Zx% V1-x2
(iii) dy _ d(cosecx —sec™!x.cotx)

dx

_d(cosecx) d(sec”!x.cotx)

dx dx
1

=(- cosecx.cotx) — {sec 1 x . (- cosec? x) + cot X
( )= { ( ) + —=—cot x}
— -1 2 1
=sec” - xcosec“x - cosec X cot Xx - —— cot x
xVx2-1
Example-5
Find the derivative of following functions w.r.t x.
2 x X 3 2lnx 2 x
.\ 3x°+2x+5 ..\ a*=b ..., tanx . x5-2e +Inx3 . e
(i) 5 (i) — (i) — (V) ——/75) (V) xsinx-—;
Ans.
1
. dy _ 3Q2x)+2+0Wx— (3x2+2x+5)3x2 *
W &= ()2
d f\_f'g-fg
{As - (b =L
(6x+2)«/§—(3x2+2x+5)ﬁ
- X
3 3 3 s
_ 6x2+2\/§—59€2—\/;—m
X
9 2 5
_ Ex2+\/§—m
X
9\/— 1 5
=—\x +—=- —
2 \/; 2x2
. _ a*-p*
(i) y=2
dy _ (a®*Ina-b*Inb)x—1(a*-b%) {i(i) _ f’g—fg’}
dx x? dx‘g g2

_ xa*Ina—xb*In b—a*+b*

x2

_ a*(xln a-1)+b*(1-x1nb)
x2
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(iii)

(iv)

tan x
y cos™1x
1 2 -1
cos™lx sec?x—tanx (——=
d_y = (V 1—x2)
dx (cos™1x)2
- tan
cos™lx sec?x+ X)
= Vi1-x2
(cos™1x)2
3 2
y= x5—2e21MX 4 1n x3

x+1

3
3 2 2
x5—2elnx +§lnx

= — {AS elnx =x and lne* = x}
x+1

3 2
x5—2x2+§lnx

x+1

5 3x

3 3
Qy <§x§_1—4x+ﬂ>(x+1)—<x§—2x2+%lnx>(1+0)

ax

(x+1)2

3 2 2 3 2 2
=X 5 — _ —x5 =
<5x 4-x+3x>(x+1) xX5+2x 3lnx

(x+1)2

3 =2 3
3 = 2,2,3 — 2 = 2 2
—x5—4 +=—+=x 5 —4x+——x5+2 —=1n
sx X 3 sx X 3x X X 3 X

(x+1)2

3
2 2 2.2 3 2 2
s 4x—- 54— ==
3 4x—2x e + E+3x 3lnx
5x5
(x+1)2

ex.(1+x2)—ex(0+2x)}
(1+x32)2
, eX+x2eX—2xe*
= + e rx C Texe
X coS X + sin x — { )7 }
1+x2—2x}
(1+x2)2

={xcos x+ 1. sin x} = {

=X cos x + sin x - e*{

2
. 1-x
=xcosx+smx-e"( 2)
1+x
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Example 6

Find the slope of the tangent to the curve y = Inx at x = 1? [2017-w]

Ans.

Slope of tangent to the curve y = Inx at x = % is Z—z X%
R |

Now, == dx(ln X) "
dy =1_

Now a]le = 1 2

Example — 7
Find f' (+/3) if f(x) = x tan~* x[2017-w]
Ans. f(x)= xtan"lx

d(x tan~tx 1 _
= X )= +1. tan
dx 1+x2

1

f'(x) x

Example-8

Find the gradient of the tangent to the curve 2x2-3x-1 at (1,-2).

Ans.

dy _

a =4x -3

dy

— =4X1-3=1
dx]at (1,-2)
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Derivative of a composite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions
1)sin x2 is form by composition of two functions, one is sin x function and other is x2.
y= sinx? = sinu where u = x?
2) Similarly y = Vx? + 3x + 1 is written as
y=+vuwhereu=x%+3x+1
3) y= /sin(x2 + 1) is form by composition of three functions.
y =+/u where u =sinv and v = (x2+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

dy _dy du
dx du dx

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally t is a
differentiable function of x. Then

dx du’ dv dx

Example — 9

Find 2
(i).y=(x%+2x—-1)° (i) y = cot3x
(iii) sinv/x (2016-S) (iv) alnx (v) gsinx?
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Ans.
(i) y=(x?+2x—1)°
Here, y=u®andu=x%+2x—-1

d_u= = ﬂ: 4
L=2x+2=2(x+1)and ZL=5y

dy _dy du
dx du dx
=5 u* 2(x+1)

=10 (x2 + 2x — 1)* (x+1)
(i)  y=cot3x can be written as y = u3

where u = cot x

=- 3 cot®xcosec®x

(iii) y=+/sinVx

Herey=+u,u=sinv, v=1/x

So, &=l fogpgy, D= 1
‘du  2Vu’ dv Tdx  2Vx
dy _dy du dv
Therefore, T ——
=L  cosv.—
2vu” " 2vx

Zx/smv cos \/_ 7

- cosvx
4/ siny/x \x

(iv) y=adn
Herey = a* where u = Inx

d du _ 1
L -gtlngand 2 ==
du dx x
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=27 =aU -
Hence e C @ Ina
1
=aq"ng =
X
1
=Z-Inqa!"*
X
: 2
(V) y= gsinx

Herey = 5% u=sinv, v = x?

dy _ -u du _ dv _
™ 5%In5, T, €SV, — 2X
d dy dud
Therefore, & = 2X2LLY = 5uy 5 cosv. 2X
dx du dv dx

= 587 | 5 cosx? 2x
= 2x In5 551"*” cos x 2
Example — 10

Differentiate the following functions w.r.t. x.

(iW cot=1/x (||)m (2016-S) (i |) +b) (2014-S)
(iv) tan~!(secx + tanx) (2017-S) (V) cos 1(%)
Ans.
. dycot=1/x _ d(cot™*+x)
(’) dx - dx
d d\/_ 1 _ d 1
{Herey =Vu , Then => Y e =7 U= cot” 1/x = cot 1v,d—;‘: - =)
- 1 1 d‘/_ _ dy_ dy dudv
A= {- 1+(\/;)2} - {v= Vx , then by chain rule =2 =
- 1 1
- 2+ cot™1/x (1+x) 2vx
_ 1
T ava/ oot 1Vx (14+%)
_ 1
4x(1+2x)\cot=1Vx
.. d, 1 _ 1 \
) et Ter ™
_ @
{F ()32

d _
(iii) E{f(ax+b)}_ {f(ax+b)}2f ‘(ax+ b) ~ (ax+b)

a f'(ax+b)
f(ax+b)?2
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(iv) y=tan"!(secx + tanx)

_ -1 sinx

= tan (cosx cosx)
— —11+sinx
tan™( cosx )

. X X . X X
sin?=+ cos%+25m;cos—

*}

_ -1
= tan { 2X_ i 2X
cos ;—stn 2

(sin§+cos§) 2

}

- -1
= tan { X . X X, . X
(cos;—sm;)(cos;+sm;)

cosz+sinZ . . x
_1( ?i Sm_) {dividing numerator and denominator by 5}
2

cosE sink

2 2
—x%t+t—% x
- X d
_1(4:052 cosy, - tarl_1(1+tan )
cosg sm% 1—tan

COS£ COSﬁ
2 2

tan—+tan—
= tan~ (—2 ) = tan~Htan(E+ N =24 X
tan (1 tan tanx) tan {tan( )} 4 2

_yzi -1 :i —_ £ :l
Hence ™ dx{tan (secx +tanx) } dx(4+2) >

CcOos x+sin x)

= roc—1
(v) y =cos™( 7
= cos~1(cos x —= + sin x.—)
V2 V2
= cos™1(cosx COS% + sinx.sin %)

= -1 _E = _E
cos™(cos(x 4)) X-5

dy _ d —1,COsx+sinx
Hence ol (cos (—ﬁ )
_d T _
= E (X - Z) =1
Example —11
If y = sin 5x cos 7x then find %
Ans.
% = sin 5x i(cos 7x) + %(sin 5x). cos 7x
= sin 5x. (-7 sin 7x) + 5 cos 5x cos 7x

=5 cos 5x cos 7x — 7 sin 5x sin 7x
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Example —12
Find Z—z if y = cosec?(2x? + log, x)

Ans.

4y
dx

= 2 cosec (2x? + log; x){(-cosec(2x? + log; x)).cot(2x? + log; x)} (4x + )

xloge 7

1

= - 2 cosec?(2x? + logy x). Cot (2x? + logy x)[4x + xlog, 7

]

Methods of differentiation

We use following two methods for differentiation of some functions.

(i) Substitution
(i) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler function in
the new variable so that the differentiation w.r.t to new variable becomes easier. After
differentiation we again re-substitute the old variable. This can be better understood by following
examples.

Example — 13

y = tan~1 (Z3)
1+ x2

Ans.

y = tan~1 (2%
1+ x2

(If we differentiate directly by applying chain rule , it will be very complicated. So, we have to
adopt substitution technique here.)

‘/E_x )

—1,VxX— -
Now y = tan 1(x—§) =tan~! Ve

1+ x2
Now Put vx =tan « , x = tan 8

tanx—tan f8
Py wy——)

Then,y = tan_1(1+tana.tanﬁ

= tan~!(tan(x —p))

= -f =tan"'/x-tan"1x
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(AsvVx =tanx = «x=tan"'+/x and x=tan g = B = tan"'/x)

d_y = i -1 -
Now —= = — (tan Vx - tan x)
=_t 4 -
T 1+(x)? dx (Vx) 1+x2
=1 t 1
T 1tx 2vx 1+x?
_ 1 1
T A+02vx  1+x2 (Ans)
Example —14
Lod e —1,1-t2 )
Find pr if y = cos (1+t2) (2015-S)
Ans.
= cos‘l(l_tz) {Puttan8 =t = 6 = tan" 't}
y 1+t2
- Cos_l(l—tanzﬂ)
1+tan?6
= cos~1(cos 20)
=26
=2tan" 1t
d_y = i -1 = 2
dt dt (2 tan t) 1+t2
Note

When we apply substitution method, then we must have proper knowledge about trigonometric
formulae. Because it makes the choice of new variable easy. If proper substitution is not made,
then problem will be more complicated than original.

Example —15
Ify = sec™? (“) then find
a dx
Ans.
y = sec‘%%) Put x = a tan 6
- Sec_l(\/a2+a:tan29) - Sec_l(\/az(l-l(-ltanZG))
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2 2
— Sec_l(\/a Zec 6) — SeC_l(a sec9)
=sec™1(sech) = 6 = tan‘l(g)

Now 22 = 2 {tan ()}_ (a) dx()

1 1 1 1
= ) =

(1+ﬁ o T q aZx?
a? a?

_ a*  _ a
a(x?+a?) x2+a?

Example — 16

Differentiate sin?(cot™* /g)w.r.t X, [2018-S]

Ans.

y = sin?(cot™t |2 {Putx =cos 26 = 6 = Cos:x}
2 —1 [ l+cos26\y _ . o —1 |2cos%8
= sin“(cot (1_COS 29)) = sin* ( cot Yy )

= sin? (cot™1Vcot20 ) =sin?cot™(cotB) =sin?6

dx d6 " dx do d 2
= 2 sin 0 cos 6% (W)
=sin20 () =R
=i 3 (A9)
Example — 17

Find the derivative of cot (V1 + x2 + x) w.r.t x

Ans.
= cot™ ! (V1 + x2 + x) { Putx=cot 8 =>0 = cot™'x}
= cot (V1 + cot26 + coth)
= cot™1(Vcosec?6 + cot )
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= cot™!(cosech + cot8)

— 1 cosf
cot™ (sm6 sine)
— 1 ,1+cosf
cot™ ( sin@ )
-1 2cos 2
=cot™ (—
2sm?cos—
_ _1 €083
cot™ (—%)
sin;

6 _ cot™?!
2

cot‘l(cot(g)) == % Type equation here.

dy _i(cot‘lx 1

dx  dx\ 2 ) 2 (1+x2) T 2142

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.
Example — 18
Differentiate (sinx)t@"*
Ans.
y = (sinx)tanx
Taking logarithms of both sides we have,
Iny = In(sin x)t@n*
= Iny =tanx. Insinx

Differentiating both sides w.r.t x, we have

1d 1 .
= -2 =tanx—— . cosx + sec?x. Insinx
y dx sinx

1dy .
:>;d——tanx cotx + sec®x. Insinx = 1+ sec?x. Insinx

= d—y =y (1+sec?x. Insinx)

Hence Z—z = (sinx)®"¥ (1+sec?x. Insin x)
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Example — 19

(x—1)%2V/3x-1

Differentiate y = 3
x7(6—7x2)2
Ans.

_ (x—1)2%y/3x—1

3
x7(6=7x2)2

Taking logarithm of both sides

3
= Iny=In(x—1)2 +InV3x — 1 -Inx” - In(6 — 7x?)2 {as log ab=log a+log b&log% =

=Iny=2In(x—1) +2In(3x = 1) - 7 Inx - 2In(6 — 7x?) {as Inx™ = n Inx}

Differentiating both sides w.r.t, we have

ldy _ 2 d@x-1) 1 1 d@Bx-1) 7 3 1 d(6—7x?)
y dx 1 dx 2(3x-1) dx x 26-7x? dx
-2 .3 7. 314
1 23Bx-1) x 2(6-7x3)
-2 . 3 7. 2
1 2(3x-1) x 6-7x2
dy 2 3 7 21x
—=y[—+ -+
dx y [ x—1 2(3Bx-1) x 6—7x2:|
d x—1)%/3x—1 2 3 7 21x
d_z === gl Moy 23x-1) x 6-7x2 ] (Ans)
x7(6—7x2)2
Example — 20

Find the derivative of y = (log x)*¥**  (2017-W, 2015-S)
Ans: - y = (logx)t@n*
Taking logarithm of both sides,

logy = log(log x)tn*
= logy = tanx log(logx)

ldy _ x — 1 2
S ax tan .o+ sec x log(log x)

=
logx

:d_y_ (tan

B xlogx

- + sec?xlog(logx))

> 2= (logx)tan® (2

= + sec?xlog(log x)

x log

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II

log a-log b}




94

Example — 21
Differentiate (sinx)™* w.r.t x (2017-S)
Ans.

y = (sinx)"*
Then log y = log (sin x)!™* = In x log (sin x)

Differentiating w.r.t x ,

1dy 1 1 .
=2 = —_— + =
P Inx <in CcOSX Iog(sm X)

d_y= log(sinx)
= y[ lnxcotx+—x ]

LAY _ Inx +log(sinx)
s (sinx)™* [ In cot x — ]

Example — 22
. dy . _
Find - if y =x*
Ans. y=x*
Taking logarithm of both sides,
= logy = logx* = x log x

Differentiating w.r.t x ,

d
:»%ﬁ: x.%+1 . log x

dy _ — X
:E—y(1+log x) = x*(1 + logx).
Example — 23

Differentiate (Inx)* + (sin™x)* w.r.t. x.

Ans:- y= (Inx)* + (sin"'x)* = u +v

u = (Inx)* and v = (sin"1 x)*

Taking logarithm of both sides,

= logu = log (Inx)* and logv = log (sin™! x)*

= log u=x log (In x) and log v = x log (sin™! x)
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Differentiating w.r.t x ,

= %Z—;‘ = —(x log (Inx)) ()) and EE =— (xlog(sm x))
> 2= [x—. 2+ 1.log (In x)] and 22%= x—— ———+ 1. log(sin~1x)
= Z;‘ u[— + log (In x)] and —= v[sm_lw— + log(sin™ 1x)]
= Z—;‘ = (Inx)* [ﬁ +log (In x)] and % = (sin~1x)* [m +log(sin™"x)]
Now, = (utv)=gr+3

= (Inx)* [— +1log (In x)] + (sin™! x)* [ + log(sin™1x)] (Ans)

ﬂxk

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable ‘t’,
which is called as a parameter. Such type of representation of a fnction is called parametric
form. For example equation of circle can be given by x =rcost,y=rsint.

Here x, y both are functions of parameter ‘t’.
So, this form of the function is called parametric form.

Derivative of function given in parametric form

Ify=f(t),x=g(t), Then

Example — 24
Flnd |fx at? and y =2 bt
Ans.

——2t =2b

(dy)
d ot 2b b
NOW, _y = ~dt dx = =
dx (_) 2at at
dt
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Example -25
Find Z—z if x=a(1+cos@)andy =b (1-sing) (2018-S)

dx _ . _ . dy _ —
Ans. @—a(- sind)=-asinf, E‘b(' cosf ) =-bcosh

dy _ (dy/d®) _ —bcos6 _ b
Hence dx  (dx/d8) —asinf a cot &
Example — 26
Find Z—i when x=a (cost+tsint)andy=a (sint—tcost) (2017-S, 2017-W)

Ans.
Z—’:=a(-sint+tcost+1.sint)

=a(tcost)y=atcost

% =a(cost—t(-sint)—1.cost)
=atsint,

dy
. dy _ (G _atsint _
. __W_—_tant.

Example — 27

2t
1+t2

2t
1-t2

If sin x = andtany = then find %.

Ans.

Putt=tan 6 {In this case by substitution we can convert both x and y into functions of
another parameter 6, which are easily differentiable w.r.t to 6 .}

2tan @
1+tan26

= sin 26

Then sin x =

= X = sin"1(sin 26) = 26
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Differentiation of a function w.r.t another function

Suppose we have two differentiable functions given by y = f(x) and z = g(x). Then to find
the derivative of y w.r.t. z we have to follow the following formula.

d
ay _ @)
d dz

z (D

Example-28
Find the derivative of tan x w.r.t cot x (2017-w)
Ans.

Lety =tan x and z = cot x

dy 2 dz 2
—=S5ec"x ,—=-cosec”x
dx T dx

dy (d_y) sec?x d(tanx)

Now, === 4& = ——— = - gec?xsin®x,Hence = - sec®xsin’x
dz (E) —cosec?x d (cotx)

Example — 29

Find the derivative of e21°8%* w.rt2x2  [2018-S, 2017-w]

Ans.
y =e?198% gnd z = 2x?

dy _ d / 2logxy = 2 logx?y = 4 /.2\ =
dx dx (e ) dx(e ) dx(x) 2x

az _ d 5.2y =
= dx(Zx ) = 4x
ay _ (dyy,dzy _2x _ 1
Hence dz (dx) (dx) 4x 2
Example — 30

Differentiate a* w.rt x* [2014-S]

Ans. y =a*andz=x%

@ _ ox az _ ,,a-1
Now, -4 log a and - ax
dy
dy _ G _ a*loga _ a*!
Hence ==-9-=——=-=——-Iloga (Ans)
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Example — 31

Differentiate sin™*( 1-2+x

yw.rtcos () (2016-S)

x2

x 1-x2

=qin~1 2 = -1
Ans. Lety=sin (1+x2)& Z=cos (1+x2)
Putx=tant
- =1 2x = o -1 2tant = o -1 . -
y = sin (1+x2) sin (—1+tan2t) sinT*(sin2t) =2t
dy _
= 2
o _ —1 122 -1 1-tan’t, _ -1 -
Similarly, z = cos (1+x2) cos (—1+ tanZt) cos™*(cos2t) = 2t
dz _
= T 2
ay _ G 2
=t = Z o
dz (E) 2
d (sin~1(2X))
Hence ————25— =1
d (cos™ (7532))
Example — 32
Find derivative of log x w.r.t vx [2017-W]
Ans.
y =logxandz=+x
NOW, d_y = l and E = L
dx x X  2vx
dy 1
Hence‘;—y=%—+-%§=%(Ans)
@ =
Example —-33
. . 1—cosx 1-sinx
Differentiate ——— —
1+cosx 1+sinx
Ans.
— 1—cosx — 1-sinx
1+cosx 1+sinx
d_y — (1+cosx)(sinx)—(1—cos x)(—sinx) i L — f'g-fg'
dx (1+cosx)? { As dx { g} g2 }

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




99

_ sinx+sinxcosx+sin x—sinxcosx
(1+cosx)?

2sinx
(14+cos x)?

dz _ (1+sinx)(—cosx)—(1-sinx) cos x
dx (1+sinx)?2

—C0SX—C0S X sin x—cos x+cos x sin x
(1+sinx)?2

—2CcoSsXx
(1+sinx)?

d 2sinx .
dy _ ( y/dx) _ (tcosn? _ —tan x(1+sin x)?

dz dz. —2C0Sx 1+cos x)?
(dx) (1+sinx)2 ( )

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y
cannot be expressed in terms of x is called Implicit function.

eg.x2+y2-25=0
xY = y*

x?y+y?x+xy=25 efc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply

we differentiate both side w.r.t x and express Z—;’ in terms of both x and y.

Example — 34
Find 2 when x? + y3- 3xy = 0
Ans.
Given x3 +y3-3xy =0
Differentiating both sides w.r.t x We have,

2 23 g, 3V =
3x2+3y22-3xZ-31y=0

Wiz _ — 2y . 2
:»dx(3y 3x) =3y - 3x

[2015-S]
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Example — 35

F|nd |f In/x%+y2= tan‘l(—) [2017-w]

Ans.

Given In/x2 + y2 = tan‘l(ﬁ)

Differentiating both sides w.r.t x,

o
1 dy\ _ X~ Y1
JxZ+y? Jx2+ 2(2X 2y ) 1+()2( x? )
2y 1 x Py

2(x2+y2) T xZy? x? )
2

dy 20, 3V _
LY E _F (xg=y)
(x2+y?)  (x2+y?)x?

dy dy
=S>X+Y—=X—-
xTy dx X dx y
d
= (Y)Z=Xx+y
= ay _x+y
dx x-y
Example — 36

Find Z—i’ if y*=xY [2014-S, 2016-S, 2017-w]
Ans. Given y* =

Taking logarithm of both sides

=>lny* =lnxY

=>xIlny=ylInx

Differentiating both sides w.r.t x, we have
$x§%+ 1.Iny=2—z.lnx+y§

x dy

dy .y
=>=—+Iny=Inx-—=+=
y dx y

dx

d
=>($—lnx)d—Z=(§—lny)
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x—ylnx) dy — y=xlny

=>( y dx x

-3y _ yO=xlny)
dx x(x-=ylnx)

.4y _ y(y—xIny)
dx x(x-ylnx)

Example — 37

Find 2 if y2 cot x = x? cot y

Ans. y?cotx=x?coty

Differentiating both sides w.r.t x,

= 2y % cot x + y2(- cosec?x) = 2x cot y + xz(-coseczy%)
= 2y cot x % - y2cosec?x = 2x cot y - xzcoseczy%

= (2y cot x + xzcoseczy)z—z = 2x cot y + y?cosec?x

dy _ 2xcoty+ y?cosec?x

dx  2ycotx+ x2cosec?y

Example — 38

Find 2 if y* = x*iny

Ans.y* = xSy

Taking logarithm of both sides
log y* = log x5

= xlogy =sinylog x
Differentiating both sides w.r.t x,

1dy dy . 1
= 1. + ¥ ——= = —_ =
1.logy + x cosy logx + siny

x dy _siny
= (;— log x cosy)a— ~ logy

(x—y logx cos y) ay — siny—-xlogy
y dx x

=

dy _ y(siny—xlogy)

dx x(x—ylogxcosy)
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Differentiation of Infinite series

Example — 39
- A . dy
Ify=x* , find -
Ans.
y=

Taking logarithm of both sides
= logy=log x¥Y =y log x

Differentiating both sides

1dy _ dy 1
=S =2 +vy=
ydx dx Iog X yx
1 dy _ vy
= (-—logx)Z=Z
(; —logx) 2 =7
dy _y 1 _ y?

dx x (%—logx) " x(1-ylog x)

Example — 2

Ify= \/sinx +/sinx +Vsinx + -

>y= \/sinx + (x/sinx + +/sinx + -+*)
=>y=,sinx+y

Squaring both sides
=y% =sinx+y
Differentiating both sides w.r.t x,

d d
:>2yd_Z=COSX+d_Z

= (2y-1 )Z—z = COS X

= Q _cosx
dx ~ 2y-1
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Miscellaneous examples

Example — 1

Differentiate the following functions w.r.t x

0 Va+x +Va—x
Va+tx—+va-x
(i) [x] forx=#0
(i)  tan"le?*
(iv) etan‘1 x?
(v) tan™* az7—cll:x2
vi) xVx
vii)  logqosinx + log, 10 x>0

viil)  (x©)e" + (e%)*°

ix)  x**

V1+x2+V1-x2

®) T (e

Ans.

(l) \/a+x +Ja—x
y va+x—+va—-x

_ (Vatx+Va=x)(a+x+a=x)
- (Vatx -Va=x)(Jatx+Va=x)
_  (Jatx++a—x)?
T (Jarxn? - (Va=x)?
_ (a+x)+(a—x)+ 2v/a+xJa—x
B (a+x)— (a—x)

- 2a+2./(a+x)(a—x)

2x
_ atVa?—x?

X

d d ,a+Va?-x2
Now & = & (&Ya—x
dx dx x

)

x{0+

(—2x)}- (a+VaZ2—x2).1

x2

\/_

2
- —# - (a+Va?-x?)

x2
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(ii)

(iii)

(iv)

(v)

Now

dy

_ —x?—avaz-x2- a?+x?

x2Vaz—x2

_ —x?—ava?—x?— a%+x?

xNar—x
(a?+ ava?—x2)
N
= |x|
When x<0,y=|x| =-x
When x>0,y =[x =x
d|x d(—x
So & -4t _ when x <0
dx dx
d|x d(x
aixl - d@) _ 4 when x>0
dx dx
y =tan"!e?¥
dy _ 1 d( 2x) = 22X
dx 1+(e?*)2dx 1+ e*X
1.,.2
y= etan™'x
dy _ tan~1x2 d -1 .2\ = ptan"1x?2 1 x2
dx € dx (tan x ) € 1+(x2)2 dx )
2 x etan” 1x2
- 1+x*

7ax

_ -1 7 ax _ -1
y =tan™" ———— = tan (az_mz)

2_12x2
a?
7JC 3x 4x
‘tan"l( lzxz) = tan™'(; 3x4x)
a‘a

a2

(Putting %x = tan 91&% =tan 6;)

= tan~1 ( tan 81+tan 62

N |
1- tan 1tan 92) = tan” {tan(6; + 6,)}

=60,+06, = tan'l%x +tan~ 12
_d -1 3x d -1 4x
== 27) 4+ — -
dx(tan a) dx(tan -
1,3 1 4
Z) = 2\ + sl
e O ) - v

3a? 4q?

+
(a?4+9x?)a (a?+16x?)a

3a + 4a
a?4+9x%2  a?+16x2

(Ans)
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(vi) vy= xVx
Taking logarithm of both sides,
Iny=1In xVx
= Iny=+x Inx

Differentiating both sides w.r.t x,

1dy _
e ?lnx \/_
ﬂ: lnx )
2\/— Vx

ﬂ: \/—lnx+2
==X (2\/_) (ans)

(vii) y=logiosinx +log, 10

1
log, b

}

=logqosinx +

}

Topiox {as log, a =

1 1
(logqo x)? "x loge 10

dy _
dx sinx logg 10

cosx + {—

_ cotx 1
loge 10 x(logqo x)?loge 10

logig e

x(logyg x)? (ans)

= cotx logqp e -

(viii) y= @) + ()"

Lety =y, +y, where y; = (x©)¢" | y, = (e%)*°

Now, y; = (x€)¢"

Taking logarithm of both sides

log y1 = log (x©)¢" = e* log x¢

= logys =e*elogx = e*logx

Differentiating w.r.t x we have,

i% = pXx+1 x+1l
o e’ ‘logx + e .
ay, = x+1 —ex+1
== =yi(e"ogxt —)
= (x©) et (logx + %) -------------- (1)

Again y, = (e¥)*°

Taking log of both sides

= Iny, = x8In e¥= x®x = x°¢*1
Differentiating w.r.t x we have,

=2 = (e+1) x° 171 = (e 1)

z% = y,(e+1)x® = (e*)*° (e+1)x®

(2)
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(ix)

dy

From (1) and (2)
dy _dy1, dy
dx  dx dx

= (x"’)"’xe
y=(x*)
Taking logarithm of both sides,
Iny =Inx*" = x¥In x
Differentiating w.r.t x we have,
1dy _ axt xx1
y dx dx X

= y(nx L2+ xx1)

xx(m x L&) d( *) + xx—l)

Now let z = x*

Taking logarithm both sides,
= log z =In x*

=logz = x Inx

Differentiating w.r.t x we have,
1dz

=>-—=1.Inx+ x—
z dx

az_
:>E—z(lnx+ 1)

= | e

ix =x* (Inx + 1)

From (1) and (2)
— x -1
dx—xx (Inx x* (In x +1)+ x*~*)

= x* (x*(Inx)% + x* In x + x*71)

= x* x*1( x (Inx)2+xInx + 1)

- 1 —x2
0 y= e (EEHET,
Put = x? = cos 6

- —1,V1+cos 8+ +V1—cos O
Theny = tan (\/1+c059 Vi-cos®@

2 cosz—+ ’2 stn2
JZ cosz—— JZ sm2

-1 \/Tcos;+ \/?sm;

)

= tan~

1 (logx + i) + (e¥)*° (e+1)x®

(ans)

(Ans)
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cos2 sin2
2 4 2

g COSQ T .
% 2)  {dividing numerator and denominator by g }

— -1
=tan (——%
COSE SlnT
CE [
COSE COSE
[ T 4
1+tan= tan—+tan—
= tan (%) = fant (o
1-ta an 1—tanz tan—
— T 0
=tan"?! (tan (—+ ))=— =
4 2
=T, cos™1 x?
4 2

Example — 2

_ dy _ cos?(a+y)
If cos y = x cos (a+y) then show that i

Ans. Given cos y = x cos (aty)

cosy
cos(a+y)

Differentiate both sides w.r.t x we have,

cos(a+y)(—sin y)g—z —cosy (—sin(a+y))%
B cos2(a+y)

dy {sin(a+y)cosy—cos(a+y)siny}

=>1=
dx cos?(a+y)

-1= dy {sm(a+y y)}

dx " cos?(a+y)

d cos?(a+
5% = 05 @) proved)
dx sina

Example — 3

1—x2

Differentiate sec

Ans.

Herey = sec‘l(ﬁ) ,z=V1 —x2

Let x =cos @

— -1 1 1
Theny Sec (Zco 20— 1) cosZB)
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=sec™1(sec20) =20 =2 cos 1x

dy _ d -2
dx dx(2 cos™ x) Vi-xZ
dz _ —-x
== -2X) =
dx 21— x2( ) 1—x2
-2
d —x2 -2 2
Now £ = f5Z = 222
z e X X

Example — 4
— 10logsinx find &
If y = 10'°85"* find o
Ans.

d_y = logsinx
dx dlogsmx( 0 ) (logsznx)

= 10'985inx Jog 10 :—x (logsinx)  (As % ((@®) = a*log, a)

= 10'°8sinx|n 10 ﬁ cosx = In10 cotx 10'°8sinx

Example — 5

_ -1 1 — cin—1 t . d_y
If x = cos Nevvz and y = sin Newvz then find ™
X = cos‘lv% (Put t = tan®)

= -1 —1 = -1 1
cos (\/1+tan29) cos (sec 9)

0s™!(cosf) =0 =tan"'t

dx _ 1
dt  1+t?
.. t tanf tan 6
Similarly y = sin™? n~?! =sin™?!
yy \/1+t2 (\/1+ta 6) (sece)
—— -1 sin @ = o —1 . - — -1
sin (—cosesece) sin™(sin 8) f=tan" "t
dy 1
dt  1+t2
Hence, & = —fdt = /e
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Exercise

Short Questions (2 marks)

1) Find the slope of the tangent to the curve y = x2 at x = - %[2014-3]
2) Find the derivative of sin x w.rt cosx. [2017-S]

3) Find the derivative of cos x w.r.tlog, x . [2015-S]

4) Find Zifx=at?,y = 2at. [2017-w]

5) Differentiate tan™1 x w.r.t cos™! x.

6) Differentiate y = x5"™'* w.rt. x.

7) Differentiate cosec(cot™! x) w.r.t sec (tan™! x)

8) Differentiate sec?(tan™! x) w.r.t (1-x?)

9) Differentiate tan™?! /% —1w.rt x

10) Differentiatecot™ x w.r.t. cosec™! x
11) Find Z—i’ of each of the following
i) (tan™!5x)?
i) (sin"1x*)*
iii) tan~*(cosv/x)
iv) log,(log; x)
V) sin(exz)
Long Questions (5 marks)

12) Differentiate tan~!(S2X=312%) \ r t x. [2017-w]

cos x+sinx

13) Ify = tan™" |Z== then find 2.

1-sinx
14)Find X if x = y In (xy) (2016-S)
15) Find <X if y = (tan x)'"* (2017-w)
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16) Ifx\/1+y+y\/1+x=0Provethat(1+x2)3—i’+1 =0 (forx #y)

17) Ify =log (1+‘/—) then flnd

18) If cos

=tan~lq, Prove that 2 =2,
dx x

. dy _ x\Z,  yZ_
19) Flnda—’? |f(z)3+(z)3—1

1-x

+y _ = ﬂ:
20) If e*™Y — x =0 prove that oot

G )
21) Ify = (\/E)\/? * then prove that % = —z-:mgx'

22) Flnd |fx—Lt = 20t

1+t2 ' T 1-¢2

23) Differentiate sin®x w.r.t (In x)?

-1 1-x

1+x

24) Differentiate sin

25) Differentiate tan™! x w.r.t tan™1v1 + x2

26) If x = 202 4y

1+t2

i x = 52 i ﬂ
27) If sin (xy) + STX Y then find =

28) If V1 —x2 +,/1 — y% = a(x-y) , prove that% =y

1-x2

Ztan~lx

W w.r.t. X

29) Differentiate <
30) If y = log (x+Vx? — 1) then find %
31) Find % of each of the following

(i) sin~!(2axV1 — a?x?)

2\ 2 1
(i) () -1
(i) tanl(; fi_7)
(iv) «x cos'l( ) x cosec'l(‘/_ﬂ)

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




111

(v) sin"1(3x — 4x3)

. -1 4x
(vi)  tan™ (/=)
. 1
(vii) (1+x2)
. eX+e™*
(viii) prom—
ANSWER
(1 -1 (2) -cotx (3)—xsinx (4)%
() _ﬁ;? (6) xsinT¥ [—Si“x1 l°g" =l D1 (8)-1
1 x
O - 10T
. 10tan~15x .1 16x3(sin~1 x*)3 sinvx
M) () /5 (—r= (|||)m
(iV)Wl(logen2 (v) 2x e**cos (e*?)
12) -1 (13)% (14) m (15) (tanx)in* [%lntanx +Sei:flinx]

1 b(1+t?)3 xsin2x
(A7) =t (19)- (2 (22) MZER (23) i

2Inx
@4 TS @9 En e SN e TEne
(29) %[2X+(1+x2)1tan-1x'(1fx2)] (30)\/%
31) () = (ii) (jj;‘; (i) 3 == (iv) x
V) = (Vi) = (vii) —= (viil) - o=
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Successive Differentiation

If f is a differential function of x , then the derivative of f(x) may be again differentiable
w.rtx. If f/(x) = % then f'(x)is called first derivative of f.

If £'(x) is differentiable , and % =f"(x), then f "(x) is called the 2™ order derivative of
f(x) w.r.t x.

The above process can be successively continued to obtained derive functions of higher
orders.

Notations

1%t Order derivatives —» % Y, Y1, Dy, f{(x)
2" Order derivatives —> =Y Y2, D%y, F(x)

3 Order derivatives — F V. ys, D3y, £(X)

" Order derivatives — d—y Y, Yo, DMy, FUX)

Example — 1

Find 2™ order derivatives of following function.

(i) y = x>+ 4x3 - 2x% +1 (i) y = log, x
= 7 . :i
(li)y=vx2+1 (iv)y W

: = Y _4d.s5 3_ 9,2 = G4 2_

(i) y1= o = (x% +4x3 - 2x7 1) = 5xt+12x%-4x+0

= 5x*+12x2-4x
=y _d dyy_d o4 2_
Y2 = dx?  dx (dx) dx(5x +12x 4X)
=20x3 +24x -4 (Ans)

. d
(i) y1=2(log.x) ==
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yi= Zmdx (x +1) (Chain Rule)
2x+0 _ x

T Va1 Vxril

X

a, _

Y2 = dx dx
1VXZHL —x . —— L de?tn)
= (\/xz_j“j“ ofen & (applying division formula of derivative)
Va2 - —=
= 2V X“+1
x2+1
2 .2
__(P+1)-x* _ 1 (Ans)

VxZ+1 (x2+1) (x2+1)3/2

3

(|V) Y1 =%(%) = ( __) = —X_E_l —_ —X_E

_dy,_ 1,3, 39 _ -5
Yo == - (e —4 /2= _4x5/2
Example — 2

Find y4 and y, if y = log(sin x) (2018-S)

Ans.
=4 (sin x) =1 = cot
y1=—-log(s = 5 C0SX = cotx
= _ 4 =- 2
Y2= - = (cotx) cosec*x (Ans)
Example — 3
=at2 y= ind &Y
If x =at*, y = 2at then find oz

Ans.

ax. []
dx (E) a(atZ) 2at t

d? y_ddyy _ ddy dt
Now == dx? dx(dx) dt(dx) dx
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Example — 4

. ., d?
If x =a (8 —sind), y = a (1+cosh) then find d—xz
Ans.
ay . .
dy — 46 — —asinf - sin @
dx % g(1-cos®) 1—cos 6
de
-2 singcosg 2]
= % =-cot =
2sin2= 2
2
d dy.
d?y _ d dy. _ 256G dy . .
ot (dx) = 4% {as 5. 1S function of 6}
dae
%(— cotg) coseczgé 1 coseczg 1 26 20
=4 _—2 = =— # = —cosec”—. cosec” =
ox a(l—cosO) 2a 25in22 4a 2 2
ae 2
_1 49
=—cosec’ —
4a 2
Example — 4
. dzy . 2 2 2
Find 57 from the equation x“+ y* = a
Ans.
Given x2+ y2 = g2 (1)
Differentiate both sides,
dy
+ —_ =
2x + 2y ™ 0
dy x
= — =.Z=
oy (2)

Again differentiating w.r.t x

—
- dZTZ = {—y.lyzxdx }  {applying division formula }
¥y _ Y—X (_VX) F 5
= ety {Fom(2)}
d?y _  y?*+x?%, _ a?
= e G = Form (1))

Example — 5
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fx=3t-t3,y=t+1, find<2att=2.
Ans.

Given y=t+1 ,6x=3t-t3.

dy _ dx _ 2
== —_—= -
ar and ar 3-3t

d
dy _ y/dt — 1 — 1
dx  4X/,. 3-3t2  3(1-t?)

ddy, 1 -_1) - 2_t
4’y _ aiax 3((1—t2)2 (20 _sa=ey

dx? dx 3—3t2 T 3(1-t?)
ar
2t
9 (1-t2)3
d?y 2 2 4 —4
Now =z~ =___ =
0 dxz]t‘2 9(1-22)3  9(=3)® 243

Example — 6

If y = €% sin bx , then prove that y, — 2ay; + (a* + b2)y =0 [2017-w]
Ans.
Given y = % sin hx -----mmmmmmmmmmnn (1)

Differentiate both sides,
y1 = ae** sinbx + e** b cos bx
=y,= ay + be* cosbx -------------- (2)
Differentiate w.r.t x,
= Yy, = ay, tba e®™ cosbx + b e®b(- sin bx)
= y,=ay; + ab e** cosbx - b%y
=y, = ayi +a (yr-ay) - b%y {from (2)}

= y,=ay; + ay; - a’y - b%y

=| y2-2ayi+ (a® +b*)y=0 (proved)

Example — 7
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— ,mcos tx 2,8y dy 2., —
Ify=e then show that (1-x )@ - X -mTy = 0 (2018-S)

Ans. y=emecosT'x

d -1 -m m
=% - emeos™x ( — Y

Vl—xz) Vi1-x2

2 - oV e
=>vVl—x - = -my (1)
Differentiate w.r.t x

1(-2x) d d? d
:)( )_y+w/1_x2_y=_m_y

2V1-x? dx dx? dx
Dy (1-x2) LY
dx dx® = _m dy
V1-x? dx

dy nd?y _  _dy 5
X == + — 2 =_m= —
=X 1-x )dx2 mdx\/1 X

> (1-x2) 22 x &= m (my) = m2y{from (1))

=>(1—x2)32732/- x Z—z-mzy=0

Example — 8

If y = ax sin x, then x2y, — 2xy; + (x2+2)y = 0 (2016-S)
Ans. y=axsinXx (1)

Differentiate w.r.t x,

=Yy, =a/[1.sin x +x. cos x|

= y4 = a (sin X +X cos X) (2)
Differentiate w.r.t x,

=>y,=a(cosx+ 1. Cos x—Xx. sin x)

= Yy, = 2a Ccos X — ax sin X (3)

Now L.H.S=x2y, -2xy; + (x2+2)y { applying equation (1),(2) and(3) }
=2 a x? cos x - ax3sin x — 2ax sin x — 2 a x? cos x + ax>sin x + 2ax sin x
=0=R.H.S (Proved)

Exercise
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Question with short answers (2marks)

1) Find y, for following

(i) y=x2++x (i) y = e¥*sinx

Question with long answers (5 marks)
2)Ifx=2cost—-cos2t,y=2sint—sin 2t then find y”.
3) Find y, y =tan x + sec x
4) If y = sin"! x , then show that (1-x2) y, - xy; =0 [2017-w]
5) If y = A cos nx + B sin nx then show that % +n2y=0
6) If y = log (x+ V1 + x2) , Prove that (1 +x2 )y, +xy; =0
Question with long answers (10 marks)
7) If y = sin (m sin~! x) prove that (1-x?) y, - x y; + m?y =0

8)If y = e™sin™" * prove that (1-x2) y, - X y; = m2y (2017-W, 2017-S)

Ans.
N oo 1 - x
1) (i) 2 e (i) 2 e* cosx
3 Cosx
2) 85in§cosz%t 3) (1-sinx)?

Partial Differentiation
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The functions studied so far are of a single independent variable. There are functions
which depends on two or more variables. Example, the pressure(P) of a given mass of gas is
dependent on its volume(v) and temperature (T).

Functions of two variable

A function f: X x Y to Z is a function of two variables if there exist a unique element
z =f(x,y) in Z corresponding to every pair (x,y) in X x Y.

Domain of fis X XY .
f(XxY) istherangeoff. {f(XxY) CZ}
Notation : - z =f(x,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit | as (x,y) = (a,b), .If given e > 0, there exist §> 0 such
that |f(x,y)-I | <e whenever o < |(x,y) — (a,b)| <& .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if
(i) f(a,b) is defined
(ii) lim(yy)-(ap) f (X, ) €Xists.

(i)  limy)s@p) f(0¥) = f(a,b)

Finding limits and testing continuity of functions of two variable is beyond our
syllabus so we have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.

If variable x undergoes a chance 6x, while y remains constant, then z undergoes a
changes written as 6z

Now, 8z = f(x+ 6x,y) — f(x,y)

If g—i exist as x> 0, then we write the partial derivative of zw.r.t x as

af _ 0z _ o _ s
a—a—fx—zx —llmgx_)o

Fx+8xy)—f(xy)
ox

Similarly partial derivative of zw.r.ty,
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Fy+0y)=f(xy)
Sy

:—x , % symbols are used to notify the partial differentiation.
Note

As from above theory it is clear when partial differentiation w.r.t x is taken , then y is treated
as constant and vice — versa. (All the formulae and techniques used in derivative chapter
remain same here)

2" Order Partial Differentiation

If we differentiate the Z—i , Z—; w.r.t x ory, then we set higher order partial derivatives as follows.

1%t Order Partial Derivativesg—i ,

dz
dy

2"4 Order Partial Derivatives

0%z _ 9 ,0z

o7~ ox o)~ 2=

02 _ 0 %2y g,=f
dxdy Ox ‘0y xy xy
0%z _ 9 ,0z

37 =3y 5y) = 2w =fw

Note:f,, = f,, when partial derivatives are continuous .

Example -1

0z 0z

Find a ' 3y

(i) z=2x%y + xy? + 5xy.

iy z= tan-l(g) [2018-S]
(iiiy z=eYtanx [2019-W]
(iv)  z=log (x* + y?) [2015-S]

(v) z= sin-l(g) [2014-S]
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(vi)y z= f(%) [2017-S]
(vii) x¥+ y*
Ans.
(i) z = 2x%y + xy? + bxy
a_ = (2x y) + —(xyz) e (Sxy) ( Here y is treated as constant)
d a d
=2y —(x?) + y? - (x) + 5y - (%)
=2y.2x + y%.1+5y.1
= 4xy +y? + 5y.
20y ay? ay
ay =2x 6y+xay + 5x ay
=2x? + x.2y + 5x=2x%+ 2xy + 5x
(i) z=tan71)
y
2 = 1 i (f) = 1 l
8x 1+(§)2 ax \y yzy’rzx2 "y
__y: _
y(x2+y?)  x%+y?
0z __1 0 xy__1 (=X
5 - 1+)2 dy (y) V2+x2 (yz)
14 y?2
=__*
x2+y?
(iii) z=eYtanx
6z ey
Yy = =
Pl (tan X) = o
% - a(e )tan X=eYtanx
dy
(iv) z=log (x?+y?)
2 = 1 i 2 2 = 2x i 2= .
- TV T me {5;¥%= 0 Asy is constant}
az _ ( 2 ) 2y
6y (x2+y2) ay x2+y?
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5x_ —ﬁax (y)=\/y2—2x2 y  \Jy?—x?
9z _ 1 9 xy_ 1 —x
R P R =l
T
i) z=fQ
Q)o@ =f Q). (2
=20
(;)@( )= C). %
==f ()

vii) z=xY+ y*

g—i =yxY"t+y¥Iny (yis a constant here)
Z—; =x’Inx +xy* 1 (Asxis treated as constant)

Example-2 . Find f, and f,, where f(x,y) = x3 + y3 + 3xy
Ans: - f,=3x%+3y ,f, =3y%+ 3x

fu= —=(f,) = 6x + 0 = 6x

fyx=;—y(fx)=o+3=3

Example — 3
2 -1 9%z
If z=log (x? + y?) + tan () provethatﬁ+a—2—0
Ans. Z=_1 oy + 14 l)
Toax (x2+y2) 1+Y_2\ 2

2x x? (y) _ 2x-y
x2+y2 x2+y2 xZ x2+y2
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0z _ 1
ady  (x%+y

1 1
5 2Vt e &)

2y x?

= +
(x24y2)  (x2+y2) x

_ _2y+x
(x2+y?)
9%z _ 9 0z _ (x2+y?)(2-0)—-(2x-y) (2x+0)
Now ax2  ox (6x) - (x?%+y?)2

_ 2x242y%—ax?+2xy _ 2y%-2x?+2xy
(x2+y?)2 (x2+y?2)2

%z _ 2 (a_z) _ (x2+y?)(2+0)—(2y+x) (0+2Y)
ay* 9y oy (x2+y?)?

_ 2x242y%—ay?-2xy _ 2x%-2y%-2xy
(x2+y2)2 (x2+y2)2

Now a_2z + 9%z - 2y%—2x2+2xy+2x2-2y%-2xy
ax2  0y? (x2+y2)2

=2 =0 (Proved)

- (x2+y?)2

Homogenous function and Euler’s theorem

Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = t"f(x,y)
where t is any constant.

Example — 4

Test whether the following functions are homogenous or not. If homogenous then find their
degree.

(i) 2xy? + 3x2y (i) sin'l(i)

2 2
(iii) 3x°+2y

H 2
prey (iv) x* + 2xy + 4x

Ans.

(i) Let f(x,y) = 2xy? + 3x2y
f(tx, ty) = 2(tx)(ty)? + 3 (tx)*(ty)
= 2txt?y? + 3 t2x?ty
= t3(2xy? + 3x2%y) = t3f(x,y)
Hence f(x,y) is a homogenous function of degree 3.
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(i)  Let f(x,y)= sin-l(g)

f(tx, ty) = sin‘l(z—;) = sin‘lg =t0 sin‘l(g) = t%f(x, y)
Hence f(x, y) is a homogenous function of degree ‘0’.

_ 3x%+2y2
(i)  f(x,y)= 0

f(t, ty) = 3(t0)%+2(ty)? _ 2 Bx+2y?) _ t(x, y)

tx+ty t x+y
Hence f (X, y) is a homogenous function of degree 1.

(iv)  f(x,y)=x%+ 2xy +4x
f(tx, ty) = (tx)? + 2 (tx) (ty) + 4(tx)
=t (tx2 + 2t xy + 4x)
So here f (tx, ty) cannot be expressed as t"f (x, y)
Hence f(x,y) is not a homogenous function.

Note

(i) If each term in the expression of a function is of the same degree then the function

is homogenous.

0

(ii) If z is a homogenous function of x and y of degree n , then é andZ—; are also

homogenous of degree n-1.
(iii) If z = f(x, y) is a homogenous function of degree n , then we can write it as

Z=x"¢ (%)
e.g. In example - 4(i) 2xy? + 3x2y is homogenous function of degree 3.
Now f(x,y) = 2xy? + 3x%y = x3(2(§)2 +3 (ﬁ)) = x3q>(§)
Similarly in Example - 4 (iii), f(x,y) is of degree 1.

Y2 2AY
3x2+2y?  x% 3+2() 3+2()

X+y :;( 1+§ ) =x( 1+§ ):Xq)(i)

Now f(x,y)=

Euler’s theorem

If zis a homogenous function of degree n, then xZ 4 y ZTZ; =nz. [2014-S]

ox

Proof: -

Since z is a homogenous function of degree n, so z can be written as

R
zZ=x d)(x)
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) _ , G
Now 2 =nx""1 &) + x"d'(%). ()
= n "1 o 'y (- X
=nx" cP(x) +x"® (x) ( e
=X OR) - x" Y () e (1)
.. 0z _ 1V 0 Ly
Slmllarly, 5 =x"® (;)5(;)
= ’Z l = -1 Z ___________
="' %) () = L o) )
Now x x Equation (1) + y x Equation (2)
97 02 _ 1) - x" 2y ¢~ -1 ' (Y
=Sx Ty o, =X N Q) XTIy PO Yy TR
=nx"eR) -x" Ty &' QD)+ y @' ()
=n x"d)(%) = nz (proved)

Example — 5

Verify Euler’s theorem for z = % [2014-S]
0z _ 0 ,y\_ ¥

Ans. S =unG)
dz _ 9 ,y,_1
oy "oy )7

<

Herez=f(x,y)==

x

F(tx, ty) = = =2 =1(x, y)
Hence f(x, y) is a homogenous function of degree 0.

0z 0z

Statement of Euler’s theorem is Xty 3, Nz (here n=0)
N
=>x—+y 3y 0.Z2=0

Now we have to verify it.

From above
_ 0z dz _ y 1_ ¥y .,Y_A_
L.H.S—xa+y5 —X(-—+y.;—-;+;—0—R.H.S

Hence Euler’s theorem is verified.
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Example — 6
Verify Euler’'s theorem for z = x2y? + 4xy3 - 3x3y
Ans. Here z =f(x, y) = x2y? + 4xy3 - 3x3y
F (tx, ty) = t2x2t2y? + 4txt3y3 - 3t3x3y
= t*(x2y? + 4xy3 - 3x3y) = t*f(x, y)
Hence z is homogenous function of degree 4.

Here n = 4.So, the statement of Euler’'s theorem is

0z 0z
Ly ==
X yay 4z

Now we have to verify it

9z _ @
o = 5y +axy® - 3xy)
= 2xy? +4y3 -3 (3x?)y
=2xy? + 4y3 - 9x2y - (1

a a
5y = 5,77 +4xy® - 3x%y)

= 2x2y + 12xy? - 3x3 e (2)

L.H.S=x Z—i +y Z—;
=X (2x y? + 4y3 - 9x%y) +y (2x%y + 12xy? - 3x3) {from (1) and (2)}
= 2x%y% + 4xy3 - 9 x3y + 2x2y? + 12xy3 - 3x3y
= 4x2%y? + 16xy3 - 12x3y
=4 (x%y? + 4xy? - 3x3y) = 4z (verified)
Example — 7

If z = sin"1(2X) show that x Z + y Z = tan z [2017-S, 2018-S, 2019-W]
x+y ox dy
Ans.
Let z = sin"} (%) = sin"lu
x+y
xy

Now u = —
x+y
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U=(tX,ty)=m=T(%)=tU
Hence u is homogenous function of degree 1.

So by Euler’s theorem

=>u=sinz
ou _ 8, . _ oz
5 = 9.(sinz) = cos z —— (2)
ou_ a, . _ 9z
And = = —(sin z) = cos z - 3)

From (1), (2) and (3)
:>xcosza—z+ cosza—z=sinz
dx y dy

:>xaz+ 0z _ sinz
ox yay cosz

= tan z (Proved)
Example — 8
= sin~1& -1cY LNV
If u=sin (y) + tan (x) show that x Y 3y 0
Ans.
— cin—17% -10Y
If u=sin (y) + tan (x)
. —1,t —1,t
u (tx, ty) = sin 1(%) + tan™}(2)
= cin—1c% -10Y
= sin (y) + tan (x)
=u(x,y)

Hence u is a homogenous function of degree ‘0’

So by Euler’s theorem

ou u
Ty ==
xax yay 0
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Example — 9

If 2 = tan'l(%f), showthatx &£ +y Z=sin2z  [2017-w]
Ans. Letz=tan™!, whereu= (ﬁ)
x+y

t3x3+¢3y3 _ t2 (x3+y3)
tx+ty x+y

Now u (tx, ty) = = t%u

Hence u is a homogenous function of degree 2.

So by Euler’s theorem

ou u _
xa+y5—2u ----------- (1)

Now z = tan" 1 u

>u=tanz (2)
ou_ 2 =sec?z% .
- 9x (tanz) = sec“z o (3)
ou _ 0 _ 2 0z
And ol a—(tan z) = sec zg, (4)

a ] t
osxZ+yL=2 2% =2 tan z cos?z
Ox ay sec?z
=232 ps2z=2sinzcosz
Cosz
= sin 2 z (proved)
Example — 10
, . 9z 0 .
If z is a homogenous function of x and y of degree n and é , é are continuous , then show that

aZZ 2 aZZ
+ — = -
x5y y 372 n(n-1)z

0%z
22 2 4
X“ o 2xy
Proof

Given z is a homogenous function of degree n

So by Euler’s theorem
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oz 9%z 0%z 0z
1. =+x—+ =n—
0x x dx2 y dx0y 0x

9%z 0%z
x

=x55 Y 50y = (1) 57— 2)

Differentiating (1) w.r.ty,

9%z 9z 0%z _ 0z
x +1. —+y—=n—
dydx dy ay? ay
0%z 9%z 0z
= + ——— =1 )— ——————————
x dxdy y ay? (n 1)63/ (3)
0z 0z .
{As = , — are continuous}
dx 0y
(= 0%z _ 9%z }
oxdy 0dydx
Equ™(2) X x + Equ™(3) X y
9%z 9%z 0%z 0%z 0z 0z
2 2 —
=5x2 2 4 xy —— + +y2Z=x(n-1)—+ -1)—=
x dx?2 Xy dxdy Xy dxdy y ay? X(n 1) ox y (n 1)63/
9%z 9%z 9%z dz 0z
2 2 —
=>x2 2+ +y2—Z=(n- = 4+ y—=
x 0x? 2Xy dx0y y dy? (n 1) { Xax yay

=(n-1) nz

=n(n-1)z (proved)
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Exercise

Question with short answers (2 marks)
e X 0z 0z
1)if z=sin ;flnd aand %

2) If f(x,y) = \/x% + yZ , find f, , f, .

3) If f(x,y) = log (x? + y2- 2xy) find fu , fyx, fxy
_ . 0z 0z
4) If z = f(x,y) , then find Pl
. 0z 0z . _
5) Flnda,alfz—xey+yex
Questions with long answers (5 marks)

6) Given f(u,v) = 22222 find f, (2,1) and f.,(2,1)

7) Ifz= , then show that x — + y =0

8) If z = x2y + 3xy? -% . Find partial derivatives of 2" order.
9) Verify Euler’s theorem for u = x2 1og(§)

10)Ifz= xyf(—) then show that x— + y— =2z
11)Ifu—sm‘1( )showthatx—+ya———tanu
12)If z= ln(x;:y ——) then show that x — + y —=1

= -1 ﬁ a_Z 6_z=_
13) If z=cos™( prey ), then show that x P 3y cotz

Answers

2

2

Yy ) -2

1) % cos (5) ’ ;_: cos (3) 2) Vazy? ' xz+y?

4) y f(xy) , xF(xy) 5)eY +ye*,xe¥ +eX  6)—

8)Zu=2y, Zy=2x+Byr . Zy=2x+byr 27,

(x=3)% " (x=»)? ' (x-y)?
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INTEGRATION

Introduction

Calculus deals with some important geometrical problem related to draw a
tangent of a curve and determine area of a region under a curve. In order to solve these
problems we use differentiation and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to
1. Explain integration as inverse process of differentiation.
2. State types of integration.
3. State integral of some standard functions like x™ , sinx, cosx,.... sin™x ,...... a* etc.
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard
integration formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

If %= g(x), then the integration of g(x) w.rt xis [ g(x)dx = f(x) + ¢
The Symbol [. is used to denote the operation of integration called as Integral sign.
The function (here g(x) ) is called the integrand.
‘dx’ denote that the Integration is to be performed w.rt x (x is the variable of
Integration).
‘c’ is the constant of Integration (which gives family of curves)
Integrate means to find the Integral of the function and the process is known as
Integration

L 28 N N
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Types of Integration

Integration are of two types:- i) Indefinite i) definite
The integration written in the form [ g(x)dx is called indefinite integral.
The integration written in the form ffg(x)dx is called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in
the next chapter.

Algebra of Integrals

. JIf) £ g()ldx = [ f(x)dx [ f(x)dx + [ g(x)dx

i. [Af(x)dx = 2 [ f(x)dx for any constant A.

i, (A [ fdx) = 2 ([ Fd0) = My

Simple Integration Formula of some standard functions

i) [kdx =kx+c

. n _ xmtt 1
i) [x dx—m+c, n#-
iMf?x#Mﬂ+c

. x a*

iv) [a¥dx =—+c

V) [eXdx=e*+c

vi) [sinxdx = —cosx + ¢
vii) [ cosxdx = sinx +c¢
viii) [ sec? xdx = tanx + ¢
ix) [ cosec?xdx = —cotx + ¢

X) [secxtanxdx = secx + ¢

Xi) [ cosecx cotxdx = —cosecx + ¢
xii) [ —==dx = sin"'x + ¢
V1-x2

xiii) f\/;T_lyczdx =cos 'x+c
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-1
1+x2

Xiv) f1+1x2 dx =tan™'x +¢ xv) [

dx =cot ™ x+c

. 1 _ . -1 -
xw)fx— ==dx = secT'x+c Xxvii) fmdx = cosec™'x+c

Methods of integration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example -1  Evaluate the following

: 3 5 _ 1.5
(i) J(5x3 + 2x Tx+ =+ dx

.. 3 5_ .
Ans :-[(5x3 + 2x Tx+ =+ dx

3 5 _ —1/ E . .
5[x%dx+2[x°dx —7 [xdx + [x /2dx+5[—{ by algebra of integration}

=1

x3+1 x5+1 X1+l o t1
= X 2 X —-7X In|x
5 3+1 + 5+1 1+1 + _%.,.1 +5nfx| +c

x* x© x2  x/2
= 5 Xi;'+'2 X i 7 X'E-'F T +5In|x| + ¢

2

4 6 2
= 5%+%—%+2x1/2+51nx+c

4 6 2
= 5%+x?—%+2\/§+51nx+c

3x*—5x3+4x2—x+2
Ry g,

(i)

3x*—5x3+4x2—x+2
e ) dx

Ans :- [(

= f%dx—fsxi:dx+fﬁdx—f%dx+fédx

x3

=3fxdx—5fdx+4f‘i—x— x"%2dx + 2 [x73 dxdx

—2+1 2x—3+1

x1+1 x
= 3 X——5x + 4Inx — +
1+1 —2+1 —3+1

+c

2
= 3xX5 —sx+4lnx+i-L+c
2 x x2

2
= 3i—5x+41nx+i—i2+c
2 X X
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2

(iii)  [(4cosx—3e* + @)dx
. 2, 2
Ans :- [(4cosx —3e* + =X
— _ x dx
4fcosxdx—3[e dx+2fm

= 4sinx — 3e* +2sin"'x + ¢
(iv)  [6x3(x+5)%dx
Ans :- [6x3 (x +5)%dx
= [ 6x3(x% + 10x + 25)dx
= [(6x° + 60x* + 150x%)dx
= 6 [x>dx+60 [x*dx + 150 [ x3dx
= X +60xT+150 xZ 4 ¢
= x6+12x5+775x4+c
(v)  [5tan®xdx
= [5tan’xdx = [5(sec?x — 1)dx
= 5[sec’xdx—5 [1.dx
= btanx—-5x+c
(vi) fsinzgdx
Ans :- fsinzgdx

= f(l_czﬂ)dx= %[f dx — [cosxdx] {1-cosx=2 sinzf}

= %[x —sinx]+ ¢

(vii) [ gx

1+sinx

Ans :- [0 gy

1+sinx
_f (1-sinx)sinx _ f(l—sinx)sinx
(1+sinx)(1—-sinx) 1-sin2x

_ sin x—sin?x _ [.Sinx 2
= [ dx = [_dx—[tan?xdx
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= [ L gx — [(sec?x — 1)dx

COSX Cosx

= | tanx.secxdx — | sec*xdx + | dx
d Zxd d

= secx—tanx+x +c¢
1
(VIII) fsinzx.coszx

1
sin?x.cos?x

Ans - |

_ fsin2x+coszx
sin?x .cos?x

Pa2 2

f ' sin?x + f . cos?x
sin?xcos?x sin2xcos?x

= [ sec? xdx + [ cosec?xdx

= tanx — cotx + ¢

(ix) [ tan~t{ [F2224x

1+cos2x

Ans :- [tan™'{ %}dx (1 —cos2x = 2sin?x and 1 + cox2x = 2cos?x)

[tan™1{ 2SI gy = [ tan™ (Vtan?x)dx

2cos2x

[ tan™! (tanx)dx (~tan~!(tanx) = x)
=[ xdx = x?z +c

(x) f secx dx

secx+tanx

secx
Ans:- f —_—
secx+tanx

— f secx(secx—tanx) — fseczx—secxtanx { sec?x — tan2x=‘|}

(secx+tanx)(secx—tanx) sec?x—tan?x

= [sec?x dx — [ secx tanx dx = tanx — secx + ¢
(xi) [a*e*dx
Ans:- [a*e*dx = [(ae)*dx {we know [ a*dx = % here ae is in place of a}

_ (ae)* _ a%e*
B In(ae) Te= In(ae) Tc (Ans)
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(xii) [ V1 + cos2x dx (2017-S, 2018-S)
Ans: - [V1+ cos2x dx = [~2cos?x dx
= [V2cosxdx

=+/2 sinx + ¢

2. INTEGRATION BY SUBSTITUTION:-

When the integral [ f(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘X’ by another variable t (as
x=a(t)) which can be integrated easily. This is called substitution method.

[f@dx = [fOZdr = [flO@®I'()de,  where x=ib(t).

The substitution x=d(t) depends upon the nature of the given integral and has to be properly
chosen so that integration is easier after substitution. The following types of substitution are very
often used in Integrations.

TYPE -1
[ f(ax + b)dx
Putax+b =t

adx = dt

=> dx==dt
a

s [ flax +b)dx = [ f(t)zdt = = [ f(t)dt
TYPE - II
[ 2" f (e dx
Putx" =t¢
nx"tdx = dt

- dt
=>x""tdx = —

[xnifemydx = [0 5 = 2 f@©)dt
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TYPE - 1ll
JUFOY™ f'(x)dx
Put f(x)=t
Differentiate both sites w.r.t x,
roon _ dt
frx) =

tn+1

=>[{fCO}".f'()dx = [thdt =

n+1.+ ¢

n+1
= L tc (ce=f00)

n+1

TYPE-IV

£
[ T o

Put f(x)=t
=>f1(x)dx = dt

1
];((xx)) dx = f% =In|t| + ¢ = In|f(X)| + ¢ (~ f(x) = t)

SOME USE FULL RESULTS

1. f dx

ax+b

Ans :- Putax+b=t

Differentiate both sites w.r.t x,

dx dt 1rdt 1 1
f =f /a=— — = ZIn|t| = =In|ax + b| + c.
ax+b t al t a a

Il dx =§ln|ax +b|+c

ax+b
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2. [cotxdx
Ans:-{ cotxdx

sinx
Put sinx=t
Differentiate both sites w.r.t x,

dt
cosx = —
dx

=>dt = cosxdx

cosxdx _ dt _ _ .
: IW = [ — = In|t| = In|sinx| + ¢
[cotxdx = In|sinx| + ¢
3. [tanxdx

Ans :-[ tanxdx

X (multiply & divide by sec x)

f secxtanxd
secx

Put secx =t

Differentiate both sites w.r.t x.
dt

sec xtan x =—
dx

=>secx tanx dx = dt

secxtanx
[———d

dt
= [ —=In|t] = In|secx| + ¢
secx t

f tanxdx = In|secx| + ¢

4. [ cosecxdx

Ans :-[ cosecxdx

1
f@dx

f—1 . dx

2sinZ cos>
2 2
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Divide numerator & denominator by cos? x/z

1

cosX/, - sec**/y
fzsin£cos£ dx - fztanx/
2° "2 2

cos? X/,

Let tang =t
=>sec? x/z X %dx =dt

=>sec? x/z dx = 2dt

sec?X
= f—{fzdx
2tan—
2
2dt dt
= R A et
2t t

=In |tan§| +c

X
fcosecxdx =In |tan5| +c

=

sin¥  2sinfsinf  2sin?Z
7 > 2 2 — 1—cosx

- . X X — . )
Ccos— 251n; cos; sinx sinx

8

Now tang = = COSecx — cotx

N

Hence [ cosecxdx=In | cosecx-cotx | + ¢

5. [secxdx

Ans:-[ secxdx

= fcosec(g +x)dx (v cosec ("), +x) = secx)

In |tan(§+ §)| +c¢ (+ [cosecxdx =In |tan§| +0)

T X
Jsecxdx = In [[tan (Z + E)]I +c

As tan(f + %) = secx+ tanx ( we can easily verify it by applying trigonometric formulae.

Hence [ secxdx =Inlsecx+tanx|+c
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BY APPLYING ABOVE FORMULA WE OBTAIN FOLLOWING

1.
1
f cos(ax + b)dx = asin(ax +b)+c

Proof : -[ cos(ax + b)dx
Put ax+b=6

Differentiate both sites w.r.t x.

a_dB
dx

=>adx =df =>dx =%

a

~ [cos(ax + b)dx = [ cos8 x%
1 1 .
=={cosfdf = = sinf + ¢
a a
= %sin(ax +b)+c

Similarly we can get the following results.

2.

1
[ sin(ax + b) dx = —Ecos(ax +b)+c

1
3. fsecz(ax + b)dx = atan(ax +b)+c

1
4. f cosec?(ax + b)dx = —acot(ax + b)

1
5. [ sec(ax + b) tan(ax + b) dx = Esec(ax +b)+c

-1
6. J cosec(ax + b)cot(ax + b)dx = — cosec (ax +b) +c

7. feax+bdx — %eax+b +c
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8. fﬁ = %sin‘l(ax+b)+c =—%cos‘1(ax+b)+c
9 f dx = Ltan=t(ax +b) +c = —Scot=2(ax + b) +
. 1+(ax+b)2_aan (ax + b) ¢c=—_co (ax+b)+c
10 f ST g G L)
. (ax )tdx,n e c

11. dx 1 -1 -1 -1 +
f(ax+b)\/(ax+b)2—1 ~sec” (ax +b) +c=--cosec” (ax +b) +C
12. [amxtbdy = N
m lna

The above results of substitution may be used directly to solve different integration problem.

Example — 2 integrate the following
(V) [ xsinx?dx

Ans :-[ xsinx2dx

= i E:l i =__1
=[sint = [ sintdt =— cost+c

(i)  [(x—2)J(x%—4x+ 7)dx

Ans :- [(x —2),/(x2 — 4x + 7)dx
Let x?—4x+7=t>?

Differentiate both sides w.r.t x

dt
2x —4 = Zta
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=> (2x — 4)dx = 2tdt

=> 2(x — 2)dx = 2tdt

=> (x —2)dx = tdt

Now [(x—2)VxZ—4x+7dx= [VtZtdt

=[txtdt= [t’dt= t3—3+c

2_ %2
_ (x%—4x+7)
3

+c ( t=VxZ—4x+7 = (x®*—4x+ 7)1/2).
(i) [ (3x+5)7dx

Ans:[ (3x +5)7dx

Put 3x+5 =t

Differentiate w.r.t x

dt 1

3=— =>3dx=dt=>dx ==dt
dx 3
8
2 J@Gx+5)7de= Lft7dt=sx=+c
_ 1 (3x+5)8 _ (3x+5)®
= 3 X 3 +c= 7 +c

. xt+axd
(iv) fx5+5x4+7 dx

x%+4x3
Ans :- fx5+5x4+7
Put x>+5x*+7=t

Differentiate w.r.t x

Sxt +20x3 = &
dx

=> (5x* 4+ 20x3)dx = dt
=> 5(x* + 4x3) dx = dt

=> (x* +4x3)dx = %

x*+4x3 _1lpdt 1
| orsemdX =5/ = snltl+¢

= §In|x5 +5x* +7|+¢
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(v) [ sin”x cosx dx
Ans :- [ sin”x cosx dx
Put sinx = 6

Differentiating both sides w.r.t x

cosx = ﬁ
T dx

=> cosxdx = do

8
o [sin"xcosxdx=[607df = %4_ c

_ sin8

T8

X

(vi)  [2e'** tanx sec?x dx
Ans :- [ 2et% tany sec?x dx
Put tan’x= 0

Differentiating both sides w.r.t x,

de
2 tanx.sec’x = —
dx
=> 2 tanx sec?’xdx = df

. [2et** tanx sec?x dx = [e®d =ef + ¢

- etan2x+c
(viiy [ gy
Ans :- f?’(h;—x)zdx
Put Inx=t=>-=2=>Z=dt

2 3

eX—e™*

viii) Evaluate fex+e‘x dx (2017-S)
Ans:-[ £ dx (Lett=e* +e~* =>dt=(e¥ — e~*)dx
dt

=T =ln|t|+c=ln ex+e‘x|+c
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ix) Integrate [ ——dx  (2015-S)

Ans:-fﬁdx (Let2-5x=t =>-5dx=dt =>dx=-%)

=—§f%dt= —%lnt +c = —%ln(Z—Sx) +c.
x) Evaluate [e*sine*dx (2019-W)
Ans:-[ e*sin e*dx (Pute* =t =>e*dx =dt )
= [ sintdt = —cost + ¢ = —cose* + ¢

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

If the integrand is of the form sinmx cosnx ,sinmx sinnx or cosmx cosnx,a trigonometric
transformation will help to reduce.it to the sum of sines or cosines of multiple angles which can
be easily integrated.

sinmxcosnx ==X 2sinmx cosnx

N |-

= %[Sin(m +n) x + sin(m — n)x|
sinmx sinnx= %[cos(m —n)x — cos(m + n)x|
COSMX COSNX= %[Cos(m —n)x + cos(m + n)x|
Example — 3

i)Evaluate [ sin3x cos2x dx
Ans :- [ sin3x cos2x dx
=§f sin(3x + 2x) + sin(3x — 2x) dx
= %f(sinSx + sinx)dx
= %f sin5xdx + %f sinxdx
1 —cos5x

1
= 2 1_
SX— +2( cosx) +C

-1 1

= —cos5x —=cosx + ¢
10 2
-1

= m (cos5x — 5cosx) + ¢
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ii)Evaluate [ sin2x sinx dx

Ans :- [ sin2x sinx dx
= %f cos(2x — x) — cos(2x + x)dx
= %f(cosx — cos3x)dx

= % [ cosxdx — % [ cos3xdx

sin3x
3

_ 1. . 1
= > X sinx — > X +c
1 . 1 . 1 . .
= > sinx — gsm3x +te= - (3sinx — sin3x) + ¢
iii)Evaluate [ cos4x cos3x dx
Ans :- [ cos4x cos3x dx
=%f(cos(4x — 3x) + cos(4x + 3x)dx )
= %f(cosx + cos7x)dx
= 2 [ cosxdx + = [ cos7x
2 2

sin7x

_ 1 ., 1
= 5 Sinx + > X +c
= lsinx+isin7x+c
2 14
1, . .
= ” (sin7x + 7sinx) + ¢
iv)Evaluate [ sin®xdx
Ans :- [ sin®xdx
1-cos2x . 1-cos2x
= I(T) dx (wsin?x = ——=)

= %f(l — cos2x)dx

= %f dx — %f cos2xdx

_ 1 X x 1 % sin2x +c
2 2
x  sin2x

_ x -1 —si
= > " +c—4(2x sin2x) + ¢
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v)Evaluate [ cos3x dx

= [ cos3x dx

= I(COS3XZ3COSX) dx

cos3x+3cosx)

(+ cos3x = 4cos®x — 3cosx => 4cos3x = cos3x + 3cosx=>cos3x = .

= %f(cos3x + 3cosx)dx

= 1 3
= 7 J cos3xdx + 3 [ cosxdx

1 sin3x = 3 .
—_ -— x —_— X
" 3 + " sinx + ¢

sin3x 3sinx
= + +c
12 4

= %(sin3x + 9sinx) + ¢
vi)Evaluate [ cos®xdx
Ans :- [ cos®xdx

= [ cos*x. cosxdx=[(cos?x)?cosxdx

f(1 = sin®x)%cosxdx
{Put sinx=6 => Cosx=% =>d6f = cosxdx}
= [(1-6%)2do = [(1—262+6%)d6
= [d6—2[6%d0 + [6*ds
_ 0 5
= 0—-2X%X ? + ? +c
_ . 2 .3 1 . 5
= sinx —osinx + FSin°x +c
vii)Evaluate [ sin*x cos3x dx
Ans :- [sin*x cos3x dx

= [ sin*x cos®x cosx dx

[ sin*x (1 — sin®x)cosxdx

{ Putsinx =0 => cosx = % =>df = cosxdx}
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=[6%(1—6%)do
=[(6* —0%)d6 = [6*d0 — [ 65d6

05 o7

= ———+c
5 7
1, 1,
= =sin®x—=sin"x+c¢
5 7
cos3x
viii)Evaluate [ ——dx
sSin*x
Ans : fcos3x
: sintx
_ cos?x
= [ ——.cosx dx
sin*x
1-sin?x
= f%cosxdx
Sin*x

Put sinx = 6 =>cosxdx = df

= (% a9 = [(6~* - 672) dp

94+
g—3 71
= 3 I +c
1 1 1 1
= =t =
363 6 sinx  3sin3x

1
=cosecx — ECOS€C3X +c

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin?0 =cos?0(or 1 — cos?6 = sin?0)
tan?0 + 1 = sec?6 (also cot?0 + 1 = cosec?8)
sec?§ —1 = tan?0 (also cosec? — 1 = cot?0)

> the integrand of the formVa? — x2,\/x2 + a%,vVx2 — a2 can be simplified by putting

X=asin®
X=a tanf
X=a secf
X=a cosf
X=a cotf
X=a cosec 0
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Note
1.The integrand of the form a?- x* can be simplify by putting x= a sin 8 (or x = a cos 6)
2. The integrand of the form x*+a’ can be simplify by putting x= a tan 6 (or x = a cot 0)

3.The integrand of the form x? - a* can be simplify by putting x= a se 8 (or x = a cosec 6)

Example -4
. dx
i) Integrate [ o
ac—Xx
dx
Ans :- fm
Let x=a sin @

Differentiate both sites w.r.t x
dx=acos6d @

And x=asing=>0 = sin—lg

acos68d6 _ [acosO

dx _ - _ _ _ . _1£
Vaia? \/m weoss 40 = JdO =6 +c=sini T+

Hence [

[ =sin1Ei4c
Vaz—x2 ~ a

ii)Integrate [ xzdfaz
. dx
Ans :- [——
Letx =atand
diffentiating both sides w.r.t x,
dx = asec’0d6
x
And x = tanf => 0= tan‘la
dx _  asec?6d@
Hence [o5% =) e
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- f asec?0do
a?(tan?6+1)

_ f sec?6 do

asec?0

=1fd6 =6 +c=~tan"i+c
a a a a

dx 1 x
— 5= —tan" —+c
x*+a a a

iiii) Integrate f\/%
PO
Ans i [ e
Let x = atanf

Diffentiating w.r.t x we have,

dx = asec?*6do

Hence [

dx asec?6df  _ asec?0d0o asec?0do

Vx2+a? a?tan?9+q? a?(tan?6+1) asect

[ sec6d6

In|secd + tanf| + ¢ (~[ secxdx = In|secx + tanx| + c)

x2+a?
az)

2
(x = atanf => tanf =§ =>sec?0 = tan’6 +1 = %+ 1 =>secl =

x2+a?
a?

In | +3|+c
a

Vx2+a? + x
a

= In

+c

x+Vx2+a?

a

= In| [+c

= ln|x+\/x2+a2|—ln|a|+c

= In|x + Vx*+a?|+k  (~ where k = c- In|a| is a constant)

f\/%zln|x+\/x2+a2|+k
x2+a
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iv)Integrate [ \/%

dx
Ans i [
Let x =asecd => dx = asecOtan6dd

dx fasecetaanO
Vx2-a? Va2sec26—-a?

Now [

— f asecOtanfdb

Ja?(sec?6-1)

— f asecOtanf
atanf

do = [sect do

In|secO + tanf| + c

2
=+ fx—2—1|+c
a a

{As x = asecd = > secd = X/q =>tanh = Vsec26 — 1= /(5)2 -1}

In

x2_a2
a?

+c= In

+c

x+Vx2—a?
In T a

=+
a

In|x + Vx2 —a?| —In|a| + ¢

In|x +Vx2—a?|+k (~ k =c— Inlal = constant)

Hence

dx
f—m = ln|x+ VXZ —a2| + Kk

v)Integrate fw% (2016-S)

_1x
Let x = asecfd =>dx = asecHtanf df and 6 = sec 1;
dx a secOtan6d6
Now =
fx\/xz—az fasecB\/azsecze—az
_f asecOtan6 do _ f asecOtan6 do
asec /a?(sec?26-1) asecOva?tan?6
_f asecOtan6 _f asecOtan®
asecO atanf a?secOtan6
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Leog_ 1
Efd@—aB-FC

1 _1X
—sec 1= +¢
a a

dx 1 x
—— = —sec’'—+c¢
xVx2—a2 a a

. dx
vi)integrate [ ——
dx
Ans - [——

Letx = asecd =>dx = asecO tanf db

Now f - dx — f asecOtan6db

2—q? a?sec?0-a?

_ f a secO tanf do
a?(sec?6-1)

_ f secOtanfdo
atan?6

1

_ 1 (sec _1 rcosa

B ;f tané do _;f sz a6
cos

1 1

a sin@

=1
== [ cosect d@

= %lnlcosec@ —cotB| +c¢

, Vx2-a? x cos@ a
=>sinf = => cosect = T and cotf = s = m}

1 x a

= =In - +c
a VxZ2—a? Vx2%-—-a?
1 x—a

= -Inl—|+c¢
a x2—-q? +
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a el * €

1

vm|+

x-a . n_
—l2+c (vloga m™ = nlog, m)

1
:-nl
a X

= 2nl5s +c

x+a

J dx _1l|x—a|+
x2—a2_2anx+a ¢

Ans :- [

a2—-x2

Letx = asin@ => dx = a cos6do

a cosf dé
Now f a? xz - faz—azsinze
_ f a cosf do _ fcosede
a?(1-sin26) acos?0
= —f = [ secfdd
cos@ a
_ ) . 2 Jgi—x2
{As x = asinf8 => sinf = § => cosf = V1 —sin?0 = 1—%= =
=> sec) = — = —2_ => tanf = ﬂ }
- T cos® ~ Vaz—xZz - \/az—x2

%ln |secO + tanf| + ¢

1 | a x
vaz-x2 = a?-x?

| +c¢

a+x

I‘/—|+c

a+t+x

I\/a+xva xl tc

1 a+x

va—x

| +c
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(+ logm™ = nlogm)

dx 1 a+x
faz—xzz_l | |+C

n
2a la—x

These 7 results deduced in Example-4 are sometimes used to find the integration of some other
functions. Some examples are given below
Example-5 :-Integrate |

V25-16x2
dx 1 dx
—— (As = = -
f\/25—16x2 fx/zs 16x2 fJ16(2—5—x2)

==

T EEE
= £y

NG

ol 8

+c¢ (using formulaf\/% = sin‘1§+ c,herea=15/4)
= lsm‘l Xic
4

Example — 6: - Integrate [ ——

22X19 dx
Ans :- [ 2‘119 dx
= fmdx {Lete* =t =>e¥dx =dt}
Now f(ex)2+32 - ft2+32 - Etan'1§+ ¢
{as fxszaz = %tan'1§+ c , here a= 3}
= %tan‘1 e3—x +c
Example — 7:- Integrate fx\/%
Ans :- fx\/i;c—_‘}

( multiplying numerator and denominator by 4x° )

x% x8

x (Letx*=t =>4x3 = &

_E)
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- lf 4x3dx
47 xt[(xH?-a
= %ft\/ti—t__zz: %x%sec‘1§+c ( using formula [ —= a2=§sec g here a=2 )
= %sec‘1(§)+c
Example -8 ; -
Integrate [ \/%dx
Ans : fmd
| s
= f% {Let x+3=t =>dx=dt}
= fﬁdt
= f\/ﬁ‘l'zf\/%
S P A 1)
I f%—f% (putting t2 —16=z=> 2tdt=dz =>tdt=2%)

1

=2.2z24 0 =Vz+ ¢ =VE—16+ ¢
=J(x+3)2 =164 Ceeevveeeeieeenn, (2)

I, = Zf\/% ( applying formula f\/% = In|x +Vx2 — a?| + k , where a=4 )
=2In|t +Vt? — 16|+ c,
=2In|(x+3)+J(x+3)2—=16]+C3 eereeereiaenns (3)

From (1),(2) and (3) we have,

x+5 _
f\/ﬁdx— L+,
= J(x+3)2—-16+c,+2In|x+3+/(x +3)2—16]+c,
= VxZ+6x—7+ 2In|x +3+VxZ+6x—7|+c (wherec; +c, = cis a constant)
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Example-9 : -Integrate f&j% (2016-S)

Ans: - fﬁj;—T (putvx = t =>—=dx = dt =>F=2dt)
= [ = = 2In(t+VE@ =) +c  (Applying [ == = In|x+Vx7—a?| +k)
=2In(vx + Vx —a?) + ¢
Example-10: - Evaluate fozi’;_l
Ans:- [ zle-i:zc—1 =/ z(xzdff—é) - %fx“ le;’(‘%)z_%_%
=%fd—x S e — (applyingfxzd_xa2 =%ln % +c)

D=2 27 -

11 (x+3)-2 1 ax+1-3
=Ez_% In| (xé) %l +C=§1n|ﬁ| +c
=il ol re=sm | S5 [+

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

d w dv
E(UW) = Ud—+Wa
dw d
Or Ua— E(UW) -w d_

Integrating both sites,
v Z—: dx = f%(vw)dx— fw%dx
= wv 'fWZ_Z dx
Let u =Z—‘: thenw = [udx
Then the above result canbe written as [uv dx = ([ udx) v- [ ([ udx) x %)dx.

This rule is called integration by parts and is used to integrate the product of two
functions
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Integration of the product of two functions

= (integral of first function)x second function — integral of (integral of first X derivative of second)

Int.of product =(int.first)xsecond — [ (int. first)(der. second)dx.)

= Before applying integration by parts we have follow some important things which are

listed below.
1. In above formula there are two functions one is u and other one is v. The function ‘U’ is
called the 1% function where as ‘v’ is called as the 2™ function.

2. The choice of 1* function is made basing on the order ETALI . The meaning of these
letters is given below.

E — Exponential function

T = Trigonometric function

A — Algebraic function

L — Logarithmic function

| —inverse trigonometric function

The following table-1 gives a proper choice of 1% and 2™ function in certain cases. Here
meN, n may be zero or any positive integer.

Table-1
Function to be integrated first function second function
x"e* e* x"
x"sinx sinx x"
x"cosx cosx xm
x"(Inx)™ x™" (Inx)™
x™sin™! x x" sin™!x
x"cos™tx x™ cos™1x
x"tan™ x x™ tan~!x
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Example — 11
Integrate [ x cosx dx

Ans :- [ x cosx dx { from table-1, 1% function = cosx and 2" function = x }

{J(cosx dx)}x — [([ cosx dx) x%.dx

xsinx — [ sinx.1.dx
= xsinx + cosx + ¢

Example — 12
Integrate [ x2e*dx

Ans:-[ x?e*dx  { 1% function = e* and 2" function = x? }
=(fe*dx).x*— [([ exdx)%(xz)dx

=x%e* — [ e* X 2xdx

x%e* — 2 [ xe*dx { again by parts is applied taking e* as 1% and x as 2™ function.}

x2e* = 2[(fe*dx).x — [([ e*dx).1.dx]

=x%e* —2xe* +2e*+c= (x2=2x+2)e*+c
Example —13
Integrate [ tan™! xdx

Ans - [tan™!xdx

{ There is no direct formula for tan™! x and two functions are not multiplied with each other in
this integral. This type of integration can be solved by using integration by parts by writing
tan~! x as 1. tan~! x where ‘1’ represent an algebraic function. }

=[1.tan " xdx =(f1dx).tan"tx - [(f 1.dx).%(tan‘1 x)dx

dx

_1
= xtan" " x — | x.
f 1+x2

{ Let1+x%2=t => 2xdx =dt

L = lrat_1 =1 2
Nowfx.1+x2dx— SJ—=5mnt+c=In(1+x%) +c}

= xtan lx —%ln(l +x%) +c
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Example —14
Integrate [ Inx dx (2016-S)
Ans : - [Inxdx
= [1.Inx dx ( Taking 1 as 1* function and Inx as 2" function)
= ([ 1.dx) Inx — [(f 1.dx) < (Inx) dx
=xlnx—fx.§ dx =xinx — [dx
=xlnx—x+c = x(lnx—1)+¢c
Example-15:-
Integrate [(Inx)%dx
Ans - [(Inx)?dx
=[1 X (Inx)*dx
=(f 1.dx). (Inx)? = [ (J 1.dx) < (Inx)dx
=x(Inx)? — fx.ZI%dx.
=x(Inx)? — 2 [ 1 X Inxdx
=x(Inx)? — 2[x. Inx — fxi dx]
=x(Inx)? — 2xlnx + 2 [ dx
= x(Inx)? — 2xlnx + 2x + ¢
=x[(Inx)? = 2(Inx) + 2] + ¢
Example — 16 :-
Evaluate [ xtan™'xdx  (2017-W, 2017-S)

Ans:-[ xtan™x dx

= ([ xdx)tan™tx — [([ x dx);—x(tan‘lx) dx

x?2 1
=—tan"'x — [—— dx

2 2 1+x

x? 1 x%+1-1
= =tan"'x—-[——d

2 2) T1ex
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x2 _ 1 _
5 tan x — > (x —tan ) +c

2 1
= 2+1) tan™'x — Zx+c

Note: - When the Integrand is of the form e*{ f(x) + f'(x)}, the integral is e* f (x),which can be
verified by using integration by parts as given below.

[e*fx)dx=e*f(x)— [( exdx)%f(x)dx ( choosing e* as 1st function and f(x) as 2nd )
=e*f(x) — [e*f'(x)dx + ¢
=>[e*f(x)dx + [ e*f'(x)dx = e*f(x) + c
Hence [ e*{f(x) + f'(x)dx}dx = e*f(x) + c
Example-17: -
Integrate [ (1 + xinx)dx (2017-S)
. ex _ ex
Ans:- f;(l + xInx)dx = f;dx + [ e*(Inx)dx
= fex—xdx + [ e*(Inx)dx ( Keeping 1% integral fixed we only simplify the 2" one.)
=fe?dx + (J e*dx)(Inx) — [([e*dx) ;—x(lnx)dx
(taking e* as 1st and Inx as 2nd function.)
_re* e*
=[—dx+ e*lnx - [—dx+c

=e¥lnx +c.

In some cases, integrating by parts we get a multiple of the original integral on the right hand
side, which can be transferred and added to the given integral on the left hand side . After that
we can evaluate these integrals. Some examples of such integrals are given below.

Example18: -

Integrate [/ x% + a?dx
Ans:-Let = [vVx?+ a?dx
=[Vx2+a?x1dx
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={f(l.d)Wx2+ a2 - [( 1.dx).;—x(\/x2 +a?).dx
= xVxZ + aZ — [ x X —— X 2x dx

2Vx2+aZ
— 2 2 X
=xVx?+a?— | x X =—dx
f Vx2+a?

2 2 x+a—a
xVx? +a fm

x2%+a?
x\/x2+a2—fmdx+fm

xVx?+a?— [Vx?+a?dx+a® |

N 2+a2

xVxZ+aZ—1+a’ln|x+VxZ+a*|+c

=> 2[= xVx?+a?+a’In|x +Vx2 + a?| + ¢
2

=> 1= 2Vx2+a? + Zlnfx +VxZ + a?| + ¢

2
X a
J x2+a2dx=§ x2+a2+?ln|x+\/x2+a2|+c

Example — 19
Integrate [ sec?6vsec26 + 3 df
Ans: -[ sec?6Vsec?6 + 3 df
= [sec?6Vtan?6 + 1+ 3 d6

= [sec?6Vtan?0 + 4 dO {tanf =t => sec?6 do = dt}

= [Vt?2+22dt  (From example-18 , putting a =2)

2
=V F 2+ |t + Vi + 27| + ¢

SV A+ |t +VEZ + 4| +c
= taz—nQ\/tanZB +4+4+2 ln|tan9 + Vtan?6 + 4| +c
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Example-20 : -
Integrate [ VxZ —a?dx ( 2014-S)
Ans:- Let | = [Vx? — a%dx
= [VxZ—aZ x 1dx
= (f Ldx)Va? =@ — [(f 1.dx).— (VxZ — a®)dx

=xVx?—a?—[x X \/_x2xdx
=xVxZ—a? - f\/%dx
=xVx? —a? - fx\/_aT";‘zl
=xVx2 —a? — f\/_dx—f\/z_a2

=xVx2—a?— [Vx?—a?dx—a%[

—
=> |=xVx?—a? -1 — a’In|x +VxZ —a?| + ¢
=> 2I= xVx2—a?—a’ln|x +Vx2 —a?|+¢
2
=>|= ;sz—az—a?lnlx+\/x2—a2|+c

2
=> f xz—azdx=%x/xz—az—%ln|x+\/x2—a2|+c

Example — 21
Integrate [VaZ — x2 dx
Ans - letl= [vVaZ —xZdx
[Va? —x? x 1dx
(f L.dx)VaZ =22 — [(f 1.dx).=- (VaZ — x?)dx

=xVa? —x2% — (—2x) dx

fo\/—
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_ _x2
= xWa?—x2—{ = dx
_ x?
= xvad—xt- fm
_ dx
= xvVa? —x? — f\/_dx+ a’f —

. -1 X
= xva® —x? — [Va? —x?dx + a*sinT' - +c
. -1 X
=> | = xVa2—x2—1+ a®sin 1E+C
. -1 X
=> 2| = xVa?—x2+ a?sin IZ+C

x a? . _qx
=>1 = ZVa?—x?+ SsinT' =+

2
x a X
J a2 —x2dx ==+a?2—x2+—sin"'=+c¢
2 2 a

Example — 22

Evaluate [ a*Va?* — 9dx
Ans:-[ a*Va?* —9dx {Puta® =t => a*lnadx = tdt.}

=/ VE=3dt  {As[Vi?—@dx = 3Vx7 @~ S e+ V2 — @] +c )

t

2
= V=37 = Zin|t +VEZ = 32|] + ¢

1
Ina

=ﬁ TV@P =9 -Zn|@ + /@7 =9l +c

GVEZ =9 —ZIn|t + VEZ = 9| +c

\/ 9——ln|(a ++vVa?* -9|+¢

lna

Example-23 : -
Integrate [ V2x2 + 3x + 4 dx
Ans: -[V2x2 +3x + 4 dx

=2 ’x2+%x+2 dx
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= \/Ef\/x2+2.%x+(%)2—(%)2+2 dx

= \/ff\/(x+%)2—%+2 dx

V2 [ /(x+%)2+ g dx (putx+%=t =>dx =dt)
= V2 ft2+ @22 4¢ ( applying result obtained in example-18 )
_2 2
= V2L /t2+( Y2 4 Sl e+ 2+ (2)

23

—\/_[— (x+—)2+ + Lin

V2 [ / 242242+ ZIn

4’:3\/2x2 +3x+4+ ﬁln

|+c

x+ + /(x+—)2
x+ + /x2+ x+2|]+c
x+3 i /x2+ x+2|+c (Ans)

Example-24: -
Integrate [ e®* sinbx dx
Ans :- Letl= [e% sinbx dx

= ([ e dx) sinbx — [([ e dx) x % (sinbx) X dx

eax ) eax
=—sinbx — fT X cosbx X b dx

ax cj b b
=2 2% _ 2 [ e coshx dx
a a
_eYsinbx b ax _ ax d
— = - [(J e**dx)cosbx — [([ e** dx) x — (cosbx)dx]
_e%sinbx b e e ,
— ~ [——cosbx fax( sinbx) X b dx]
_ eYsinbx b [eaxcosbx + Efe“xsinbxdx]
a a
e sinbx b

b2 .
= ———— —e%cosbx — — [ e sinbx dx

2

e sinbx b b
= ————— —e%Ycosbx— 5 I+c
a a

a
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b? eXsinbx b
=> [+—=]= —————=e%¥cosbx + ¢
a a a

a?+b? sinbx b
=>( ) = e¥ |[——=——=cosbx|+C
a? a a?

2, p2 inbx—
=>(a +b )1 — pax [asmbx bcosbx

]+c

a? a?
eax

=> = 1 —_
—og La sinbx — b cosbx] + ¢

ax

212 (a sinbx — bcosbx) + ¢

J e sinbxdx =

Example-25
Integrate [ e®* cosbx dx

Ans:- By adopting the same technique as we have done in example-24 We get

ax

% (a cosbx + b sinbx) + ¢

fea"cosbxdx ===
ac +

Example-26 : - Evaluate [e?*sin3xdx  (2017-S)
Ans:-[ e?* sin3x dx

( Proceeding in the same manner as we have done in example-24 with a=2 and b= 3)

2x

= 2;—32 [2 sin3x — 3cos3x] + ¢

e .
=i [2 sin3x — 3cos3x] + ¢

= % [2 sin3x — 3cos3x] + ¢ (Ans)
Example-26 : - Evaluate [ e3* cos2x dx (2016-S)

Ans:- [ 3% cos2x dx ( Putting a=3 and b=2 in the result obtained by Example-25)

e3x

= 2157 [3cos2x + 2sin2x] + ¢( Note- In exam you have to proceed as example-24)

_e3X .
=52 [3cos2x + 2sin2x] + ¢

3x
= el—g [3cos2x + 2sin2x] + ¢ (Ans)
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Exercise

1.Evaluate the following Integrals (2 marks questions)
i) fﬁdx

i) [ + ) dx

1-sin3x
iii) [———dx

_)J cos2x g
iv) | ————————dx
sin®xcos?x

V) j\/l + sin2xdx
(e +1
vi) J o dx

vii) f e?nxdx

) dx

viii) f(\/l—x2+
) fx + Vx? —

x3Vx2 =1

X2
V1 —x?

f 1-— cost
x) 1+ cost

XI) J']."'Slnx
xii) [(x¢te* + e®)dx
xiii) [ (x2 + vx)2dx

2.Evaluate the following (2 marks questions)
D f (1+x3)2
ii) jsecz (3x + 5)dx

[ (tan™'x)® d
iii) 1722 X

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




165

) JsecZ\/E
v
7
v) Jtan3xseczx dx
vi) f\/l — sinx cosxdx
vii) fx x?+ 3 dx

(2017-W)

. X
ix —

) | =

e* J

x) J—(ex—Z)Z X
xi) Jexgxz dx
xii) Jec"sz"siandx
xiii) fo cot(x? + 3) dx
Xiv) fextanexdx

fe + e'x
xVv)

eXx —e™*

xvi) f 3%e?dx

sinx
xXVii)

sm(x+oc)

tanx + tan «
xviii) | ———— dx
tanx — tan

xix) [sec3x.tanxdx  (2016-S)

etan™1x

xx) [ —— dx (2014-S)

xxi) [sin®®xcos3xdx (2017-W)
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Question with long answers (5 and 10 marks )
(10 marks questions are indicated in right side of the question.)

3.Evaluate the following:-

i) J sindx cos3x dx
i) JcosSx cos2x dx
iii) Jsin6x sin3x dx
iv) fsin%x cosgdx

X
V) f c0s2x cos —dx

2
vi) [ sinSx dx (10 marks)
vii) [ cos”x dx (10 marks)
viii) [ sin®x dx (10 marks)

ix) fcossx sin3x dx

) f sin3x 4
x x
cos®x
xi) fsin“x. cos*x dx
xii) ftans 0.sec*0 do

xiii) jtanse de

dx

) sindx — sin2x
xiv _
cosx

4. Integrate the following :-

0 f dx
V11 — 4x2
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eSx
ii —dx
)| Vi—eo

dx
iii) f S S—
X4/ 25 — (Inx)?
) cosf 40
V) | —
V4 — sin?6
) cos@do
U ———————————
V4sin?0 + 1

) dx
vi _—
) J\/S—xz—é}x

“)J x+3 d
vii) | —=dx
V5 —x?2 —4x
viity [ %

3x2+7

e4—x
ix) JeBx n 4dx
f secO tand
sec?9 + 4

f x° 4
D ) ™
X

. d
xit) fxz ¥ 6x+13

dx
Xlll) fﬁ

) dx
*10) f xlnx/(Inx)? — 4
J dx
) | Jr=e
) f dx
B N

. x+7 d
o |
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1

XUlll) IW X ( 2014-8)
, 1
Xlx) fmdx (2015-3)
dx

) J dx
xxi) 7 —6x — x2

5. Evaluate the following

i) f(1+ x)e*dx

i) [ x3e*dx

i) [ xsinxdx
iv) [ x%sinax dx
v) [ xcos®xdx

vi) [ 2x cos3x cos2x dx (10 marks)
vii) [ 2x3cosx?dx

viii) [ x7Inx dx

ix)  [(Inx)3dx

Inx

(

(

(

(

(

(

(

(

(

(x)  [sdx

(xi)  [sec”lxdx
(xii)  [x sin"lxdx
(xiii) [ e*cos?xdx (10 marks)
(xiv) [ e*cos5xdx

(xv)  [V7x? + 2dx

(
(
(
(
(
(
(
(

xvi) [ e*(tanx + Insecx)dx

. 1 1
xvii)  [[—— (znx)z] dx

Inx
xviii) [ sin(lnx) dx

. xe*
xix) [ G

xx)  [VxZ—8dx

xxi)  [V9—x2dx

xxii) [e**sinxdx  (2016-S, 2017-W)
xxiii) [ e*sinx dx (2019-W)
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Answer

. 1 L7 41 2
1)i) —2x /2+¢ ii) X7+ X3 +c iii) — cotx + cosx + ¢

iv) —cotx — tanx +c V) sinx- cosx +c vije* —e X +c

oy X3 sy . . _ 1
vii) x? +c viii) sin~x + ¢ ix) secTx ——+c
. .\ xetl
X) tanx —x +c xi) tanx — secx + ¢ Xii) -t e*+ e®x+c

LaoxS 4 T x2
—_ —-Y2 —_
xiii) ctoxrt e

_ —1.,\4
1 )(tan x) +

. Ly 1
2) i) mm ii) gtan(Bx +5)+c i ” c
4
iv) 2tanvx + ¢ ) taz Iy, vi) —%(1 — sinx)*/2+c
3
vii) %(x2 +3)z+c viii) —%log(z —-3x)+c iX) Vx2 —a?+c
X) — LIy Xi) Zex' 4o Xii) —eCos*X 4 ¢
eX—2 3
Xii) ln| sin(x? + 3) | +c  Xiv) ln| sece” | +c xv) In(e* —e ™) +¢
.\ 3%e? . , .
XVi) +C Xvii) xcosa — sina In | sin(x + a) | +c
2+In3
, . .\ sec3x
xviii) xcos2a + sin2a In | sin(x — a) | +c XiX) ——tc
tan—1x nsin®ltx  sin®3x
XX) e +c XX|)—21 — t¢
3) i) L cos7x —2cosx + ¢ ii) = sin7x + =sin3x + ¢ iii) 2 sin3x — —sin9x + ¢
14 2 14 6 6 18

Loy =2 5 x 1 .5 1 . 3x ‘. 2 1
|v)?coszx—2wsz+c v);sm;x+§sm?+c V||)—cosx+§cos3x—gcossx+c

5

vii) sinx — sin3x + >sin®x — 2sin’x + ¢ Vi) = (60x — 45sin2x + 9sindx — sin6x) + c
5 7 192

1 N1 . 1 .
Sx — gsec3x +c x) Fg(?»x — sin4x + Esme) +c

. 1
iX) = cos®x — = cos®x + ¢ X) =sec
8 6 5
s 1 6 1 8 e 1 4 1 2
Xii) Stan 0 +gtan 0+c Xiii) Jtan 0 —stan 0+ In | sec9| +c

. 2
Xiv) 4cosx — 3 cos3x +c

W1l . _q2x 1 . _qe3X w . g lnx
4) i) sin 1\/ﬁ+c i) s sin™'—+c iii) sin™' —+c

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




170

sin@

iv) s _1(—)+ v)%lnlsin9+ sin29+% | + ¢ Vi) sin‘le“+c
i sin—1 Y2 _ B —xZ —ax -1¥3x -1 (e
vii) sin 3 5—x%2—4x+c Vi) rtan \/_+c |x) —tan ( > ) +c

X) %tan‘1 (Secg) +c Xi) %tan 1( ) +c  xii) %tan 1840

Xiii) 2\/_sec 1(\/_) +c Xiv)%sec‘1 (ln—x) +c Xv)%ln|2x+\/4x2 —6| +¢

2

xvi) ln|x+4+\/x2+8x| +c xvii)\/xz+8x+31n|x+4+\/x2+8x| +c
Xviii) %tan‘l(m%ﬁc xix) log | logx + +/(logx)? — 8| + ¢

Loip-13% L | 2
XX) SsinTi—+c XXI)8lTl|1_x|+C
5) i)xe*+c¢ i) e*(x3 —3x2+6x—6)+c iii)sinx — xcosx + ¢
iv) % [(2 — a?x?)cosax + 2axsinax] + ¢ V) %(sz + 2xsin2x + cos2x) + ¢

. 1 . 1 . . .
Vi) cosx + 5-cos5x + x (smx + ESlTlSX) +c¢  vii) x%sinx? + cosx? + ¢

viii) Z—:(Slnx -1) ix) x[(Inx)3® — 3(Inx)? + 6lnx — 6] + ¢
X) ——— (1 +4Ilnx) + ¢ xi) xsec™tx —In|x +VxZ = 1| + ¢

164

2

X
Xii) (x? - %) sin~lx + %xx/l —x2+c Xxiiii) i—O(S + cos2x + 2sin2x) + ¢

2x
Xiv) 62—9(2(:055x + 5s5in5x) + ¢ xv) §v7x2 +2 +\/i7ln | V7x +V7x% + 2| +c

xvi) e* In(secx) + ¢ Xvii) % +c Xviii) g[sin(lnx) —cos(lnx)] + ¢
xix)xe%+c XX)%Vx2—8—4ln|x+Vx2—8|+c

. 9 ., _ ., e , ey ¥,
XXi) %\/9 —x%+ ~sin 1§+ c  XXii) %(Zsmx — cosx) + ¢ xxiii) %(smx —cosx)+c
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DEFINITE INTEGRAL

Introduction

It was stated earlier that integral can be considered as process of summation.
In such case the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using properties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integ_jral

Integration can be considered as a process of summation. In this case the integral is
called as definite integrals.

a=Xp Wy X Vi X; Kpy Vp X=b

Fig-1
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Definition:-

Let f(x) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of length hy, hy, ..ol hni.e. hy =Xy =Xo, ho=Xo = Xq, c.ooooioni, Dy = X = Xq

Let v, be any point in [X.1, X] i.€. vy € [xgx1], V2 € [x X2],.......ccoii , Up € [xp—1Xp]

Then the sum of area of the rectangles (as shown in fig) when n>«~ is defined as the

definite integral of f(x) from a to b, denoted by f: f(x)dx
Here, a = lowerlimitofintegration
b = upperlimitofintegration
Mathematically,

[2 f(x)dx = limhif(ve) + haf(va) + ... + hof(Vo)]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and [ f(x)dx = @ (x) + ¢, them

2 f0dx = (b) - ® (a)

Note :- No arbitrary constants are used in definite integral.

Example:
1.Find [ x3 dx
Ans.
First find [ x*dx =2+ ¢
Here, f(x) = x3, ® (x) = %4
By fundamental theorem
[ixddx=0(2)-0 (1)

2 1 _ 16 1_1s
4 4 4 4 4
. 1 dx
2.Find [
Ans.
1 dx _ -1 .11
f() 1+x2 _[tan x]O
=tan"!1 -tan"10
= i - 0 = E
4 4

3.Find [, 2xe* dx
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Ans.
f23 2xe*’dx
{Let x? =u =>2xdx = du, when x =2, u = x2 = 4,
Whenx=3,u=x2%2=9,
So, lower limit changes to 4 and upper limit changes to 9}
= f: etdu

=[e“]? =e°-e* (Ans)

Properties of Definite Integral

1.0 feodx = [ fDdt

Explanation
Definite integral is independent of variable.

e.g. f23 x%dx = f23 utdu= f; t2dt

2. [P fodx = - [ foodx

Explanation

If limits of definite integrals are interchanged then the value changes to its negative.
3 2

e.g. [, xdx =- [ xdx

3. f: fOodx = [ f(x)dx + fcb f(x)dx where, a<c<b.

Explanation

If we integrate f(x) in [a,b] and ¢ € [a,b] such that a<c<b, then the above integral is same if
we integrate f(x) in [a,c] and [c,b] and then add them.

e.g. f: xdx = f; xdx + ff xdx
verification

2
Jy xdx = [=18

=7-? = ?-5—18-2=16 ------------- (1)
fy xdx + [Pxdx = 3+ =5 -1+ 53
=[5t 551 =82+ (18-9)
=6+ 10 =16 - (2)

From (1) and (2) we have,

f26 xdx = f: xdx + | 46 xdx (verified)
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4, foaf(x)dx = foaf(a —x)dx
e.g. [2 sinxdx = f()?sin(g —x)dx
verification
J sinxdx =[- cos x|}
=-[cos = —cos 0] =-[0-1] =1 (1)

T T
L .
J¢ sin(G —x) dx = [z cos xdx
T

=[sinx]2 =sinZ-sin0=1-0 =1 )
From (1) and (2)

Jgsinxdx = [2sin (g - x) dx (verified)

5.(i) If f(x) is an even function, then

£, f(0dx =2 [ f(x)dx
(i) If f(x) is an odd function, then
S Fdx=0
Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

f (-x)= f(x)

Sinx, x ,x3 ... are examples of odd functions.

f(x) is an even function if

f (-x) = f(x)

Cosx, x?,x* ......... are examples of even functions .
Example:-
2 A2
Jo,x?dx =2 [ x?dx
{f(x) = x2is an even function as, f(-x) = (-x)? = x2. So, f(—x) = f(x)}
Similarly,
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s
J % sinxdx =0
2

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
= f(x) is an odd function.

6.) [2*fodx=2 [ f(x)dx if f(2a-x) =f(x)
(i) i fF(odx = 0 if f(2a - x) = f(x).

7.0 fodx = [ f(a+ b - x)dx

Problems

. 1
Q1.Find [ |x|dx
Ans.
_(—x, x<0
x| = { x, x=0
[x| changes its definition at ‘0’, so divide the integral into two parts (-2,0) and (0,1).

Now, f_lzlxldx

= f_02|X|dx + follxldx{Property (3) fff(x)dx = f;f(x) dx + fcbf(x)dx}
= f_oz —xdx + fol xdx{when, -2 <x <0i.e.x <0 then, |x] =-x}

=- [x?z]gz + [x?z]%,{when, 0<x<1ie.0<xthen, x| =x}

_ 0% (=22 12 02
=-G-=r G
_ 4 1 _ 1_3
=-0-glr-0=2+5=;
6 —
Q2.[° |x +2| dx =7
Ans.
o lx + 2] dx = [° |uldu {Letu=x+2=>du=dx, when,x=-6,u=-6+2=-4}

{when, x=6,u =6 +2 =8}
= [°, ul du + [|uldu{property (3)}

0 8
= f_4 —udu + fo udu { when -4<u<0 then lul = -u and when 0<u<8 ,then lul = u}

=- G510+ (58
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= -2 2% 45 2] =- 5102~ (~4)*] + S (8% ~ 0]

=-3(-16)+2(64)
=8+32 = 40(Ans)
Q3. Find [;'[x]dx
Ans.

[x] is a function which changes it value at every integral point. So, we have to break the
range into different integral ranges i.e. (1,3) can be breaked into (1,2) and (2,3)

ff’[x]dx = flz[x]dx + f23[x]dx {applying property (3) i.e. fff(x)dx = facf(x)dx + fcbf(x)dx}
= [ 1dx + [; 2dx{when 1 < x< 2 then [x] = 1, when 2 <x < 3, then [x] =2}
= [x]7 + [2x]3
=(2-1)+2(3-2)=1+(2X1) =1+2 =3
Q4. Evaluate [?[2x]dx
Ans.
fel2x)dx = [ [ul 2
{Put u = 2x, du=2dx=>dx=d?uwhen,x=0, u=2x=0whenx=g, u=2x=3}
= % [ fol[u]du +f12[u]du +f23[u]du]
[[0T5+ Ul +2[ul3]=5[0+@2-1)+2(3-2)]
~[0+1+2] =(Ans)
Q5. Find [ {|x| + [x] } dx
Ans.
L0l + Iy = 2 x| dx + [ [x] dxc
= f_01|x| dx + follxl dx + f_ol[x]dx +f01[x]dx
=2 —xdx+ [ xdx + [°,(~1) dx + [, 0 dx {By defe of x| & [x]}
=- 1%+ 15 - K2+ 0
=-5 (- (D) +5(1% = 0)- (0- (-1))
=S (D+51-1)
=-+--1 =0 (Ans)

1
2

Vsinx

3
Q6. Evaluate |; NN

Ans.
In this type of problems we generally use property (4). And this type of problem can be
solved by following technique.

dx  {2016-S, 2017-W}

_ - Vsinx
Let 1= [z =——"—dx (1)
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T /sin(E—x)
= fOZ 2 dx
\/sin(g—x)+ \/cos(g—x)
{In above x is replaced by % — x. As by property(4) there is no change in integral value}

— ; VCOSX dX

0 +/cosx+ vsinx

T
_ > Vcosx
=>1= [} T veoms OX )
Now equation (1) +(2)
z Vsinx z vVcosx
g 2 2 —

= I+1 0 sinx++cosx dx + 0 Vsinx+ \/cosde
gx/sinx+ VJcosx "
0 Vsinx++cosx

= 21=

= 21=[2dx=[x]?

2 20=(G-0)=2
o ==
4
z Vsinx _m
Hence, [} oo =3

Q7. Evaluate [?log(1 + tanf)d6{2016-S}
Ans.

Let | = fozlog(l + tanf)do

= fog log (1 + tan(; — 9)) do {As [ f()dx = [ f(a — x)dx}

T tanZ—tan6
_ g1+ 25 ) 4

1+tan% tan6

= foglog (1 + = tane) dae

1+ tanf@

1+ tan@

_ fo%log (1+tan9+1—tan9) do

z 2
- f04 log(1+tan6) de
= foz(logz —log(1 + tan®))de {log (%) =log a - log b}
= J#log2de - [#log(1 + tand) do
= 1= [+log2 df - [#log(1 + tanb) db
:

= I=log2 [#d6 -1 {Asl={

olog(1 + tanb)}
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= 21=1log2 [§]} =log 2 G-0
= 2I=7log?2
= Izglogz

Hence, [;log(1 + tanf) d6 = g log2 (Ans)

Q8. Evaluate [ ——dx

Ans.
1 x 1x+1-1
fomgdx =1y o dx
1 x+1 1
=l i~ mdx

= [0 —=)dx
=[x-In x+1)]}
=[1-In(14+1)) - (0-1n(0+1))]
=1-In2-0+1Inl
=1-In2-0+4+0
=1-1In2
Qo.f) 2
Ans.

1 dx _ 1l ax _r1l dx
fo eX+e—X fo eX = - f() eX.eX+1
ox e

_ 1l e¥dx _ 1 e*
0 ex+x41 0 e2X+1
1 e*
= Jo @ @
{ Lett=e* =>dt=e"dx
when, x=0,t=e¥=e%=1
whenx=1,t=el=¢ }

_ e dt _ -1
=)y 7y = [tan™t]g
=tan"le-tan™11

=tan"le- % (Ans)

Q10.[?—&_ =9

1 xvVx2-1
Ans.
V2o odx
fl xZ-1
= sec™'v2-sec™!1

=Z.0
4

[sec™? x]‘l/E

= % (Ans)
Q11 Find [} = dx
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Ans.
4 1
Iy sz

Letvx =t, Then, de =dt

= dx = 2vx dt =2t dt
Whenx=0,t=v/x=+/0=0
Whenx =4, t =4 =2
Now,

4 1 2 2tdt
fO x+Vx dx = fO t2+t

2 tdt 2 dt
=2/ T = 2 )= oo = 2 [In(1+t)]3

= 2(n83-1In1) =2 (In3-0)=21In3 (Ans)
Q12. Evaluate [2—

Ans,
= 1
2 — > -
fO 1+cotx dx fo 1+c0t(§—x) dx {Property 4}
T
= (2
0 1+tanx
1
= —dx

cotx

- 1
= 02 cotx+1 dx
cotx

g cotx
o 14cotx
_ f cotx+1 1
1+cotx
= f ( 1+cotx
- 1
- J.02 dx - fOZ 1+cotx dx (1)
Letl= fO 1+cotx
Then from (1)
I=fzdx-1

2 20=[zdx= [x]3= G-0) =2
o ==
4

Hence, [? dx =Z (Ans)

1+cotx
Q13. Prove that [z log(sinx)dx = [2log(cosx)dx = % log2 {2018-S}
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Ans.
Letl= foglog(sinx)dx €))
= 3 0g(sin(% — x))dx (¢ Fdx = 1 f(a - x)dx)
= fog log(cosx)dx 2)
Add (1) and (2)

[+1 = [zlog(sinx)dx + [2log(cosx)dx
= JZ {log(sinx) + log(cosx)}dx
= fOE log(sinx. cosx)dx {log a + log b = log ab}
— J-O;log(Zst;.Cosx)dx
= Jzlog(

sin2x
= J2(logsin2x —log 2)dx

Ydx

2

21 = [zlogsin2xdx - [2log2dx ----r-mmrmmmeeem 3)

Now, f2logsin2xdx  {Putt= 2x we have dt = 2dx whenx = 0,t = 0 whenx = %, t=m}
b , ., dt
= [, logsint—
= %f:log sintdt { Here f(t) =log sin(t), Then f(r — t) = log sin(m — t) = log sin(t) = f(t)}
= % X2 [Zlog(sint)dt {By property-6 i.e.fozaf(x)dx = Zfoa f (x)dx ,Where f(2a-x) = f(x)}

= Jzlog(sint)dt { We have fon log sintdt = 2 [z log(sint)dt }

= foglog(sinx)dx {Property (1) f; f)dx = ff f(O)dt}

=1 (from (1))

= = [zlogsin2xdx 4)
From (3) and (4)

= 2[=1-[2log2dx

T

= 2l=1-log2 [x]?
= I=-log2 (g—O)
Hence, [2log(sinx)dx = [2logcosx dx

=- g log2 (Proved)

Exercise
Evaluate the integrals ( 2 marks and 5 marks questions)
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(Questions with 2 marks is marked on right of the questions)
) [[x*)dx

2) [z—"_dx (2015-S)

0 sinx+cosx

T
3) 02 1+tanx
1log(1+x)
4) fo (1+x2) dx

4 1

5) h st
d
6) fT[ xax

0 1+sinx

7 JZ log(tanx)dx (2017-S) (2014-S)
T ax

8) 02 1+sinx

2

9) Jz sin2x log(tanx) dx
10) frr xsinx dx

0 1+cos2x

11) 7" gy (2017-W)

0 sinx+cosx

12) [l [x]dx (2018-S) (2marks)

13) [} Z=dx (2016-5) (2017-5)

14) | 2 4x  (2marks)

0 1+x2

15)  [’[x]dx (2017-W)

ANSWERS

1.5-/3-/2
2

"4

T
3.2
4.% log 2 {Hints Put x = tan6}

5+3V3
5.log( 1++ﬁ)
6.1
7.0
8.1
9.0
10.Z 11, T 12, -
4 4

s

13. g 14. 7 15. 3

Area under plane curve
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In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , x = a and x =b is given by

=
X! 0
VY’
Fig-2
Area = f: f(x)dx
Example — 1

Find the area bounded y = e* , X-axis x =4 and x = 2
Ans.
Here y = e* is the curve
Area of the curve bounded by X-axis , x=4andx=2is
Area = f;y dx = f; e*dx
=[e*]3 =e* — e? (Ans)

Example — 2
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Find the area enclosed by y =9 -x? ,y=0,x=0and x = 2.

Ans.

Area= [y dx = [7(9 —x?)dx

= [9x -3 =[(9x2) - = - (0-0)

Area of a circle with centre at origin

As shown in figure-3, the circle with centre at origin is divided into four equal parts by the
co-ordinate axes

Fig-3

A\
(]
®
W

o

Hence area of the circle = 4 X area OAB

Example — 3
Find the area of the circle x? + y2 =a?  (2015-S)
Ans.

Area of circle =4 X area OAB (see fig-4)

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




184

A\
Fig-4
Now equation of circle is x? + y2 = a?
>y=vaZ —x2 (for portion OAB)
(Actually y = +Va? — x2) , but in 1% quadrant y is +ve)
=y =vaZ —x2
Now the portion OAB is bounded by y — axisi.e. x=0,
X axis and y = Va2 — x2
In the given region x varies from 0 to a ; as it is clear from figure the point A is (a,0)
(A = (a,0) because x? + y? = a? has radius a)
Now Area of OAB = [*y dx

= foax/a2 —x2dx
2
= [%\/a2 —x? +a?sin‘1 e

a
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2 2
= [%,/az —a? + a?sin_lg— 0+ a?sin_1 0)]

Hence area of circle is = 4 X area of OAB
=4 X %naz = a? sq units
Example — 2
Find the area bounded by the curve x2 + y? = 9(2017-S)

Ans: - Area of the curve x2 + y2 = 9 i.e. circle = 4 X Area OAB { from fig-5}

Y

A(3,0) 2

wvY

Fig-5

As x? + y? = 9 has radius 3

So, Ais at (3,0)
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Area of OAB is the area bounded by curve AB , Y axis and X axis.
Now Curve ABis x?2 +y?2 =9=y=+v9 —x2
(as in 1% quadrant y is +ve)
In the region OAB x varies from 0 to 3.
Now area of OAB = f03y dx = fOS\/9 —x2dx
= [§\/9 -x2 4+ %sin‘lg]g
= [%\/T‘B + gsin‘l(g)] - [O+§ sin™1 0]
=0+2sin"11-0

9
4

X

N | ©
NS

- Area bounded by the curve x2 + y2 = 9 is = 4 X Area of OAB
=4 X %T = 91 sq units (Ans)

Exercise

Q.1 Find the area bounded by the curve xy = c? ,y=0, x=2and x = 3. (2 marks)
Q.2 Find the area bounded by the curve x2 + y? = 4. (2015-S) (10 marks)

Q.3 Find the area of the circle x? + y? = 16. (10 marks)
Ans . (1)c?log>

(2) 47 sq units

(3) 16 ™ sq units
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Differential Equation
Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection
with problem of Physics especially in theory of bending beams, oscillation of mechanical system
etc. The study of differential equation is a wide field in pure and applied mathematics, physics
and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables
and derivatives of dependent variables with respect to one or more independent variables.

Here x is an independent variable, y is dependent variable and Z—z is the derivative of the
dependent variable w.r.t. the independent variable.

Examples: - i) Z—z + xy = x2

..y d3y 4 4%y dy. 4 .
— +xt 2+ (D)H+y =
i) = T XT3 (dx) y =sinx

. d .
iii) = + sinx = cosx.

dx
Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one
independent variable and derivatives of dependent variablewith respect to independent variable.

Mathematically F (x, y, d =2 )=0
-] d_y = x?2
Examples :- i) L ty=x

0 L2 @y = s

N _
iii) I ytanx = secx
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Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent
variables and partial derivatives of dependent variable with respect to independent variables.

0z 0z
22 2=
Examples:- —— + —= = xy

In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.
order of a differential equation is ‘n’ if the order of the highest order derivative term present in
the equation is n.

L,
Example1: - x +y=2x

The highest order derivative term in the equation is Z—z , Wwhich has order 1.

~.order of the differential equation is 1.

d*y  d®y . dy.a
Example-2 :-—+ —+ (=)*+y =X
P dx*  dx3 (dx) y

d*y
dx*’

The highest order derivative term is having order 4.

Hence the above differential equation has order 4.
Degree

A differential equation is said to be of degree ‘n’ , if the power i.e. highest exponent of the
highest order derivative in the equation is ‘n’ after the equation has been freed from fractions
and radicals as far as derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative
terms present in fraction form i.e. in the denominator and derivatives with radicals i.e

dy 3|dy 4|dy t
—_ —_— —_ rms.
\I dx’ \’ dx’ \I dx erms
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Example:- Find the order and degree of following ordinary differential equations.

, d3 d
) d—§ 3( )4+xu)( ) dx{ +3(%)4+cosx=0

2
iii) <5 = 1+ 2?2 (2017-W)

23
i) 1+ @ F=mLL (2016-5)

1 _ *1+(d) 3d2
( )2 = -
dx

dx?
de

2
Ans:-i) X =3(2)* +x

dx?
2
Here ZTZ is the highest order derivative term.

Hence order of the differential equation is 2.

Again equation does not contain any derivative term in fractional form or with radical.
Power of the highest order derivative term % is 1.

Hence degree of differential equation is 1.

At a d

i) ()% + 25+ 30" + cosx =0

From above it is clear that Z% is the highest order derivative term with power 3.

Hence order=4 and degree =3
iii) oz ( )
{As the above equation contain square root, so first we have to remove square root .}

Squaring both sides we have, ( y) =1+ ( )

Now = — is the highest order term with power 2.

~order=2 anddegree=2.
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V) 1+ @ T =m &

As power of the left hand side derivative term is% , so we have to eliminate the fractional
power.

Now squaring both sides we have,

2

[+ @)= m L2

dx?
2

The power of highest order derivative term ZTZis 2.

Hence order =2 and degree = 2.

V)( )+dy_2
dx

X

As % is present in the denominator of 2" term in L.H.S. , so we have to remove it first.

Multiplying both side by <X we have,

G+ 1=2¢
Now the only derivative term Z—z has power 3.
Hence order = 1 and degree = 3.

1+ ()2
The equation contain both fractional form as well as radicals, so we have to remove it.

18 multiplying% on both sides we have,

2 3/‘123’
1+ ( ) dx? dx?

Now squaring both sides we have,

1+ @2 = (2L

dx? dx?
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Again taking cube of both sides we have

1+ @) = E22EYe = (@28

dx? dx? dx?

From above the highest order derivative term % has power 8.

Hence order = 2 and degree = 8.

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.
i) Every dependent variable and its derivatives have power ‘1°.

ii) The equation has neither terms having multiplication of dependent variable with its
derivatives nor multiplication of two derivative terms.

Otherwise the equation is said to be non linear.
Examples:- i) Z—i’ + Xy = x?

. dB d?
i — + x* =2 +

ax3 dx? Y = sinx

oy d3y d?y
) —+y—=4
) dx3 dx?2 x

i d_y 3 = ﬂ
W (e 1=2

)d3y + dy d?y
dx3 dx dx?

+y = 442
Among the above examples (i) and (ii) satisfy all the condition of linear equation. So the 1* two
equations represent linear equations.

The (iii) is non linear because of the term yZZT}z’ which is a multiplication of dependent variable y

N d%y
and derivative term — .
dx?

The example (iv) is not linear due to the 1% term which contain Z—z with power 3 violating the

1% condition of linearity.

The example (v) is not linear due to 2" term which does satisfy the 2™ linearity property.
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Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential
equation is called a Solution of the differential equation i.e y = f(x) or F(x,y)=0 represent a
dy d?y dy
E,W,..., w
There are two types of Solutions i) General Solution i) particular Solution

Solution of the ordinary differential equation F (x,y, = 0 of order n if it satisfy it.

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the

differential equation is called as the general Solution.
2

d
Example- y= Acosx+ B sinx is a general Solution of differential equation d—x); +y =0
Particular Solution

The Solution obtained by giving particular values to the arbitrary constants in the general
solution is called particular solution

Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation % +y =0.

Differential equation of first order and first degree

A differential equation of 1** order and 1% degree involves x,y and Z—z :

Mathematically it is written as Z—z = flxy) or F(x, y,Z—z )=0

Solution of Differential equation of first order and first degree

The Solution of 1% order and 1 degree differential equation is obtained by following
methods if they are in some standard forms as i) Variable separable form i) Linear differential
equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy + g(y)dx = 0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

Ay _ _rax
9y f(x)

Solution is given by [
=>log | g | +1log | F() | =loge
=>gW)f(x) =c

Where g(y) and f(x) are functions of y and x respectively, is called a variable and separable
type equation.
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Example1: - Solve Z—y =x?2+2x+5

X

Ans: - Z—y=x2+2x+5

X
=>dy = (x? + 2x + 5)dx
Integrating both sides we have,

=>[dy = [(x*+2x+5)dx

_ _x3 , 2x? _ x3 2
—>y—?+7+5X+C—?+x +5x+¢c (Ans)
d 2
Example-2: - Solve 22 = 22|
dx  x2+1
._ dy _ 2y
Ans dx  x2+1
=>§X__ dx
2y x2%+1
=>f d_y = dx
2y x2+1

=>%loge y=tan"lx +C
=>log,y = 2tan"'x + K {2C = Kis a constant as C is constant}

Example-3: - Solve % = X COSX
dy -
Ans: - -, = X cosx =>dy = xcosxdx
Integrating both sides we have, =>[dy = [ xcosx dx
=>y= x[cosxdx— [ {% [ cosxdx}dx {integrating by parts}
=>y = x sinx — [ 1.sinxdx = x sinx +cosx + C (Ans)
. dy _ 2
Example-4: - Solve oo 11—y

L A2
Ans.dx 1-y

d
=> & =y

J1-y?

d . .
=> le_Lyz = [dx {Integrating both sides}

=> sin"ly =x+c . (Ans)
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Example5: - Solve sec?x tany dx + sec?y tanxdy =0

Ans: -sec?x tany dx + sec?y tanx dy =0

=>sec’y tanx dy = - sec’x tany dx
_.secltydy _ sec’xdx
tany tanx
_>f sec’ydy _fseczx dx
tany tanx

Letu=tany => du= sec?ydy and letv=tanx=>dv = sec?x dx

=> Inu=-Inv+InC => Inu + Inv=1InC

=>Inuv=InC =>uv=C => tanytanx = C (Ans)
Example-6: - Solve x cos?y dx = y cos?x dy
Ans:-x cos?y dx = ycos?xdy

= ydy _ xdx

cos?y  cos?x
=>ysec?y dy = xsec’x dx
Integrating both sides,
=>[ysec’ydy = [xsec’xdx
=>y [ sec’y dy — f{%.fseczy dy}dy = [xsec’xdx— f{%.fseczx dx}dx
=>ytany — [ 1.tany dy = x tanx - [ 1.tanx dx
=>y tany — log Isecyl = x tanx — log Isecxl+ C
=> ytany —log Isecyl -x tanx+ log Isecxl = C (Ans)
Example-7: - Solve (1 +y?)dx+ (1+x?)dy =0 (2015-S)
Ans:- (1+y%)dx+ (1+x%)dy =0

=>(1+x%)dy =- (1+y?dx

= dy - dx =>f dy - _ f dx
1+y2 1+x2 1+y? 1+x2
=>tan~ly = —tan"lx + tan™'C {astan™'C can be taken as a constant}
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=>tan~ly + tan"lx = tan~1C

_ +x —_
=> tan~1 XX = tan~1C
1-yx

= y+x

o C (Ans)

Example-8:- Solve Z—i = sin(x+y)

dy _

Ans :- - sin(xty) {Let x+y = z differentiating w.r.t. x, 1+ 4y

- =
dz .
=> —-1=sinz

dx

d .
=> Z=1+sinz
dx

dz
=> - = dX
1+ sinz

Integrating both sides we have,

=>[—L_ = [dx

1+ sinz

_ (1-sinz)dz _
_>f (1-sinz)(1+ sinz) - fdx

(1-sinz)dz
== —— =
f 1-sin2z f dx

=>f (1-sinz)dz — fdx

cos?z

= 2 Sinz 1 —
[(sec?z ——— )dz [ dx

=>[(sec’z — tanzsecz )dz = [dx
=>tanz-secz=x+C

=> tan(x+y) -sec (x+y) -x=C

Example-9: - Find the particular solution Of% = cos?y,

dy 2
Ans: — =
S: -~ =cos%y

— dy 2
=> = =>
zy dX sec-y dy dx

Integrating both sides we have,

=>[sec’ydy = [dx

=z
dx_dx}

=%whenx=0.
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=> tany = X + C------------ (1) (general Solution)

Now putting x=o0 and y = % in equation (1) we have,

=> tan§=o+c =>C=1 2)
From (1) and (2) we have,
tany = x+1 (Ans)
Example-10:- Find the particular solution of (1+x)y dx + (1-y)xdy = 0, Given y=2 atx=1.
Ans:-(1+x)y dx + (1-y)xdy =0

=> (1-y)xdy = - (1+x)y dx

_ 1-y _ (1+x)
= T dy = — dx
(1 _ 1
—>(;—1)dy— —(;+ 1)dx
_ 1 _ 1
—>f(;—1)dy = —f(;+ 1)dx
=> logy -y = - (logx + x) + C (general solution)-------------- (1)

Putting x=1 and y =2 in Equation(1) we have,
=>log2-2=-(log1+1)+C

=>log2-2=-(0+1)+C=-1+C

=> C =log2 -1 (2)
From (1) and (2) we have,
logy -y =-logx -x + log2 -1
=>logy -y + logx + x=1log2-1  (Ans)

Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its
derivative occurring in the equation are of first degree only and are not multiplied together.

Example: -i)% + y = sinx

nd
||)d—z + ytanx = secx efc.

SCTE&VT LEARNING MATERRIAL ON ENGINEERING MATHEMATICS-II




197

General form of linear differential equation

The general form of linear differential equation is given by,
Dy Py = Qislineariny and 2
dx y dx’

Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (I.F.).

L.F. = e/ Pdx

Then the solution is given by y (I.F) = [ Q.(I.F.)dx +C.

If equation is given in the form

dx dx
d_y + Px = Q , where P and Q are functions of y only or constants and is linear in x and d_y ,

then

I.LF.=e/Pdy
Then the solution is given by x (LF)= [ Q.(I.F.)dy +C .
This can be better understood by following examples.

Example-11: - Solve (1 + xz)% + 2xy = x3( 2014-S, 2016-S, 2017-W ).

Ans: -(1 + xZ)Z—z + 2xy = x3
ay 2xy x3

=> =
dx = (1+x2) 1+x2

By comparing with the general form of linear differential equation % + Py =4Q.

2x _ x3
(14x2

Here P =

) T 1+x2
2X
Now integrating factor |.F. = e/ P dx = ef(l"xz)dx (putting 1 + x2 =t =>2xdx = dt )

e
=e'Tt =eM=t=1+x2
Solution is given by

x3
1+x2

yXLF.= [Q.(ILF)dx +C = [

(14+x¥dx +C=[x3dx+c
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4
= y(1+ x? =xT+c

4 c

LY = +—
y 4(1+x2)  1+4x?

Example-12: - Solve Z—z +y=e7*

Ans: - By comparing the given equation with general form of linear differential equation we
have, P=1andQ=e™*

LF. = e/ Pdx = of Ldx = px
Solutionis y.(I.F.) = [Q.(I.F.)dx +C
=[e ™ e*dx +c
=>ye* =[1l.dx+c=x+c
=y =xe *+ce™

Example-13: - Solve (1 — xz)% —xy = 1(2017-S)

Ans:- (1 —xZ)Z—i’—xy =1

dy x 1

=>— — =

dx 1—x2y— 1-x2

Comparing with general form we have,

_ x
p=—_

1
e and Q=

Now LF. = e/ P& = ol "™ (Put1—x? = t => —2xdx = dt => —xdx = %)

dt 1
= efz = e;lnt = eln‘/E = \/E

N
Solutionis y.(I.F) = [Q.(I.F.)dx +C

=>yV1l —x?2 = 1_1x2\/1—x2dx +C=J —1‘1_xxz+c

=sin"x+c¢

Hence solution of the differential equation is given by

_ sin"'x c
VE e T A
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Example-14 ; - Solve Z—z + y cotx = cosx.

Ans:- By comparing the given equation with general form,
P =cotx andQ = cosx

|F. = e/ Pdx = pfcotxdx = plnsinx = giny

solution is given by y.(I.F.) = [Q.(I.F.)dx +C

=>y.sinx = [ cosx sinx dx + ¢ ( put sinx =t => cosxdx = dt)

sin?x

2
=ftdt+c=%+c= +c

Hence y = % + ﬁ (Ans)

Example-15 ; - Solve % + y secx = tanx. (2017-W).
Ans: - Comparing the given equation with general from of linear equation.
P =secxand Q =tanx
|.F. = eJPdx = ofsecxdx

= eln(secx+tanx)

= secx + tanx
The solution is given by, y.I.F.= [Q.(I.F.)dx +C

=  y(secx + tanx) = [ tanx.(secx + tanx)dx + C

[(secxtanx + tan®x)dx + C

[(secxtanx + sec’x — 1)dx +C

=secx +tanx —x + ¢

Hence y=1— ——— 4+ — (Ans)

secx+tanx secx+tanx
Example16: - Solve (x + y + 1)3—3: =1.
Ans:- (x+y+ 1)%: 1
=> (x+y+1)dy =dx

= (x+y+1)= Z—;
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=> Z—i = (x+y+1)
=> Z—; -—x=y+1
Now comparing with the general form Z—; + Px =Q , we have,
P=-1&Q=y+1
Now I.F. = ef P4 = o[ ~1dy = =¥,
The solution is given by

x(I.LF.)= [Q.(I.LF.)dy +c

= xe V= [(y+1).eV+c

=(y+1)fe'ydy—f(fe'ydy)<diy(y+1)>dy+c

=(y+D(-e?)—[—eV.l.dy+c
=—e Y+ +(—eV)+c
=—eV@y+1+1D)+c=—eV(y+2)+c

Hence x=—-y—2+ce¥ (Ans)
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Exercise

Question with short answers (2 marks )

1. Find the order and degree of the differential equations.
. d’y dy313
) atZ=[1+E)72 (2016-5)

i) 2= (@)% (2019-W)

dx?
i) = [y (@ 5.2017-
iii) 3= X T (dx (2015-S,2017-W)
N 1
iv) —== (2014-S)

2
V) 22243 [1- ()2 -y = 0. (2017-5)
Vi) (@22 45 = L2

dx Y =43
2) Solve the following

i) = ex*7 (2019-W)

ji) & = 2
dx x2+1
Lo dy

i) = =

)dx tany

iv) cos?x dy = cos?ydx
V) ydx = xdy
Questions with long answers (5 marks)

3) Solve the following

i) (1 +x2) 2+ 2xy — 4x2 = 0 (2019-W)

ii) Z—z + ytanx = secx (2015-S)

i) x(1 + y?)dx —y(1 + x*)dy =0 (2015-S)
dy x

iv)a—y=e
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V) (2% = 1) 2 + 2xy = 1.(2016-8)

N dy  1-y? _
V')E_ Wirr (2014-S)

vii) Z—z + ycotx = 4xcosecx (2017-S)
viii) (x + 2y 2 = y.
ix) (e¥ + 1)cosxdx + e¥sinxdy = 0.
X) sinx siny dy = cosx cosy dx

N dy _ xy+y

XI) dax xXy+x

Questions with long answers (10 marks)
4) Solve the following.

. y _

i)e*y1—y?dx+ ~dy =0 (2014-S)

i) coszx(;—z +y = tanx. (2017-S)

iii) cos(x +y) dy = dx.

Answers
1)i)2,2 ii)2,3 iii) 3,2 iv) 2,2 v) 2,2 vi) 3,1
2) i) —e¥ =e* +cii) Iny = 2tan"x + ¢ iii) log(siny) = x + ¢

4

iv) tany-tanx = ¢ V) -=c
. 2N ﬁ . _ w o 14y%
3)i)y(1+x°)= S te ii) ysecx = tanx + ¢ iii) 2= C
iv) y = xe* + ce* V)y(x?=1)=x+c vi) sinTt(yWV1—2z2 —zJ1—y2) =c¢
vii)ysinx = 2x% + ¢ viii) x = y3+cy ix) sinx(e¥ + 1) =c¢
X) secy cosecx = ¢ Xi) cx = ye¥y™*

4) i)Jyl—y?=eX(x—1)+cii)ye™™ = e (tanx — 1) + ¢

iii) y = tan (“Ty) +c
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Multiple Choice Questions

Q.1 The value of a for which the vectors @ = 37 + 2j + 9kand b=1+a j+ 3k are
perpendicular is

a) 10 b) -10 c) 15 d) -15
Q2. If the vectors @ = a § + 3j -6k and b =i - j + 2k are parallel then the value of a is

a) -3 b) 3 c)-4 d) 4

&

Q3. A unit vector in the direction (a+ B) whereda = i +2j -k and b==1 - 2j + 3 kis equal to

ayi +-k b=i + =k o) =i+

u.)l"Il
&

d) None of these

Q4. If points A and B have the following co-ordinates A(3,0,2) , B(-2,1,4) , then the vector AB is

~

a)5i + j + 2k b)-5{ -2j + 2k C)-5i + j + 2k d)-5i -7 - 2k

Q5. A unit vector parallel to the sum of the vectors 31 -2j +k and -2i +} -3k is

1 . 1 ~ ~ ~ 1

il
;, -
ﬁl
1|H

7

Q6. The scalar projection of @ = (-2 + k) onb = (41 - 4] + 7k) is

Q7. The unit vector along i+ j + kis

)i+j+k

2 b)1+]+ )1+]+

3 V5

d) None of these

Q8. Thevalue of (1 +2j-k) . (i+ j + 2k)is
a) -1 b) 1 c)2 d) -2

-~
a ~

Q9. Two forces act on a particle at a point. If they are (4i + j - 3k) and (3i + j - k) , then their
resultant is

a)7i + 2j - 4k b) 7i - 2j - 4k C) 71 + 2j - 4k d) -71 - 2f - 4k
Q10. The magnitude of 5i + 3j - 2k is

a)V35 b) V37 c) V38 d) V40
Q11. The value of lim,_,y+ ";—I is

a)-1 b) 1 c)0 d) None of these
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Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Q20.

Q21.

2x

The value of lim,_,.—— is
3+4x

a)-1 b) 1 0)5 d)-

. x2-p? .
The value of lim,._,, s

a) b b) b c)2b d) -b
lim,._,, ’;3%28 is equal to
a) 4 b) 3 c) 12 d) 6
Va—1 .

The value of lim,._,, gl

a) 0 b) -1 c) 1 d) does not exists

The value of lim__s [x] is
x—>5

a) 2 b) 3 c)25 d) None of these

sin76 .

The value of limg_,, el

a) 2 b) 2 c) 1 d) 0

7

If f(x) = x;:}f , X # 4 is continuous at x = 4, then the value of f(4) is

a) 8 b) 4 c) 10 d) 16

The value of k for which f(x) = Si’ffx

, X# 0, f(0)=1is continuous at x =0 is

a) +2 b) + c)0 d) +1

Nl

2x2-3x+1 ,

The value of lim,._,; porry

a) 5 b) c) 2 d)1

The slope of the curve y = gxz atx =2

10 20 5 25
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_ |1—cos2x dy .
Q22. Ify= /1+c052x , then 5. 1S

a)tanx b)cotx c¢)sec?x d)-cosec?x

Q23. The derivative of x w.r.t tan x is
a)sec’x b)cos?x c)—tan?x d) —cot?x
Q24.If x=4t,y=t? ,thenj—zis
D; b 07 D

Q25. Ify =1 — cos 2x , then Z—z is

a)2sin2x b)+v2cosx c)-v2sinx  d)None of these
Q26. If y = V1 + sin2x, then%is

a)cosx b)sinx ¢)0 d) None of these

Q27. The derivative of sin x° is

a)cosx? b) 1%0 cosx® c)msecx®  d)None of these

Q28. If y = log (tan x) , then % is

1
sin2x

1
COoS 2x

2
sin2x

2
Ccos 2x

a) b) 0 d)

Q29. If y=sin"tx + cos™1 x, then % is
al b)-1 ¢)0 d)2
Q30. If x2 + y? = a? ,then%is
X X
a2 b0 9 d-=
Q31. If y =log, x then y, is
N R —x2
a)x b) o c)x d) X
d%y

2.—wheny =e*sinx, i
Q32. - wheny = e*sinx, is

a)2e*cosx b)2e*sinx c¢)e*cosx d)e*sinx
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Q33. Ify=In(sinx), theny;is

a)cot x b) tan x c) sec?x d) —cosec?x
Q34. If y ="' then (1 - x2) y; - xy1 is equal to

a) y b) -y ¢)0 d) None ofthese

Q35. Ify =tan"! x, then (1 + x2) y2 +2xy1 is

1
1+x2

1
1+x2

a) b) 01 d) 0

Q36. The function whose 2™ derivative is itself is

X

a) X b)logx 0o)e d) non of these

Q37. If f(xy) = e , then y. g—£ —x.%is

0x
a)2x e™ b) 2ye™” c)0 d) None of these
— tan—1 (¥ 9z,
Q38. If z=tan () then—is
x y 1 1
Vo Pown Y DEs

Q39. If 2= () , then T s

a)—%f’(x/y) b) %f’(X/y) ) )—y—lzf'(X/y) d) None of these
Q40. If z=x%y + xy?, then g—f] is

a)2xy+y? b)x*+2xy )2xy  d)4xy

Q41 . If z=sin (*/y) then Z—i is

a)i cos(x/y) b) —gcos (x/y) c) cos (x/y) d) ) None of these
Q42. fsin2§ dx is equal to

a)%[x -cosx]+c b) %[x -sinx] +c¢ ) (x-sinx) + ¢ d) (x-cosx)+c

Q43. Evaluation of [ V1 —sin2x dx is

a)(sinx + cosx) + ¢ b) sinx -cosx+c¢ ) -sinx + cos X+ ¢ d) None of these
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Q44.

Q45.

Q46.

Q47.

Q48.

Q49.

Q50.

Q51.

Q52.

Q53.

Q54.

) *_dxis

x2+1

a)x+tan"lx+ ¢ b)tan~lx + ¢ o2tan"lx+ ¢ d)x-tanlx+c

[loge*dx is
2
a)x?+c b)2x%+ ¢ o)x?+ ¢ d)(x?+1) +c
n+1
The value of ‘n’ for which [ x™dx = J;T + cis not true is
an =1 b)yn=-1 c)n=0 d) None of these
[sinZ .cos= dx is
2 2
1 1 . 1 1 .
a);cosx+ c b);smx+c c)—;cosx+ c d) —5sinx + ¢
The value of [ e(sin™" x+cos™x) gy g

a)ezE x+c b) x +c c) eg +c d) None of these

The value of [|x|dx , when x < 0 is

x? x?
a)>+c b) —=+c Ox?+ ¢ d)—x?+ ¢
[2**2dx is
2% 2% 2%
a) 2.@ +c b) 4. Tog2 +c c) 8. Tog? +c d) None of these

The value of [ sin?x d(sinx) is

a) si1;3x Iy b) sin?x Iy ) cos?x Iy d) cos®x Iy
Evaluation of [zsinx dx is
a) -1 b) 1 c)0 d)5
The value of ff x3 dx is
a) Z b) = ) Z d) None of these
3 4 4
The value of f_43|x|dx is
25 7 9 23
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Q55. The value of ['[x]dx is

a) 1 b) 2 c)3 d) 4
Q56. The value of [} 1i’;2 is

a) % b) 0 0= d) None of these
Q57. The value of [} Zis

a) 6 b) 4 c)8 d) 10

Q58. The value of fol sin®x dx + f01 cos? x dx - fol dxis

a) 0 b) -1 c)1 d) None of these

Q59. The area bounded by y =x,x=0& x=1is
a) 1sqg. Unit b) % sq. Unit c¢) % sq. Unit  d) None of these
Q60. The area bounded by the curve xy = k?, the x-axis and x =2, x = 3 is
a) k2 logg sq.unit b) k?log2 sq. Unit c) k?log3 sq. Unit d) k2 log%sq. Unit

Q61. The order and degree of the differential equation (%)4 +y°= 23733’ is
a) 3and1 b) 3 and 4 c) 1and 4 d)1and 3
Q62. The order and degree of the differential equation 327321 =k[1 H%)Z ]is

a) 2,2 b) 2, 1 c)1,2 d) 1,1
Q63. The order and degree of the differential equation % = ’3 + %

a) 2,2 b) 2, 1 ) 1,2 d) 1,1

Q64. The degree of the differential equation % = diy is

dx

a) 3 b) 2 c)1 d) None of these

Q65. The solution of 2 =% s
dx y

2
a) x2+y?=c b)x?+y2=c Oyt—x?2=c d)-y?*-x?=c
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Q66. The solution of [4 + Z—z =2is
a) y=x+c b)y=c y+x=c d)x=c
Q67. The solution of % =sec?xis
a) y=2secx+c b)y=cotx+c c)y=tanx+c d) y = cosec x +c
Q68. The integrating factor of the linear differential equation Z—z + (secX)y =tanxis
a) secx +tan x b) cosec x — cot x c) tan x + cot x d) None of these

Q69. The I.F of the linear differential equation Z—z + % y=XxIis

a) x2 b) x3 o)xt d) x
Q70. The solution of the differential equation £ + =2 = 01is

a) sin"lx+sin"ly=c b)cosTlx—cosTly=c

c)sin"'x —sin"ly=c¢ d) None of these
Answers: -
Q1. (d) Q2. (a) Q3. (b) Q4. (c) Q5. (a) Q6. (c)
Q7. (a) Q8. (b) Q9. (a) Q10. (c) Q11. (b) Q12.(c)
Q13.(c)  Q14.(c) Q15. (d) Q16. (a) Q17. (b) Q18. (a)
Q19.(d)  Q20.(a) Q21.(b) Q22. (c) Q23. (b) Q24. (b)
Q25.(b)  Q26.(d) Q27. (b) Q28. (c) Q29. (c) Q30. (d)
Q31.(b)  Q32.(a) Q33. (d) Q34. (a) Q35.(d) Q36.(c)
Q37.(c)  Q38.(b) Q39. (a) Q40.(b) Q41.(a) Q42.(b)
Q43.(a)  Q44.(d) Q45. (a) Q46. (b) Q47.(c) Q48.(a)
Q49.(b)  Q50.(b) Q51.(a) Q52.(b) Q53.(b)  Q54.(a)
Q55.(c) Q56. (a) Q57.(b) Q58.(a) Q59.(b) Q60.(d)
Q61.(a)  QB62. (b) Q63.(a) Q64.(b) Q65.(c) Q66.(b)
Q67.c)  Q68.(a) Q69.(b) Q70.(a)
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