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SYLLABUS
Th.3. Engineering Mathematics — Il
(2" Semester Common)

Theory: 5 Periods per Week I.A: 20 Marks

Total Periods: 75 Periods Term End Exam: 80 Marks
Examination: 3 Hours TOTAL MARKS: 100 Marks
Objective:

Principles and application in Engineering are firmly ground on abstract mathematical structures.
Students passing from secondary level need familiarization with such structure with a view to
develop their knowledge, skill and perceptions about the applied science. Calculus is the most
important mathematical tool in forming engineering application into mathematical models. Wide
application of calculus makes it imperative to develop methods of solving differential equations.
The knowledge of limit, derivative and derivative needs to be exhaustively practiced. To help a
systematic growth of skill in solving equation by calculus method will be the endeavor of this
course content. Understanding the concept of co-ordinate system in 3D in case of lines, planes
and sphere and it's use to solve Engineering problems. After completion of the course the
student will be equipped with basic knowledge to form equations and solve them competently.

SL NO | TOPRICS PERIODS MARKS
1 Vector Algebra 15 12
2 Limits and Continuity 12 12
3 Derivatives 21 20
4 Integration 15 24
5 Differential Equation 12 12
TOTAL 75 80
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form )c) Representation of vectord) Magnitude and direction of vectors e)Addition and
subtraction of vectors f) Position vector g) Scalar product of two vectors h) Geometrical
meaning of dot producti) Angle between two vectorsj) Scalar and vector projection of two
vectorsk) Vector product and geometrical meaning (Area of triangle and parallelogram)

2) LIMITS AND CONTINUITY
a) Definition of function, based on set theory b) Types of functions i) Constant function
i) Identity function iii) Absolute value function iv)The Greatest integer function

v) Trigonometric function vi) Exponential function
vii) Logarithmic function c¢) Introduction of limit d) Existence of limit e) Methods of evaluation

of limit (1) 7 = pan where a>0 and n€R
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f) Definition of continuity of a function at a point and problems based on it

3) DERIVATIVES

a) Derivative of a function at a point b) Algebra of derivative c) Derivative of standard functions
d) Derivative of composite function (Chain Rule ) e) Methods of differentiation of i) Parametric
function ii) Implicit function iii) Logarithmic function iv) a function with respect to another function
f) Applications of Derivative i) Successive Differentiation (up to second order) ii) Partial
Differentiation (function of two variables up to second order) g) Problems based on above

4) INTEGRATION

a)Definition of integration as inverse of differentiation
b)Integrals of some standard function

c)Methods of Integration

iI) Substitution

ntegration of forms [ ar , [ —%— etc using substitution method
x2+a?2  x*+a?

i) Integration By parts

d) Integration of forms [ vVa2z — x2dx, [ Va2 + x2dx using by parts

e) Definition of Definite Integral

Fundamental theorem of Integral Calculus

Properties of Definite Integral

f)Application of Integration

i) Area enclosed by a curve and X- axis.

i) Area of a circle with centre at origin.

5) DIFFERENTIAL EQUATION

Order and degree of a differential equation

Solution of Differential equation 1% order and 1% degree

i) variable separable method

i) Linear equation ¢+ Py = Q, where P,Q are functions of x.

dx
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VECTORS
INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed,
temperature, volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined portion
respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum
etc, which are of different type in comparison to above.
Consider the figure-1, where A, B, C are at a

distance 4k.m. from P. If we start from P, then ~
covering 4k.m. distance is not sufficient to describe =
the destination where we reach after the travel, So - 4 km -
here the end point plays an important role giving
rise the need of direction. So we need to study -
about direction of a quantity, along with magnitude. e

Fig- 1

OBJECTIVE
After completion of the topic you are able to :-
i) Define and distinguish between scalars and vectors.
i) Represent a vector as directed line segment.
i) Classify vectors in to different types.
iv) Resolve vector along two or three mutually perpendicular axes.
v) Define dot product of two vectors and explain its geometrical meaning.
vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.

Expected backaround knowledge
i) Knowledge of plane and co-ordinate geometry
i) Trigonometry.

Scalars and vectors

All the physical quantities can be divided into two types.
i) Scalar quantity or Scalar.
i) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is
called as scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.




Vector quantities:- A physical quantity which requires both magnitude & direction for its complete
specification and satisfies the law of vector addition is called as vector quantities.
Examples: - Displacement, force, acceleration, velocity, momentum etc.

Representation of vector:- A vector is a directed

line segment ABwhere A is the initial point and B is A > B

the terminal point and direction is from A to B. (see

fig-2). o2

Similarly B2 is a directed line which represents a vector -

having initial point B and terminal point A. A SN B
Fig-3

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (=) over it. For
example 4B . 1t is also represented by a single small letter with an arrow or bar mark over it. For example
“a.
Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar
quantity.
Magnitude of AB = | 4B |= Length AB. = AB
Tvpes of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: -A vector having zero magnitude and arbitrary

direction is called as a null vector and is denoted by 0 .

Clearly, a null vector has no definite direction. If “a = 4B, then a is a null (or zero) vector iff |a |=0ie.if
B |=0
For a null vector initial and terminal points are same.
2) Proper vector: - Any non zero vector is called as a proper vector. If | a | # 0 then "a is a proper vector.
3) Unit vector : - A vector whose magnitude is unity is called a unit vector. Unit vectors are denoted by a
=1

Note: - The unit vector along the direction of a vector “& is given by

* tat

small letter with * over it. For example “a




4) Co-initial vectors:- Vectors having the same A i
initial point are called co-initial vector.

DIP P I 9

In figure-4, O4,0B,0€,0D and OF are Co-initial o
vectors.

Y
o

Fig -4 E
5) Like and unlike vectors: - Vectors are said to be like if they have same direction and unlike if they
have opposite direction.
6) Co-Linear vectors:- Vectors are said to be

co-linear or parallal if they have the same line of » s— *
action. In f figure-5 AB and BE are collinear. Eha-8

7) Parallel vectors: - Vectors are said to be

parallel if they have same line of action or have line >

of action parallel to one another. In fig-6 the vectors >

are parallel to each other. T

8) Co-planner Vectors: - Vectors are said to be

co-planner if they lies on the same plane. In fig-7

vector a, B and e are coplanner.

9) Negative of a vector: - A vector having B

same magnitude but opposite in direction to that of

a given vector is called negative of that vector. If “a H
is any vector then negative vector of it is written as ~

-"aand | e |= | —a | but both have direction N

opposite to each other as shown in fig-8. Eig=8

10) Equal Vectors: - Two vectors are said to be n—

vy

equal if they have same magnitude as well as

same direction.
Thusa = b

Fig - ©




Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports.

iii) If they have different sense.

Vector operations
Addition of v [S: -
Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a

triangle taken in same order their sum or resultant is represented by the 3 side of the triangle with

direction in reverse order.

As shown in figure-10 @ and B are two vectors

1]

represented by two sides OA and AB of a triangle

> —p
ABC in same order. Then the sum a +b s n+ B >
b
represented by the third side OB taken in reverse
order i.e. the vector @ is represented by the o = A

directed segment 04 and the vector b be the
directed segment 4B, so that the terminal point A of
a is the initial point of B. Then OB represents the
sum (or resultant) (a + bj. Thus 0B = a + b

Note-1 — The method of drawing a triangle in order to define the vector sum (& + bY is called triangle law of
addition of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

|0B |G |04 |+ [ZB |

Parallelogram law of vector addition: - If @ and b

are two vectors represented by two adjacent side
of a parallelogram in magnitude and direction, then
their sum (resultant) is represented in magnitude
and direction by the diagonal which is passing

through the common initial point of the two vectors.
As shown in fig-Il if OA ise and AB is b then OB

diagonal represent @ + b .
ie.a+b=04+A4B




Polygon law of vector addition: - If &, bjeand d
are the four sides of a polygon in same order then
their sum is represented by the last side of the
polygon taken in opposite order as shown in

figure-12.
Subtraction of two vectors

If @ and b are two given vectors then the subtraction of b from a denoted by a - b is defined as addition of
-bwith a. i.e. a-b=a+(-h).
Properties of vector addition:- i) Vector addition is commutative i.e. if & b are any two vectors then:-
‘a+b=b+a
i) Vector addition is associative i.e. if a, B, e are any three vectors,
then (a+B)+e= a+ (b+oe)
i) Existence of additive identity i.e. for any vector &, 0 is the additive
identity i.e. 9+a=a+ 0= a where 0is a null vector.
iv) Existence of additive Inverse :- If a is any non zero vector then -a is
the additive inverse of &, so that a + (—a) = (-a) + a = 0
Multiplication of a vector by a scalar : -
If a is a vector and k is a nonzero scalar then the multiplication of the vector a by the scalar k is a vector
denoted by ke or ek whose magnitude |k | times that of a.
i.eka=|k|x|a |
=k X |a |ifk20.
=(-k)x | @ | ifk<0.
The direction of ka is same as that of a if k is positive and opposite as that of a if k is negative.
ka and a are always parallel to each other.
Properties of scalar multiplication of vectors :-
If h and k are scalars and a and b are given vectors then
i) k (@ + B) = ka + kb
i) (h+k)a = ha + ka, (Distributive law)
i) (hk)a = h(kea), (Associative law)
iv) l.a= a
v)0.a=0




Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector OP is called position vector of

the point P relative to O and is denoted by p-.
As shown in figure-13, let AB be any vector , then
applying triangle law of addition we have
04 + AB ="0B where UA4=a and OB =b
=>AB="0B-04 =b-"a

= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with

position vector @ and B respectively and P be a
point on line segment AB , dividing it in the ration
m:n. internally. Then the position vector of P i.e.r is

given by the formula: #= @
mb
If P divides AB externally in the ratio m:n then % =
mb-na
m—-n

If P is the midpoint of AB then # = @b
2

Example-1 :- Prove that by vector method the

%
medians of a triangle are concurrent. A (a)

Solution:- Let ABC be a triangle where @, b and e
are the position vector of A,B and C respectively.
We have to show that the medians of this triangle
are concurrent.

._>
B (D)
Fig- 15

Let AD , BE and CF are the three medians of the triangle. X
Now as D be the midpoint of BC, so position vector of D i.e. d = b+ °.

2
Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

. 2(b+_°)+1a
by g= dta= #(by applying section formula)
2+1

-

atb+e

:>g =

3




Let G’ be a point which divides BE in the ratio 2:1,

Position vector of E is e =ate,
2

- 2(4 ) +1p
Then position vector of G’'is given by  g'=2etb=_""  (by applying section formula)
2+1 3
>, a+b+e
=> g = 3

As position vector of a point is unique , so G=G'.

Similarly if we take G” be a point on CF dividing it in 2:1 ratio then the position vector of G” will be same as
that of G.

Hence G is the one point where three median meet.

. .The three medians of a triangle are concurrent. (proved)

Example2: - Prove that i) la + BI< lal + IBI (It is known as Triangle Inequality).
i) lal - II< Ia — Bl
iii)la — Bl< lal + 1Bl
Proof:- Let O,A and B be three points, which are not

collinear and then draw a triangle OAB. -~

let OdA=a ,AB=Ph , then by triangle law of

ol

~

addition we have 0B = a+ b o
From properties of triangle we know that the sum of —
any two sides of a triangle is greater than the third
side.

= OB < OA + AB

= [0BI<I0Al + [ABI

> o+ blclal 4 T5] —-mmmmmmmemmmeev (1)

When O,A, B are collinear then
From figure-17 it is clear that
OB = OA + AB

= o8l =104l + 14B] x A B
= la+bl= lal + IBl ----------------- (2) Fig-17

k4
<>
A 4




From (1) and (2) we have,

la+bl< lal + 1)1 ( proved)
i) lal = Ila—b+Bl ---------- (1)

But I(a — #)+5 I <la — bI+ IBI (From triangle inequality) ------- (2)
From (1) and (2) we get lal < la — bI+ 1Bl

= lal - B < la — Bl(proved)
i) la—bl = la+ ()] <lal + I-bI (From triangle inequality)

=lal + 18] (as -5l = IBl)
la — bl< lal + IBI (proved)

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X is denoted by i.

The unit vector along direction of Y axis i.e. 0¥ is denoted by j.

Then from figure-18 it is clear that OM = X1 and

Y A
ON =yj.
So, the position vector of P is given by
N P
0P=r =xi+yj
T
And OP =I0Fl =r = V/xZ ¥ y2 0 M > X

Fig-18
If ABis any vector having end points A( x1,v:) and B (x2,y:) , then it can be represented by

AB=(x2—x1 1 +(y2—y1)j




Components of vector in 3D 54
Let P(x,y,z) be a point in space and ,jand’k be 7 L
the unit vectors along X axis , Y axis and Z axis \I‘\\\ i . )
respectively. (as shown in fig-19 ) 18 |
Then the position vector of P is given by e J y e s
OP =x1 +y]j +% The vectors xi, y J, zk are 1 \‘x
called the components of 0P along x—axis, y-axis L - a =
and z-axis respectively. Fig-19
And OP =[0P] = Vxz + y2 4+ 22
Addition an lar multiplication in terms of component form of v [S: -

For any vector a = aii + asj+ askand B = byi + b2j+ bk
i)a+B= (a4 b))l + (az + ba)j+ (as + b3k
iya-b= (a1 — b1)i + (az — ba)j+ (as — bz )k

i)k @=kaii + kazj+ kaskwhere K is a scalar.

iV)@a=b & ail +azj+ ask=Dbii + bsj+ bk

< ai=bi, ax=by, a3=bs

If AB is any vector having end points A( x1,y1,z1) and B (xz, y2,z2) , then it can be represented by
AB = Position vector of B — Position vector of A

=(x2f +y2j+ z2B- Qi + yij+ zib

= (x2—x1)7 +(y2—y1)] +(z2—2z1Jk

dBl=V(x, —x1)2 + (y, = y1 )2+ (72— 71)?

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and ¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 04 =21 + 6] + 3%k
Position vector of B, 0B =1 +2f + 7k
Position vector of C, 0€ =31 + 10j-k

Now AB=0B-0A=(1-2)1 +(2-6)] + (7—23)k= --4f + 4k




A€ =06-0A=(3-2)i + (10-6)j+(-1-3)k=1+ 4f 4k
= -(-i-4] + 4} = - 4B
= ABWAE or collinear.
They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.
Example-4: - Prove that the points having position vector given by 2 1 -j +k i-3f -5kand
31 - 4f - 4form a right angled triangle. [2009(w)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 21 -f + i-3f -5kand
31 - 4f - 4krespectively
Then. "AB = Position vector of B — Position vector of A.
=(1-=2)1 +(-3=-(-1))] + (=5 1) k= -1-2j-6k
"BE = Position vector of C — Position vector of B.
=(3-1D1 +(4-(-3))j+(—4—-(-5)k= 2i-j+k
“A€ = Position vector of C — Position vector of A.
=(3-=2)f +(4-(-1))]+ (=4 - 1)'k=1-3]- 5k
Now AB= [4Bl = V(-1)2+ (-2)2+ (-6)2 =Vi+4+36= V4l

BC= [Bel =22+ (-1)2+12 =Vd+1+1= V6

AC = el = V12 + (=3)2+ (-5)2 =Vi+9+25= V35
From above BC2 + AC2 = 6435 = 41 = AB2,

Hence ABC is a right angled triangle.
Example-5 :- Find the unit vector in the direction of the vector a = 31 -4f +k (2017-W)

Ans:- The unit vector in the direction of a is given by
S AT et 3 §-4 541 %

lal \/32+(_4)2+12 V9+16+1 V26 V26 V26

A

Example-6 :- Find a unit vector in the direction of a +b where @ =1+ j-'kand b = = 1 - j+3k
Ans:- Letr =a +b= (1 + - B+ (- j+3p =21+ Tk
2~ 2

Unit vector along direction of a +B is given by = ~_ _Zi+Zk_ 2t 2k 2 4,
I# 22122 V8 NCEERY
2a 2a 1a. 1s
= “k+ TE s
2 2v2 2

[\
e 2>

=
SF




Anal tween the vectors:-
As shown in figure-20 angle between two vectors

RS and PO can be determined as follows.

Let OB be a vector parallel to B9 and 04 is a
vector parallel to PO such that 0B and 04
intersect each other.

Then 6 = L AOB = angle between RS’ and P0.

If 8 = 0 then vectors are said to be parallel.

If 8 =rthen vectors are said to be orthogonal or
2

perpendicular.

Dot Product or Scalar product of vectors

The scalar product of two vectors a and B whose magnitudes are, a and b respectively denoted
by a.b is defined as the scalar abcosé , where 6 is the angle between @ and b such that0 < 6 < = .

a.b =lal bl cosd = a b cosd

Geometrical meaning of dot product

In figure21(a), & and B are two vectors having
6 angle between them. Let M be the foot of the
perpendicular drawn from B to OA.

Then OM is the Projection of # on @ and from
figure-21(a) itis clear that,

IOMI = IOBI cosé = 15l cosé.

Now a.b = lal (1Bl cosd) = lal X projection of b on a

which gives projection of bona = &
P
lal

Similarly we can write a. B = lal I5] cosg

=1p1 (lal cos) = IB] projection of & on b.

Fig-21




Similarly, let us draw a perpendicular from A on OB
and let N be the foot of the perpendicular
in fig-21(b).

Then ON = Projection of a on b

and ON = OAcosé =lal cosé.

a

Fig-21(b)

Pr rti fD [
) b= ba (commutative)
i)y a.(B+6)=a.b+ae  (Distributive)
i) If @I b,then a.h=ab  {as6 =0 in this case cos0 =1}
In particular (&)2 =a.a =1al?
7.7= J.J="kle 1
iv)If a1 B, thena.b=0. {as@ =90 in this case cos90°=0 }
Inparticular 7. § = 1., k7=0=07=K =7k
V)a.0=0.a =0
Vi) (a+5). (a—b) = lal?- 1BI%= a2 -b2 {Wherelal=a andIbl=b)
viii) Work done by a Force:- The work done by a force F acting on a body causing displacement d is
givenby W =F.d
Dot product in terms of rectangular components
For any vectors a = aii + asj+ askand B = b1 + bsj+ bskwe have,
a.B = aib1 + azb> + azbs ( by applying distributive( ii) , (iii) and (iv) successively)
Angle between two non zero vectors
For any two non zero vectors a = aii + azj+ askand B=hi + b2j+ bsk having 6 is the angle between
them we have,

al n b1 + azbz + azb
cos0="2 _y LT e T s (In terms of components.)
a Va2+a2+ab “+b *+b °
1 2 3 1 2 3
0= COS_l( aibi1 + azb2 + a3b3

\/a12+a22+a32\/b12+b22+b32




Condition of Perpendicularity: -

Two vectors @ = a1i + asj+ askand b = bii + bsj+ bskare perpendicular to each other
<~ aib, + azb, + azbs =0
Condition of Parallelism :-

Two vectorsa=ai + Jj+a kandB=b1i +b’j+ b kare parallel to each other <>al @ = @)
1 2 3 1 2 3 b1 by b3

Scalar & vector projections of two vectors (Important formulae

Scalar Projection of hon a= @b

Vector Projection of b on a= |2

Scalar Projection of @ on b= 1p1
. ab
Vector Projection of a on b= 22 f _
1p12 1p12
Examples: -
Q.- 7. Find the value of p for which the vectors 31 + 2j +9% 1 + p j+ 3kare perpendicular to each other.
Solution:- Let @ = 31 + 2j +9kand b =1+ p j+ 3k
Hereai=3,a;,=2,a3=9
bi=1b,=p&bs;=3
Given a- B =>aibi + azbz + ashs =0
=>3.1+2.p+9.3 =0
=>3+2p+27 =0
=>2p = -30
=>p=-15 (Ans)
Find the value of p for which the vectors a = 31+ 2j +9k b =1+ pj+ 3kare parallel to each
other. ( 2014-W)

Solution:- Given all B&™ = 2 @3 = 2 =9 {Taking 1% two terms}
b1 b2 b3 1 p 3

<3 =2& p =2(Ans) {Note:- any two expression may be taken for finding p.}
P 3

Find the scalar product of 31 -4jand —21 + j. (2015-S)
Solution:- ( 31 4j) . (=214 }) = (3%(-2))+((-4)x1) =(-6)+(-4) = -10




Find the angle between the vectors 5i +3j + 4kand 6i-8j-k.
(2015-W) Solution:- Let a= 51 +3j + 4kand b= 6i-8j-k
Let 6 be the angle between @ and b .

_ by + aghy + agb
Then = cos™(— A28 )

Vai?+az?+az?Vb1*+b2%+b3?

_ -1 5.6+3.(=8)+4.(=1) _ —1730=24—4y _ -1 2
=c = cos = cos
(\/52+32+42\/62+(—8)2+(—1)2 ) (\/50\/101) (\/50\/101)

Find the scalar and vector projection of & on b where,

a=1 -j-kand b= 31+ j+3k. {2013-W ,2017-W, 2017-S}

Solution:-  Scalar Projection of @ on b = @b = 13 CDTHODS

3-1-3 = -1
. V312137 Vo Vo
a.
Vector Projection of aon B = b = L3HCEDIHCED3 (314 j+3k)
1512 (V32+12+32)2
=318 B j430 = L3+ j43R)
19 19
Find the scalar and vector projection of 5 on a where,
a=31+j-Zkand b= 21+3j- 4k. {2015-S}
Solution: -  Scalar Projection of Bon a = ab = 32413+ Y o508 = 17

1&l V32+12+4(-2)2 Vie V14

Vector Projection of Bona = &8 ¢ _ 32113428 (35 459y

a2 (B2
=12 (31t - 2n.

14

Q-13fab=ae ,thenprovethata=0or b=cor aL (b-e
) Proof:- Given a.B = a.e
> (ab)-(ae)=0 =>a.(f-e)=0 { applying distributive property}
Dot product of above two vector is zero indicates the following conditions
a=0 orB-e =e or al (B-e)
> a=0o0r B=eor aL (Bb-e) (proved)
Example:-14 Find the work done by the force F=1+ j- 'k acting on a particle if the particle is displace A
from A(3,3,3) to B(4,4,4).
Ans:- Let O be the origin, then
Position vector of A 04 = 31+3j+3k

Position vector of B 0B = 41+4j+ 4k




Then displacement is given by, ¢ = 4B = (0B - 04) = (41+4j+ 4§ - ( 31+3j+3) = 1+j+k
So work done by the force W = F.d = F. 4B = (1+j- §. i+ j+ B
= 1.141.14(-1).1 = 1 units
Example:-15 If'aand bare two unit vectors and 6 is the angle between them then prove that

sine = 1fa'h
2 2

Proof: - (la'#)% = (a’b). (a'b) = (da) - (ab) -(ba) + (bb) { Distributive property}
= (I'dl)2 - (ab) - (ab) + (1’6 )2 {commutative property}
=12 - 2'abt 12 { as’aand bare unit vectors so their magnitudes are 1}
=2-2%b=2(1-"ab)
=2(1-1"d. bl cos 6) { as @ is the angle between ‘wand b}

=2 (1-1.1. cos 0)

=2(1-cosf) =2.2sim2"
2

Taking square root of both sides we have  [a'h = 2 sine
2

= sing =1la’h  (proved)
2 2

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their
difference is v/3.
Proof:“ghand ¢ are three unit vectors such that “a b= ¢
Squaring both sides we have,
=> (I'at'bl)2 = (1 ¢ 1)2
=> (I'd)2 + (I'B)2 + 2"ab= 12
=> 12+12 +21'dI'Hl cos @ = 1 {where 6 is the angle between ‘uand b}
=>1+1+2cos6 =1
=>2c0s0 =-1

=>Cosf ==L
2

Now we have to find the magnitude of their difference i.e’a’b
So (I'a’bl)z = (l'al)2 + (1'B)2 -2%ab=12 + 12 - 21" I'Hl cos 6
=2-2¢080 =2-2(=)=2-(-1)=3
2

~l'aH=+v3"  (Proved)




Vector Product or Cross Product
If sand B are two vectors and 4 is the angle between them , then the vector product of

these two vectors denoted by @ x B is defined as

@ xb=lal.lBIsingn

where s the unit vector perpendicular to both eand 5.
As shown in figure-21 the direction of @ x B is F

always perpendicular to both aandb.

Fig-22

Properties of cross product

i) Vector product is not commutative & xB GB X a

ii) For any two vectors aand 5, a xb=-(b xa)

iii) Forany scalarm, m(a xb) =(ma) xb =a x (mb)

iii) Distributive @ x(B+e)=(a xb)+(a xe)

iv) Vector product of two parallel or collinear vectors is zero.

a xa=0 and if allB then a xb=0 {as@=0or180:=>sin@d =0}
Using this property we have,

Tx7= Ix)="kKIk0

v) Vector product of orthonormal unit vectors form a right handed system.

As shown in figure- 23 the three mutually

z

perpendicular unit vectors i, j, k  form a right

~

handed system , ie. ixj =k =+]x1 ® A
(as 6 =90, thensing =1)

j X 1= (ke ) / A
kxi=j=-(ixB -~

Fig-23

2 ¢




Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors aand b is
. a_ . b
givenby “re ax .
Ia xB1

Anal ween two v [
Let 6 be the angle between eand b . Then a xb=(lal.lBIsind)n
Taking modulus of both sides we have,

la xbBl=1al.1blsing

_ |a xb |
= sinfd =
lallbl
a xb
Hence® = sin—1{ -}
IallBI
meitrical Interpr ion of v [ pr [
?
cross product = c

Let04 =a and OB =b.

Thena xB=(Ial.l1BIsing)n
=(lal).(1BIsin6n

From fig-24 below it is clear that

BM=0OBsingd=15Ising=1allBMIn

°}

Fig-24

{ as sin 6 = BM/OB &0B = b}
Now [ @ xBl =1allBMI 17 = OA.

BM = Area of the parallelogram with side @ and b .
Therefore the magnitude of cross product of two vectors is equal to area  of the parallelogram
formed by these vectors as two adjacent sides.
From this it can be concluded that area of A ABC = Y, I4B . A€l

licati |
1. Moment of a force about a point (i ) :-Let O be any point and Let # be the position vector w.r.t. O of
any point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin ‘O’
is given by
M=r XF




2. Ifaand b represent two adjacent sides of a triangle then the area of the triangle is given by
ila x Bl Sq. unit
2

>
1

3. Ifaand b represent two adjacent sides of a parallelogram then area of the parallelogram is given by
A

Ia xBl Sq. unit

4. If aand b represent two diagonals of a parallelogram then area of the parallelogram is given by
A =1la xBl Sq. unit
2

\V rpr in component form ; -

Ifa=ail +asj+ askand B = b1l + baj+ bak
a XB=(af +azj+ ash x (bai + b2j+ bsk)
= a1b1 (1% 1) + a1b2 (1 % J) + a1bs(1 X B+ azb1 (f x )+ azb2(f x )+ azbs(j xB
+asbi(kx 1) + asba(kx j) + azbs(Ck<h
{ using properties ixi= jxj=kxk=0 , ixj="k=-(jx1),]x*k= i=-kx})and

A

k<= j=(ixP )

(a2b3 - a3b2) i +( asbi - aibs )j + (albz - azb )Ak

A P

i j k i j ok
= |lan az asz| i.e.a XB=|ax az as|
b1 bz b3 bl b2 b3
~onditi f Co-pl .

If three vectors &, Band e lies on the same plane then the perpendicular to @ and B must be perpendicular
to e.

In particular (a xB)L e =>(a xb).e=0
In component form if @ = a1f + azj+ askb = b1l + bsj+ bskand e = c1f + c2j+ cak
Then (@ xB).e=0

= (azb3 - asbz) c1+( aszbr - aibs ) co+ (aibz - azby )e3 =0
C1 C2 C3

= |21 a, @|=0 (interchanging rows two times R; andR: then R, and R3)
bi bz bs

dl a2 as
= |b1 b2 b3|= 0
C1 C2 C3




Example:- 17
fa=1+3j-Zkand b = —1+3kthen find @ x Bl

~ ~
~ ~

i j k 1 ] k

Ans:-Wehave @ xB=la; a; asz|=|1 3 -2
b1 bz b3 -1 0 3
={(3x3)-( 0x (=)} 1 - {( 1x3)( (-1)x (=2} + {( 1x 0)-( (-1)x 3)} k
=97-7+3%

2la xbBl =v92+ (=1)2+32 =81 +1+9 = V91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
a=72and b = 3]. (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by a and b is given by
area = la xbl =I"2x3jl =16l =6 sq units (Ans)

Example:-19 Find a unit vector perpendicular to both the vectors a =2i +f -kand b = 31 -} +3k

Ans: - (2015-W and 2017-S)
Unit vector perpendicular to both aand & is given by
A __@Xb
— la—>xi7‘l .................... (1)

bi bz b3 3 -1 3

=21-9j-5k 2)
From (1) and (2) we have,
a_ 21-99-5k _ _21-99-5k _27-9j-5k
127-99-5K  v22+(=9)2+(=5)2 Jii0
_2 - 9

S J_ \/_k(ans)

Example:-20 Ifa =21 -j¥kand b = 31 +4f “k, then find the sine of the angle between these vectors. (
2016-w)

a xB
Ans :- We know that sing = e 1)
lallbl
i 7k
Now @ xb= |2 -1 1|
3 4 -1

=(1-4)1-(-2-3)j+(8+3)k=-31+57+11%k




Hence | a XB|=+v(=3)2+52+112 =9+ 25 + 121 = /155 (2)

Again|d|=\/22+(—1)2+12=\/4+1+1=\/6_ (3)

and |p|=v3rs 22+ CD2=VIT 16+ 1=V26 (@)
From equation (1),(2),(3) and (4) we have,

laxol_ yiss _ viss (Ans)
lallbl V6726~ V156

Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)

sing =

Solution: - Let the position vector of the vertices A,B and Cis given by a ,B and e respectively.
Then a=1+j+2k

A

b =2i+2j+3k
e=31—j—k
Now 4B = Position vector of B — Position vector of A
=21 +2) +3k(@ + ] +2k
=Q2-Di+2-1j +B -2k
=i+ +k
Similarly 46 = Position vector of C — Position vector of A
=31— k(@G + ] +2B
=B-Di+(-1-1f +(-1-2)k

=2i-2j-3k
A A
Now AB x4G= |1 1 1|
2 -2 -3

=(-3+42)1-(-3-2)j+(2-2)k=-1+5/-4k
Hence area of the triangle is given by

A=1 4B x A€l =lVE=zF5rF (=4
2 2

V#2516 = 11/42 sq units. (Ans)
2

1
2

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors

a

3+ j—2knd B =1—3] +4k  (2014-W, 2017-W)




Ans: - Area of the parallelogram with diagonals a and b are given by

1
A=— X b
~|e x5 |
i 7k
Now @ xB= |3 1 =2
1 -3 4

= (4-6)1-(12+2)j+(-9-1)k=-21-14j-10%

Nowarea A= | a xb | = .VE2rF Tz F=10)
2 2

= I VE+196+106="""" - 195 =53 5qunit. (ans)
2 2

2
Example:-23 For any vector a and B, prove that (@ x b)2 = a2b2—(a.h)2 where a and b are
magnitude of & and B respectively.
Proof: - (a xB)2= (1al.1bIsin @)z
= (absin 092 = a2b2sin26 (As (02 =(

= a2b2(1 — cos?0) = a2b2— a2b2cos26

34)2 =12=1)
= azb2— (abcosh)? =azb2— (a .B)2 (Proved)

Example:-24 In a AABC, prove by vector method

a c
that —_b = ,
sind sinB sinC

where BC = a, CA = b and AB =c. ( 2017-S)
Proof:- As shown in figure- 25 ABC is a triangle

having, e = BC;b = CA and e = 4B.
From triangle law of vector we know that,
BC- + CA = BA

> a+bh= —e

S a+b+e=0 ... (1) Fig-25

(taking cross product of both sides with @ we get)
> ax(a+b+ e)=axd
= (axa)+(ax3)+(axe) =0
> 0+ (axbB)+(axe) =0
=

(axb)= —(ax e)




> (axB) = (ex a) (2)

Similarly taking cross product with b both sides of (1) we have,
= (axB)= (Bx 6) ----w-wemems (3)
From (2)and (3), (axb) = (Bx ) = (eX a)

= |axb|=|bxe|=|exa|
= absin(r — C) = bcsin(r — A)= ca sin(m — B)
As from fig-25 it is clear that angle between @ and Bisw — C , Band eis = — Aand e and a is = — B.

Dividing above equation by abc we have,

= absin(z=C) __ bcsin(m—A) __ casin(z—B)

abc abc abc
= sinC _ sindA __ sinB
c a b
Hence © - b _ ¢ (Proved)
sinA sinB sinC '

Example:-25 What inference can you draw when @ x b = 0 and a. b= 0
Ans: -Givena x b =0anda.b=0

= {Eithera=0orb=0orallb}and { a=0orb=0oraL B}

= Asallbanda- B cannot be hold simultaneously so a= 0 or b=

BHence either a= 0 or b= 0.
Example:-26 If |a| = 2and |b] =5and |a x B | = 8, thenfind @B .
Ans: - Given |a xb| =8

= |al||B|sing =8

= 2X5sing =8

= sinf =_8= 4
10 5

. cosh =VT=simzg=V1— (92 =1—-16=y2 =3
5 25 25 5

=6 (Ans)

5
Example:-27 Show that the vectors i — 3 j + 4k 2i — j + Zkand 41 — 7 j 4+ 10kare co-planar.(2017-S)

Hence w.B= |a||b|cosd=2 x5 x

Ans: - Now let us find the following determinant,

1 -3 4
2 =1 2| =1(-10+14) - (-3) (20-8)+ 4(-14+4) = 4+ 36 -40 = 0
4 -7 10

Hence the three given vectors are co-planar.




Exercise

1. Show that the points (3,4) ,(1,7) and (-5,16) are collinear. (2 Marks)
2.fa = 31—5jand B = 2i + 3j, then find the unit vector parallel to a + 2. (2 Marks)
3. Show that the vectors @ = 3v3i—3j, 5 =6jand e = 3v3T + 3 form the sides of an

equilateral triangle. (5 Marks)

4. Find the unit vector parallel to thesum a = 21 + 4] —5kand B =1 + 2] + 3k (2014-W,2017-W).(2 Marks)

5. Find the scalar and vector projection of & on Bwherea =1 + jand b = j + k- 21.(2015-W)
(5 Marks)

6. The position vector of A,B and C are 21 + j —k3i —2j+'k i + 4 j — 3krespectively . Show that A, B
and C are collinear. (2 Marks)
7. Find the value of ‘a’ such that the vectors i — j +k 2i + j +kand ai— j+ alare coplanar.

(2 Marks)
8. Find the value of 'k’ so that the vectors @ =1 +2j—kand B = ki + + Skare perpendicular
to each other. (2015-W) (2 Marks)
9.Find the unit vector in the direction of 2a + 3B wherea =1 +3j+kand b = 3t —2j %k

(5 Marks)
10. Find the angle between the vectorsa = 3i +2j—6kand B = 4i—3j+k (5 Marks)
11. Calculate the area of the triangle ABC by vector method where A(1,2,4), B(3,1,-2) and C(4,3,1).

(5 Marks)
12. Obtain the area of the parallelogram whose adjacent sides are given by vectors 1 + 2 + 3k

and-3i—2j+k (5 Marks)

13. Determine the sine of the angle between a =1—3j+kandb =1+ j+k (5 Marks)
14. Find the unit vector along the direction of vector 21 — j — Zk. (2015-S) (2 Marks)
15. Find the area of the parallelogram having adjacent sides i — 2 j + Zkand 21 + j. (5 Marks)
16. Find the unit vector perpendicular to both 3i + 2 — 3kandi + j -k (5 Marks)
17. Find the area of the parallelogram having vertices A(5,-1,1), B(-1,-3,4), C(1,-6,10) and D(7,-4,7).

(5 Marks)

18. Find the vector joining the points (2,-3) and (-1,1).Find its magnitude and the unit vector along the
same direction. Also determine the component vectors along the co-ordinate axes. (5 Marks)
19. Prove by vector method , that in a triangle ABC,

b2+c2—g?
2bc

COSA =

where BC = a, CA = b and AB =c. (5 Marks)
20. Find the work done by the force 4i — 3kon a particle to displace it from (1,2,0) to (0,2,3) (2 Marks)

21. If @ and b are perpendicular vectors, then show that (a + 5)2 = (a— b )z2. (2 Marks)




22. If a,b and e are three mutually perpendicular vectors of the same magnitude, prove that

(a+b+¢) is equally inclined with the vectors a,b and e.

(10 Marks)
23. Find the area of the parallelogram whose diagonals are a = 21— 3]+ 4kand b = —31+ 4] -k
(5 Marks)
Answers
) 7i+ ' j 4) ) 11+ 20)
5VZ  5v2 7 V6 6
7)1 8)3 9 1ni- "%
Nevr Ay,
10) = 11) 5V10 sq units 12) 6v/5 sq units
2 2
13) 42 14) 21-'7-"% 15) V45 sq units
V33 3 3 3
16) i+ "k 17) V2257 sq units
V2 V2
18) —31+4] , 5 ,-3i+"'j, =31 and ¢j

5 5 5 5

20) -13 units 23) @sq units.




LIMITS AND CONTINUITY
INTRODUCTION:-

The concept of limit and continuity is fundamental in the study of calculus. The fragments of this
concept are evident in the method of exhaustion formulated by ancient Greeks and used by Archimedes (287-
212 BC) in obtaining a formula for the area of the circular region conceived as successive approximation of
areas of inscribed polygons with increased number of sides.
The concept of calculus is used in many engineering fields like Newton’s Law of cooling
derivation of basic Fluid mechanics equation etc.
In general the study of the theory of calculus mainly depends upon functions. Thus it is
desirable to discuss the idea of functions before study of calculus.
OBJECTIVES:-
After studying this topic, you will be able to
i) Define function and cited examples there of
i) State types of functions.
i) Define limit of a function.
V) Evaluate limit of a function using different methods.
V) Define continuity of a function at a point.
(i) Test continuity of a function at a point.
EXPECTED BACKGROUND KNOWELDGE :-
(1) Set Theory
(2) Concept of order pairs.
RELATION:-
Definition : - If A and B are two nonempty sets, then any subset of AXB is called a relation ‘R’ from A to B.
Mathematically R < AXB
Since @ < AXB and AXB is a subset of itself, therefore @ and AXB are relations from A to B.
EXAMPLE:-1
A={1,2}B={ab,c}
Then Ax B = { (1,a), (1,b),(1,0),(2,a),(2,b),(2,c)}
Now the following subsets of Ax B give some examples of relation from A to B.
Ri={(1,a),(2,b)}, Ra={(1,0)}, Rs={(2,b)}and Rs = {(1, a), (1, b), (2, ¢)} are examples of some relations.
The above relations can be represented by figurel-4 as follows.




Ri1 ={(1,a),(2,b)}

Fig-1
R, = {(1' C)}
Rs = {(2,b)} e
Fig-3

R4 = {(1: a)! (1! b)' (2' C)}

Example — 2
A = Players = {sachin, dhoni,pele, saina}

B = Game = {cricket, badminton, football}

Then R = player related to their games.
The pictorial representation is given in Fig-5

Badminton

Football




FUNCTION: -
A relation ‘f' from X to Y is called a function if it satisfies the following two conditions
(i) All elements of X are related to the elements of Y.
(ii) Each element of X related to only one element of Y.
In above example -1 only relation R; is a function, because all elements of A is related.
Each element (i.e. 1-a and 2-b) is related to only one element of B.
R> is not a function as ‘2’ is not related.
Rs is not a function as ‘1’ is not related.
R 4 is not a function as 1 related a and b.
EXAMPLE - 2 represent a function.

EXAMPLE -4

Let us consider a function F from A = {1,2,3}to
B = {a, b, ¢, d}as follows.

Fig-©6

Here we can write F(1) =a
F(2)=c
F(3)=b
DOMAIN (Dg)
Let F:X->Y is a function then the First set ‘X" is called domain of F.

X=Dom F = D¢

In example-4 {1,2,3} is the domain.
Co-domain —
If F: XY is a function, then the 2" set Y is called co-domain of F. In example -4 {a, b, c, d}is the co-
domain.
IMAGE:- If f: XY is a function and for any xe X, we have f(x)e Y.
This f (x) =y €Y is called theimage of x.
In example -4 ‘a’ is the image of 1
‘b’ is the image of 3
‘c’is the image of 2




Range (Rg): -
The image set of X’ i.e. domain is called range of F.

F(X) =Range of F

In example -4 {a, b, c} represent the range of F.

In above discussion we have taken examples of finite sets. But when we consider infinite sets it
is not possible to represent a function either in tabular form or in figure form. So, we define function in another
way as follows.

CONSTANT- A quantity which never changes its value. Constants are denoted by A, B, C etc.

VARIABLE:-A quantity which changes its value continuously ¥, y, z etc are used for variables.

TWO TYPES OF VARIABLE:- i) Independent variable ii) dependent variable

Independent variable > Variable which changes its value independently .Generally we take ‘x’ as independent
variable.

Dependent Variable > Variable which changes its value depending upon independent variable. We take 'y’ as
dependent Variable.

DEFINITION OF FUNCTION:-

Let X and Y be two non empty sets. Then a function or mapping ‘f’ assigned from set X to the
set Y is a sort of correspondence which associated to each element xe X a unique element ye Y and is
written as

f:X->Y (readas" fmaps XintoY).
The element 'y’ is called the image of x under f and is denoted by f(x) i.e. y = f (x)
and x is called pre-image of y.

Example - Let y = F(x) = x> where X ={ 1,1.5,2} ; .
Pictorial representation is given in Fig-7 - { e
— .
Fig-7

Here values of x form domain and values of y form range.

FUNCTIONAL VALUE f (a)=> The value of f (x) obtained by replacing x by a is called functional value of f(x)
at x=a, denoted by f(a)




Example :- Lety = f (x) = x?
Then functional value of f(x) at x=2is f(2)=22=4
The functional value of f(x) at x=1.5is f(1.5) = 2.25
If f(x) =1 then f(1)= 1/1=1 , f(2) = 2. Butf(0) = 16 which is undefined

So the function value of function is either finite or undefined.
Classification of function
Functions are classified into following categories

Into function

A function F : A - B is said to be into if there exist at least one element in B which has no pre-image in A. In
this case Range set is a proper subset of co-domain Y.

Let A ={1,2,3} and B = { a,b,c,d}

Then the function F given by fig-8 represent one into

function from A to B.

Fig-8 (Into Map)

In above figure d has no pre-image in A.

Qnto function A B
A function F : A > B is said to be onto if Range of F =

i.e. F(A) = B. In other words every element of B has a 1 \ — f a
pre-image in A. £ ~> B
Let A = {1,2,3,4} and B = { a,b,c,} > T <

Then the function F given by fig-9 represent one onto
fig-9
(Onto Map)
From above figure it is clear that F(A) = B.

function from X to Y.

One-one function

A function F: A = B is said to be one-one if each

A B

distinct elements in A have distinct images in B i.e. if
x1Gxzin A => F(x1) G F(x2) in B.
LetA={ab,c}andB={1,23,4}

Then the function F given by fig-10 represent an one - one
one-one function from AtoB. Fig-10




Many-one function

A function F : A = B is said to be many-one if there = - -
exists at least one element in B, which has more than , .
one pre-image in A. S -—-:"'—T'—— 2
LetA={1,2,3}and B={a,b} . °
Then the function F given by fig-11 represent a
many-one function from AtoB. ( Many one)

Fig-11

From above figure it is clear that a has two pre-

‘Q

( One-one and onto)

Fig-12

imagesland2inA.
ne-one and onto function or bijective function

[T

A function F : A = B is said to be one-one and onto if
it is one-one and onto i.e each distinct element in A

has distinct image in B and every element of B has a

pre-image in A.
LetA={1,23}and B ={ab,c}

A 4

Then the function F given by fig-12 represent an
one-one and onto function from AtoB.

If F: X 2> Y is a bljective function then it's _
inverse function defined from Y to X denoted by F-1 . | \ |

Im

If x e X and y € Y such that y= F(x) then x= F-1(y).
One example of inverse function is given in Fig-13 .
LetX={ab,c} andY ={1,2,3}.

Fig-13
Composition of two function X £ Y Y 6 Z
Iff:X>Y andg:Y > Z be any two functions '

having Range f = Domain g, then composition of f and n

g denoted by gof is defined by gof(x)= g(f(x)), xe X. aof

Domain of gof = X and Range of gof = Range of g.

The composition of two function f and g is shown E =

in fig-14.

Examples of some composite functions is given below




y = f(x) = sinx2 formed by composition of x2and sinx.
y = f(x) = vcotx formed by composition of cotx and /x .
y = f(x) = log, sin\/x formed by composition of v/x , sinx and log, x
Real Val Function:-
F : XY is called a real valued Function.
IfdomF=X<RandY <R.
Generally we discuss our topics on this type of functions.

DIFFERENT TYPES OF FUNCTIONS:-

(1) CONSTANT FUNCTION :-
The function F (x) = K for all x € R, where K is some real number is called a
constant function

For Constant Function Dr= R
R={K}

(2) IDENTITY FUNCTION :-

F(x)=x #x € R, is called Identity Function. (* x means for all x)It

is also denoted by I, or I.

Dom|= D|= R

(3) TRIGNOMETRIC FUNCTIONS :-
sinx, cosx, tanx, cotx, secx, cosecx are called trigonometric functions.
we know the defination of these functions.
We know that -1<sinx<1 and -1<cosx<1 %X € R. Here x is radian measure of an angle.

Function Domain Range

Sinx R [-1,1]

Cosx R [-1,1]

Tanx R- {(2n+1)ﬂE: n€z} R

Cotx R- {nn: n€z} R

Secx R- {(2n+1)z:n€z} R-(-1,1)
2

Cosecx R- {nn: n€z} R-(-1,1)




(4) INVERSE TRIGNOMETRIC FUNCTIONS :-

sin-1X, cos-lx,tan-1x, cot-1x, sec-1x,cosec-1x are called inverse trigonometric functions.
These are real functions.

Function Domain Range
sin-1X [-1,1] [_52_
cos—1X [-111] [OIT[]
tan-1x R -Z.0)
22
cot-1x R (0, m)
sec—1x x<-lorx=>1 OSySn,yG”E
cosec—1X x<-lorx>1 -iSYS”E,yGO

(5) EXPONENTIAL FUNCTION (@%):-
An exponential Function is defined by F(x) = a* (a>0, a#1), for all x€ER
Dr=R
Rr=R:
Properties

1) v = a%.a’

(2) @)y =a

(3) a*=1,<=>x=0

4) If a>1, a¥<a' if x<y

If a<l,a*>a" if x<y

(5) LOGARITHMIC FUNCTION
The inverse of a* is called logarithmic function.
f(x) =log x (log x base a) is called the logarithmic Function.

Dom f=R* ,R=R




PROPERTIES

(1) loga(xy) = logax + logay
(2) loga(*) = logax - logay

y
(3) logax = 0 <=> x=1
(4) loga=1
) logx= ' (x#1)

a Logx a

(6) logax = logpx.logab

(7) loga x» = nloga x

8 #x =;110gax

(6) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION ( IxI) :-

The function f defined by f(x) = |x|=,* whenx <0
x whenx =0

Is called Absolute Value Function.

Dg= R

Re=R*U{0}

Eg. |5]=5 (as 5>0)
[-2] =-(-2) =2 (as-2<0)
|0] =0
13.7| =3.7

|-5.2 | =5.2

(8) GREATEST INTEGER FUNCTION OR BRACKET x ([x]): -

The greatest integer Function [x] is defined as
x ifxez

ME
Ix] {n ifx@Zandn<x <n+1wheren€Z

Example

[2]=2 (as 2€ Z)

[0] =0 (as 0€ Z)

[2.5]=2{as 2.5 @ Z and 2.5 lies between 2 to 3i.e.2 < 2.5 < 3}
[-1.5]=-2{as—2 < —-15< -1}

[V3]= 1 {as1<V3<2}

[-e] =-3 {as2<e<3 =>-3<-e<-2}

Dom[x]=R  and Range[x] =Z




Functions are categories under two types as follows

(1) ALGEBRAIC FUNCTION (Three types)
i) Polynomial P(x) = ap+aix--------- +anxn
E.goF(x) = x*+2x+3,  F(x)=3x+5e
(i) Rational Function (P®_ % aotaix+——————————- tanx”
09 ° bo+bixt——————————— +bmx

2
x x“+2x+5
E.g.—=

5+ —axyr arerational functions.

iii) Irrational Function {P(x)} P e.g>vx,( x>+2x+1)?? etc.

2) TRANSCENDENTAL FUNCTION
Trigonometric, logarithmic, exponential functions are called transcendental functions.
Again there are following types of functions as follows.
EXPLICT FUNCTION
y=f(x) i.e. if y is expressed directly in terms of independent variable x, then it is
called explicit function .
Example y = x?
y=2x+1 etc
IMPLICT FUNCTION
Function in which x and y cannot be separated from each other (i.e.) F(x,y) = 0 is
called implicit Function. E.g. > x>+y?=1
x34+2xy+3x%y? = 7 are examples implicit functions.
EVEN FUNCTION:-
If f(-x) = f(x), thenf(x) is called even function.
Example f(x) = cosX
f(-x) =cos (-x) =cosx =f(x)
Hence f(x) = cosX is an even function
Similarly f(x) = x?, x*—~ are even functions.
ODD FUNCTION:-

If f(-x) = -f(x), then f(x) is called odd function.
f(x) = sinx, x, X3, are example of odd functions




INTRODUCTION TO LIMIT:-
The concept of limits plays an important role in calculus. Before defining the limit of a function
near a point let us consider the following example
Let F(x) ==x2=1

x—1
2
Now F(1) = 1 ~! = 0 undefined
1-1 0

But if we take x close to 1, we obtain different values for F(x) as follows

TABLE -1
X 0.91 0.93 0.99 0.9999 0.99999
F(X) 1.91 1.93 1.99 1.9999 1.99999
TABLE — 2
X 1.1 1.01 1.001 1.00001 1.000001
FOX) 2.1 2.01 2.001 2.00001 2.000001

In above we can see that when x gets closer to 1,F(x) gets closer to 2.however,in
this case F(x) is not defined at x=1,but as x approaches to 1 F (x) approaches to 2.

This generates a new concept in setting the value of a function by approach method.
The above value is called limiting value of a Function.
SOME DEFINATIONS ASSOCIATED WITH LIMIT:-
NEIGHBOURHOOQOD:-

For every a€R, the open interval (a-6, a+ 6) is called a neighborhood of a where §>0 is
a very very small quantity.
Example (1.9,2.1) is a neighborhood of 2. (6 =0.1)
DELETED NEIGHBOURHOOD of ‘a’:-
(a- 8, a+ 6)- {a} is called deleted neighborhood of a.
Left neighborhood of a is given by (a- 6, a) .
Right neighborhood of a given by (a, a+ 6).
Example
(1.9.2.1)- {2} is a deleted neighborhood of 2.

(1.9, 2) is left neighborhood of 2.

(2, 2.1) is a right neighborhood of 2.




DEFINATION OF LIMIT:-
Given €>0, there exist >0 depending upon € only such that , |x-a|< & => |f(X)-l|<€

Then limuq f(X) = |
EXPLANATION
If for every e>0,we can able to find § ,which depends upon € only such that xe (a- §,a+ § ),=> f(x)
€ (l-€,l+€) . Inother words when x gets closer to a then f(x) gets closer to I.

We read x—>a as x tends to ‘a’ i.e. x is nearer to a but x#a
limy~q f(x)=> limit x tends a f(x). 'I" is called limiting value of f(x)at x = a.
In 1* example lim ~ ¥-1_ 5

x=>1 x—1
i.e limiting value of f(x) atx=1is 2.
Note:-
Functional value always gives the exact value of a function at a point where as limiting value
gives an approximated value of function.
Functional value is either defined or undefined. Similarly limiting value is either exist or does
not exist.
EXISTENCY OF LIMITING VALUE:-
In our first example if we observe table -1 then we see we approach 2 from left in that table.
In table -2 we approach 2 from right.
So in table -1 x€ (2- §,2)
And in table -2 x€ (2,2+ 6)
These two approaches give rise to two definitions.
LEFT HAND LIMIT
When x approaches a from left then the value to which f(x) approaches is called left hand limit of
f(x) atx=awrittenas L.H.L.= limxsa- f(x)
X->a means x€(a — 4§, a).
RIGHT HAND LIMIT: -
When x approaches a form right then the value to which f(x) approaches is called right hand limit.

Mathematically
R.H.L. = limx—>a+f(x)

x>a* means xe (a,a+ §)




EXISTENCY OF LIMIT
IfLHL=R.H.Lie.

limx—>a+f(X)=limx—>a— f(x)= I

Then the limit of the function exists and limx-a f(x) = |
Otherwise limit does not exist.

ALGEBRA OF LIMIT: -
IF limye f(x) =land  lime-q g(x) = m

Then
i) limxsa{ f(x) + g(X) } = limx-a f(x) + limxsa g(x) =1+ m

i) limxea{f(X) - g(X) } = limxsa f(X) - limx-a g(x) =|-m
iii)limxea{f(X). g(X) } = limx-a f(X) . limx-a g(x) =Im

iv) ) lim (50 y = im0 _ 1 (provided m=0)
XA L g(x) limy—»q g(x) m

V) limx-q K =K (K is constant)

vi) limx—ak f(x)=k limx—a f(x)=K |
(Vii)limx—a logs f(x)  =logs limy-q f(x) =logy [
Viii) limy g efe)= elimx-aJ(0) =gl
(ix) limysa f(x)™ ={limyoq f(x)}r = In
(x) limysa f(x) =limy-q f(y) = |
(xi) limyoa |fC0) | = [limesa f(X) | = |1]

(xii) Iflim  f(x) =, then lim 1 =0

x—a xﬁaﬁ

EVALUATION OF LIMIT:-
When we evaluate limits it is not necessary to test the existency of limit always. So in this
section we will discuss various methods of evaluating limits.
(1) EVALUATION OF ALGEBRAIC LIMITS :-
(2)Method -> (i) Direct substitution (ii) Factorisation Iii) Rationalisation

i)  Direct Substitution :-
If f(x) is an algebraic function and f(a) is finite. Then lim.-. f(x) is equal to f(a) i.e. we

can substitute x by a.
Let us consider following examples.




Example -1
Evaluate limyso(x2 + 2x + 1)

ANS >
limeo(x2+ 2x + 1)= 0°+2x0+1 =1

Example -2

Evaluate limx—>—1 Zx_l

x4+2x—1

ANS->
. x—1 - (-D-1 ~ _2
lim,, 4 i1 CDIAXCD-T 1,4 2
Example -3

_V
. =7
hmx—>1 \/m :
Ans :-

lim l&_z—\/—l_ __1—

=1 2 Vid2 V3

Example -4

-1 1%-1 o0

7= =7 o~ Which cannot be determined.

Evaluate limy-1
NOTE: -
So here direct substitution method fails to find the limiting value. In this case we apply following
method.
ii) FACTORISATION METHOD :-

If the given Function is a rational function f® , andf@ isin2 form
g(x) g@) 0
then we apply factorisation method i.e we factorise f(x) and g (x) and cancel the common factor. After
cancellation we again apply direct substitution, if result is a finite number
otherwise we repeat the process .

This method is clearly explained in following example.

Example -4

x2—1

Evaluate limy-1 o
x2—1

1)(x—1
Ans : - limyo1 —i - limyes %

=lim(x+1)  {x> 1means x#1 => (x-1) # 0}
x—1

=1+1=2 {after cancellation we can apply the direct substitution}




Example -5

X2+7x+12

Evaluate limx_y_3 m

ANS :-

lim X% +7x+12 0
x->-3 J2ierre {by putting x=-3 we can easily check that the question is in O‘form }

) x?+4x+3x+12
= limy 3 e

. x(x+4)+3(x+4)

M3 3mmery
(x+4)(x+3)

limy——3 (m {X9 -3 then x+3 # 0}
(x+4)  —-3+4 1

x>=3 ¥y ey S

= 1

Example — 6

3 —3x%—-3x—4

Evaluate limy-4 >
x“—4x

ANS ->
lim x3—3x%2-3x—4 0

x—4 (;form )

x2—4x
0

As x=4 gives Bform

= X-4is afactor of both polynomials.

x-4 |x3-3x2 — 3x — 4| x2+x+1

| x3 -4x2? |
-4
|x2 —3x — 4|
| x2 — 4x |
- +
| x-4 |
| x -4 |
0
Hence x3 -3x%-3x-4 = (x-4)(x*+x+1)
x3-3x*—3x—4 (x—4) (x*+x+1) K 4x+1 424441 21

> =lim = lim = =—.
x“—4x x—4 x(x—4) x—4 X 4 4

Now limy-4




iii) Rationalisation method :-
When either the numerator or the denominator contain some irrational functions and direct substitution gives

o form, then we apply rationalisation method. In this method we rationalize the irrational function to eliminate
0

the o form.This can be better explained in following examples.
0

Example -7
x
Evaluate limy-o NeEseuy

ANS :-
lim X {In order to rationalize V<421 — 1 we have to apply a? — b2 formula
=0 /t1-1
a2— b2 = (a + b)(a — b) so here a — b is present, so we have to
multiply a + bi.e.Vx + 1+ 1}
=lim x(Vx+1+1)
0 (SF1-1)(Wrtl+1)
= lim x(VEFI+1)
x—-0___ 2
Vx+1 —12
= lim x(xFTHD) =lim xb[x-l-_1+1)
x>0 xp1-1 x=0 x
= limeoo(Wx+1+1) = VO+1+1 = 1+1=2
Example - 8
Evaluate limy_o TRa—vI=x
2x
Ans :-
lim  Y&e—Vix O
x—0 2 (5 form)
= lim (fAe—vVI—%)([ltx+/1=x)
x—0 2x(VI+x+VI=x) )
V14+x)%-(V1-2? (1+x)—(1—x)
= lim ( ) =lim
x—-0 2x(V1+x+V1-x) x-0 2x(V1+x+V1-x)
2x
= lim
x—-0 ZX(V T+x+v 1-x)
x-0 V1I+x+v1l-x
1

_ 1
VIFOH/I=0 1+1
1

N




(3) _Evaluating limit when x-> «

In order to evaluate infinite limits we use some formulas and techniques.

Formulas (i) limy-ew x* =0, n>0
1
(“)llmx—»oo XT= O ’ n>0
. . feo
When we evaluate functions in o0 form, the we use the following technique

Divide both f(x) and g(x) by x* where x*is the highest order term in g(x).
It can be better understood by following examples.

Example -9
3xZ+x—1

Evaluate llmx—mo %2 —7x+5

3x%+x—1
ANS:- limyoeo 27275

{Dividing numerator and denominator by highest order term in denominator i.e. x*}

3x2+x—1
. x2
= hm X0 2x2_7x45
)
322 x 1 1 1
= lim =tz 7 =lim 3ty
X0 Jx2—7x—5" xX—00 —F—5
x2 " x2t 2 2=t

. . 1
limy—oo 3+11mx_>DO — 1im xo00

2 (applying algebra of limits)
limx—>oo Z—Iimx—>oo_ +llmx—»oo

X XZ
340-0 3

2—-0+0 2

Example—-10
23 +2x243
Evaluate limy-o P v
ANS :-

li x3+2x243
m —_—
X720 x4 _3x41

{ Dividing numerator and denominator by highest order term x*}

x3 2x2 3
= lim wtete
X—o00 & 3x I
x4 x4t
1 3
) ¥tk 04040 0
= 1My-oeo 1341 1-0+0 ~ 1
x3 x4

=0




Example-11

ANS :-

x+5x+2

Evaluate limy-w
x342

xt+5x+2

hmx_mo x3+2

{ Dividing numerator and denominator by highest order term of denominator i.e. x3}

Example—12

ANS :-

x4 5x, 2 5 2 . . 5 : 2
a3t lim x_72_+x_3_ limyx—oo x—llmx—>oo—2—+11mX—>°°x—3
= . = 1 b = x 2
llmx—)oo —§§+__2— X—00 1+—3 mx_mo 1+ llmx—>oo_3
x3 %3 x x
limyoe x—0+0 .
=lim, o x =o°

1+0

lim V3x2—1—V2x2—1
xoe 4x+3
. =T ZR=T . V3x2-1-Vox2-1
lim V3% VZx = lim X ~ X
X— 0o 4x+3 X— 00 4x+3

x

{ Dividing numerator and denominator by highest order term in denominatori.e. x.}

N> s QN s i 3T T
_ 22— x2 ] X2 2 z 7
= llmx—mo 4x,3 = hmx—>oo 4_;,_3
X X X
1 1
. 1 T 1 /2 1 /2
= lim V3xZ= ¥-aF limxow (3-42)-  — limx-0(2- 2)-
3 = 3
x—oo 4+ limyosoo 44 liMyoeo.,
X X
1 1
(3-0)/2—(2-0) /2
4+0
= P (ans)
Important note in o< limit evaluation:-
am lfm:
lim ao+aix+—————— +amx™ = {bm
X2 botb1x+hax?+————— +bpx" 0 ifm<n

Example-13

2

x“—=1

If limyoeo ( g— ax — b ) = 2, find the values of a and b.

Solution -> Given limyoe (

x2—1

—ax—b)=2

x+1
= lim x2—1—ax®—ax—bx—b
xen( po )=2
lim xz(l—a)—x(a+b)—(b+1) =2
X—00 x+1




As result is finite non zero quantity
= Degree of numerator polynomial = degree of denominator polynomial

=

Degree of polynomial in numerator = 1

{As x+1 has degree = 1}

= 1-a=0 =>
a-=1

Now putting a = 1 in above evaluation
—x(1+b)—(b+1)

limy— e T
= —(th) = 2 {by important note}
1
2 —1—b=2 {lim  ataix———+amx™ _ am wherem =n}
xX—00 bn
bo+b1x+———+bpx"
b=-1-2=-3
=>

Therefore a=1 and b=-3

(4) Important Formulas in limit
Xt—qh

= nanr-1 where a>0 and n€R

(1) limx—>a
x—a
a*—1

=log.a

e*—1

(2) limx—>0 X

=1

In particular limy-o

1
(3) limyso(1 +x)x=¢

1
(4) limyso(1 + ;) =e

(5) lim loga(1+x) _ log £
X

X

loge(1+x)
X

In particular lim,_,q =log,e=1

(6) limy~pcosx =1

(7) limy-o sinx =0
sinx
(8) limx—>0 T

tan x

=1

(9) liquo
SUBSTITUTION METHOD: -
In order to apply known formula sometimes we apply substitution method. In this method x is

replaced by another variable u,and then we apply formula on ‘u’.
Let us consider the following example.




Example — 14:-

sin2x

Evaluate lim,_,

X

ANS:- Let2x=u => when x>0
U -0 (as u = 2x)
Now lim  sin2x _ ;. sinu_= 2 [im sin u

x—>0 u—>0 u u—0
2

u

=2x1=2

lim f(1x) = lim f(w)
x—0 u—0

In general
Putting Ax=u = lima-o £(3)

Hence some of the formulgs_gnayl be stated as fllows
=log a

1) lim

x—>0 e

In particular lim o x;l =1
1
2) limeo(1 + Ax) * =e
1.
3) lim,.. (1 +7 ) =€
x

4) limy_,q lﬁgd%l =log. e
In particular lim _ 108e0+2) = 1
x
sin Ax
5) lim =1
x>0 Ax
6) lim, .o tanx _ 4

Some examples based on the formulas
(1) Evaluatelim  sin3x

x>0tan5x

Ans :-
sin 3x 3sin¥
1 =L 3x
hmx_’o tan ¥ hmx—>0 5tan §
5x
. sin 3x 3 1 3
= 3lim M: X -—=-
5 x—0 (tan_izc) 5 1 5
5x
. 1—cos x
(2) Evaluate lim,_, = (2014 S5)
1—cosx 2sin?*
Ans - liquo x—z = liquo X2

X . X X . x
=lim 5 S SN = 1]im sy SN = ix]x] =
x—0 ) 5 T 2
2

2 ) 2 -0 x 2

X
2 2 2

N~




e3x—ex

(3) Evaluate lim,_ o ——

. e3x—ex . e3*—1+1—¢*
Ans - lim, o —— =lim0 ————

¥*-1) (ef-1)

= limx_)o - lim x—=0
= lim e3¥—1 e*—1

x-03(5 ) —limeo 5

(4) Evaluatelim x_)E(SGC x — tan x)
2

Ans :-

1 sinx
lim z(secx —tanx) =lim =( - )
X=9 X—=5 COSX COSX
= lim E( ) = lim E((l—sinx)(1+sinx))
X=, €OsSXx x—, cos x(1+sin x)
lim =(_ 1-sin®* ) =lim , _ cos’
xX—, cos x(1+sin x) xX—, cos x(1+sin x)
T
lim (_cosxy o =0 =
X—, 14sin x 1+sin, 141
(5) Evaluate lim tan x—sin x )
x0TI

1—sin x

tan x—sin x ) I (—— sinx)
. = lm COSX
hmx—’()( sindx x>0 i3y
lim sinx—sinxcosxy = |j sinx (1—cosx) ; 1—cosx
T = l1im = lim —
x—0 ( sin3x cos x ) x=0 ( _SITLB'TCUY.X_) x=0 ( 2 )

sin x cosx
= lim —d-cosx ) _ lim ( (1—cosx) )
x=0 (1—cos?x)cosx x=0 (1—cosx)(14+cosx)cosx
= lm (—1-—)__ 1 _ 1 _1
x>0 " (14cosx)cosx (14+cos0)cos0O (1+1).1 2
sin~1x

(6) Evaluate lim,_q

Ans :-

sin~x

= lim u—0

hmx_’o x sinu

{put sin’x =u => x=sinu when x->0 u-> sin’’x -> 0 {as sin'0 = 0}}
= 1imu_,o_m
u

tan"1x

(7) Evaluate limy-o

Ans :-

tan™1x

lim, = lim uﬁOTl:lu {put tan’’x = u => x= tanu when x->0 u->0}

= limyomer = /g =1

u




(8) Evaluate lim x3-8

X=255-32
Ans :-
. . x"—a"
lim ¥-8 =lim -2 { as lim = nar-1}
X2 ,5_39 X—2 45925 X=a g
+3_23
= lim —y  _ 3231 =M2= 3 =3 .
X—>2x5_.25 5 25-1 5x24 5x22 20
x—2
(3+x)3-27

(9) Evaluate lim,_,q

X

. 3_27
Ans :- lim,_ G027 { put x+3 = u when x--> 0 then u-->3}
* x"—a” n—1
B33 = na" '}
limy 0 — =3~ {limyq ——-
= 3 33-1=3x32=3x9 =27
. tan~13
(10) Evaluate lim,-o ———
sin7x
-1 tan~13x 3
Ans :- lim tan 3 = lim 3x
x-0 gin% x—0 sin7x 7
7x
tan~13x
=_3]im M
7 x00 (I
= E X l = i
7 1 7
. 1 2x—1
(11) Evaluate lim ., o —
. 1 2x—1
Ans :- limyy e

{ For applying log formula x=> 0 ,but here x> 1, so we have to substitute a new variable uas, u=x-1}

loge 2(u+1)—1

= limu_>0 u

=lim  loge2u+1 when x-->1 then u=x-1 -->0}

u—-0 u

= limu—o ‘ﬂﬂ%l 2= 1x2=2

(12) Evaluatelim  4°-5*

x—0 3x—4x
x x 4%X—141-5%
Ans ;- lim 4-5 = lim x
x—0 3x_gx x>0 3¥_141-4%

X
4*-1) (5*-1)
= 1imx—>0_3_1_4___1_90£- X = gé%é;lgé%é—
C o)
X X
4
In_
Ind—in5_ 5 {log eiswrittenasIn i.e. naturallogarithm}

n3—In4 In>
4




1
(13) Evaluate lim,-o(1 + 3x)x

Ans :-
1 1
liquo(l + 3x)x = liquo{(l + 3x)3x}3
1
= {limeo(1 + 3x)3)3 = €
2x 1
(14) Evaluate lim,-o(1 + ﬁzﬂc_
Ans:-
limy-o(1 + Z?X)Z = limeo(l+ Z?X) (§x)
2x 24
={lim (14 )T}B=el/3
- 3

x-0 3
Use of L.H.L and R.H.L to find limit of a function

L.H.L and R.H.L used to find limit of a function where the definition of a function changes. For
example |x| at 0 or [x] at any integral point etc.
Also the same concept is used when we come across following terms.

limx—>0+ ex = oo

1
limx—>0— ex = 0

Examples :-
(1) Evaluate lim l
x—0

x
|x|

Ans:-  LH.L= lim {x >0 => x€(-6,0)i.e. x<0 => |x| = -x}

x—0—
—x
= limx—>0— x—
= limyo-(—1) =-1
Il x *=>x€(0,6)i.ex>0=> |x| =x}
R.H.L = limy-o+ x_ = liquo+; {X%O

- liquo+ 1 - 1
From above

. x|
L.H.L # R.H.L =>11mx_)0x_ does not exist




(2) Evaluate lim x+1

e
. +1
Ans :- hmx—’—1|j:T1| = lim u_O% { Let x+1=u . when x->-1 then u>0}
LH.L =limyo- *=1lim, - £  {u>0- =>u<0=> Iul=-u }
[ul —u
= limu—>0* (_1) == 1
u u +
RH.L=limyos o = limusor - = limy_o+1 =1 {u>0 =>u>0=> Iul=u }

. u
Hence lim w07 does not exist

Therefore lim does not exist.

-1 01)
(3) Find limy—o+{[x] + 10}
Ans limeo+{[x] + 10}

=limy-0+ (0 + 10) {As x-->0 +=> x€(0,6)ie0<x<1}=> [x]=0}

=lim,-0+ 10 = 10

(4) Find lim,.37[x]
Ans :-

lim,-37[x] =[3.7] = 3
(5) Find limy-—-1[x]
Ans :-

[x] changes its definition at each integral point. So, we have to go through L.H.L and R.H.L.
LHL = lime-1-[x] = limy._1-(-2) = -2

{As x> -1 => x€(-1-6,-1) i.e.-2<x<-1 =>[x]=-2}

R.H.L. = limys—i+[x] = limys—1+ —1 = -1 {as x-->-1+ => -1<x<0 =>[x]=-1}
As from above L.H.L # R.H.L.

= limy--1[x] does not exist.

(6) Evaluate lim x%[3x —1]

Ans :-
4 4
lim,_4[3x — 1] = limy-3[u] {Put3x-1=u =>whenx>- u>3X_-1lieu>3}
3 3 3
Now LH.L = lims-[u] =limu-3-2=2 {Asu—-3-=>2<u<3=>u] }

=2
RH.L = limges+[u] = limes+ 3 =3 {Asu-3+=>3<u<4=>[u]=3}
Hence L.H.L # R.H.L =>lim,-3[u] does not exist.
Thereforelim 4[3x — 1] does not exist.

x—>3




(7) Evaluate lim,-; f(x) where
f(x) = —x x<1

x+1x=>21
Ans :- As f(x) does not changes its definition at ‘2’ so,

limesz f(x) = limyo2(x+1) =24+1=3
{As x-->2 => X € (2-6,2+8) => x> 1 =>f(x)= x+1}

x?2 x<1
(8) Evaluate lim,~1 f(x) and lime—2 f(x) if f(X) ={2x+1 1<x<?2
5 x> 2
Ans :- As function changes its definition at x=1 and 2, so we have to go through L.H.L and R.H.L. step.
lim f(x)
x—1

LHL = limei- f(x) = lime-x2 = 12 =1

RH.L = limei+ f(x) =lime+(2x+1) = 2x1+1=3

{when x-->1" =>x<1 soweusef(x)=x>}

{when x-->1* =>x>1lie. 1 <x<2 =>f(x) = 2x+1}
From above L.H.L # R.H.L

= limy1 f(x) does not exist

lim f(x)

X—2

LH.L = limesz-f(x) = limys2-(2x + 1) =2x2+1=5
{when x-->2" =>x£(2-5,2) i.e. 1<x<2 => f(x)=2x+1}
R.H.L = limyz+ f(x) = limyo2+ 5=5

{x-->2* =>x>2 => f(x) = 5 from definition}

AsLH.L=R.H.L

Therefore

1
(9) Evaluate lim,-o =
1
Ans :- L.H.L = limy-o- =
1
R.H.L = limy—o+ s=

L.H.L=R.H.L

1
=>limy-o- x—does not exist.




Note

X-->a
X-->a
So when we use direct substitution method either for x-->a* or x-->a” in both case we have to replace x by a.

Sandwich theorem or squeezing theorem

If limx-a f(x) = limx-a g(x) = and a function h (x) is such that f(x)< h(x) < g(x) for all xe(a-

6,a + 6) ,then

limx—nz h(x) = I

Example
1
Find limx—o x sin =

Solution: - Weknow |sin1|<1
X

.1
= |xsin”| <|x|
X

. .1
Again |x sin _ >0
X

Hence 0< |x sin;lcl < |x|

Now limx-00 =0

And limx-o|x| =0

{ slimx-o- x| = limx-0-(—x) =- 0 = 0 and limx-o+ |x| = limy-0+x =0}

Hence by sandwich theorm

1
lim,_o |x sin er =0

1 1 1
When x--> 0, x sin — = (+)ve. So |x sin_| = xsin _
X X X

1
+
<
D

—

1
{when x-->0~ then x€(-8, 0), X = (-)ve, sin - = _ye => x sin
X

L1
{When x-->0*then x € (0, ), x = +ve, sin _= +ve => x sin
X

= +ve}

RI2PR]| -

Hence, .
lim__,xsin - = 0




ILLUSTRATIVE EXAMPLES

sin ax
1. Evaluate limx—-0 —— a,bGO (2015-S) (2019-w)
sin bx
Ans.
. sin ax
. sina _ 4 ax
llmx—>0 sin It rnx—>0 mz
bx -
sin ax
a.. § )
= plimx—0 5%
( bx )
a 1 a
b 1 b
X—X COS 2x
2. Evaluate limx~0 —— (2015-S)
sin®2x
Ans.
X—XCO0S2x
. _1: x(1—cos2x)
lim , =lim X —cosex)
x=0 T5in32x =0 30y
x 2 sin’x x sin’x
s _ l. Xg
=lim,_o index 2 1im x-0 g,32, 3
(203"
sin?x
=2 limx—0si32x
20?3 8
sinx 2
=2]im
8 x—=0  sin2x\3
(snxy
1 12
=ik
1
=—-(Ans)
4
) COS MX—COS NX
3. Evaluate limy~0 ———— (2017-s old)
x
Ans.
ZSin(mx-i-nx | nx—mx C+D D-C
. COS MX—COS I . sin A .
limyeo 222 i g ] {cosC-cosD= 2 sin—sin T}
.. n+m
sin( n-m
. S Jxsin(— L X
=llmx—>0 2 x" ( x"
. m+n_ sin(Mm+n n—m_ sin(m—m
= lim 2( 2 7 neie )
%Tﬁ)x 2 , 2 ( 2 )X
m+n -m i omtn n—m
= 2(_ ) Dlim 5", HxsinC,
T 7 x—0 /mtn n—m
( x

—)X
2

2




(m+n) (n—m)

= x1x1
2 2
(m+n)(n—m)
- 2
n2_m2
- 2
4. Evaluate lim (% x) tan x
x=, 2
Ans.
I I T T
limx_)f(z—— x) tan x = limu-o u tan(; — u) {put; —x =1u when x - - u—0}
2
= limu-o u cotu
u
= limu-o oo
. u/u
= lim
u-0 tanu/u
= limu-o (m—Tnu)
1
= P — 1
1
x2—2x+1
5. Evaluate limy-1 —z— (2017 9S)
Ans.
lim x2—2x+1 (x—1)2
-1 - _ : -
¥ x2—x limy—y x(x—1)
x—1
= limx—l —_—
X
1-1 0
= P = —_—— 0
1 1
6. Evaluatelim Vx—b—Ja-b (a>b) (2017 W)
xX"—a
Ans.
lim Va—b—Va—b 0
xoa T (o form)
- Jim, (Vx—b—a—b)(vx—b+va—b)
- —a (x2—a?)(Wx—b+Va—b)
li (x—b)—(a—b) I x—b—a+b
= 1Myq G=GFa(Vi=btva=b) My>aq (—a)(xra)(Vx=DbFvVa=by
. (x—a) . 1 1
= lim lim

X2 =) (xFa) VI=DV by - X2 GFa)(V=bFva=by - (ata)(Va=b+Va=b)

1 1

2a 2+/a—b 4ava—b




|2x—1]|

7. Evaluate lim._.1

x=s 2x—1
Ans.  lim,_ ! |2 1]
2 2x—1
1 1
{Put2x-1=u=>whenx->-,u->2X-_1=0}
2 2
. lul
= llmu—>0 —
u
|| —u
LH.L= limu—>0— u_= limu—>0— u_= limu—>0— (—1) =-1
|u] u
R.H.L= limu_>0+ u—= limu_,0+ u-= limu_,o+ 1=1
lul
As LH.L G R.H.L, 50 limy-o — does not exist.
[2x—1]
=>11mx_)1E _1 does not exist.

X
8. Evaluate limx—o—
[x]

Ans:- From definition of [x] we know that,

x—1<[x] <x

X X x

S — > >Z
x—=1 [x]

2 1< "<’

[x] x—1

=

Now, limysw 1 =1

X
X

=lim

X—00

. X .
lim _ = im0 3 1
X X
Hence by sandwich theorem limx-o —=1
124224324+ 4n?
9. Evaluatelimpoo0—3——
Ans.

124224+ 324+ 12
lim

n—oo Tl3

nn+1)(2n+1)

= limn—mo 67’13
1 n n+1 2n+1

= g limn—mo Tl_( n_)'( Tl_)—
1 1 1

=_X 1(1+0)(2+0) =
6

[ TR
Wl =




. xsin a—a sin x
10. Evaluate lim,_,, ——

x—a
Ans.
. xsin a—a sinx
lim,_,——— Put x-a = u, when x-->a ,then u-->0
x—a
. a+u)sin a—a sin(u+a
= limyao (a+w) (u+a)
u
a sin a4+usina—a sin u cosa —acos u sina)
= limu—>0 u
. asin a—a cosusin a + u sina—asin u cosa)
= llmu—>0
u
. asina(1l—cosu) sinu
= lim {————+sina-am
u—0 u u
. . 24 .
. asina2 1 “2 sin u
= lm{——— L gna-amm
u-0 u u
sinu u sinu
= lim{2asina__2.sin_+sina-acosa }
o -
u—0 72 2 u
sin" sinu
= lim{asina_ 2.sin“+sina-a cosa }
T' —
u—0 2 2 u

= asina.l.0+sina-acosa.1 = sina-acosa

. loge x—loge 5
11. Evaluatelim s = —
loge x—loge 5

Ans.  lim, 5 —

(Put u=x-5, when x-->5 then u -->0)

loge(u+5)—loge 5

u

loge("*%)
5

lim,_,q
= limu—>0 u

u
loge(z+1)
u

limu_>0

u
. loge(z+1)
lim,_,o —=——

T

1 u
. loge(1+3)
-lim _, ———=

> 5

. 1+x—1
12. Evaluate lim,_,g Togo(142)

Ans. lim Vitx—1
%20 16g,(1+x)
o (TFx—1)(TFx+1)
= limy—o loge(1+x) (VIFx+1)
. 1+x—1
= limyo loge(1+x) (VIFx=+1)




1

togrtito————

. (V1+x+1)
1 1
Vi+1
log7(2x—3)

(x=2)
log7(2x—3)

(x=2)
logr{2(u+2)=3} _ 1 log7(2u+4—3)

= lim |

u 0 u

=lim,_,q

1KVI+0+1

1
2
13. Evaluate lim,_,,

Ans.  lim,_, { Put x-2 = u when x-->2 then u-->0 }

limu—>0
2log7(1+4+2u)
2u

log7(14+2u)
2u

limu—>0

2lim,_o = 2.logre

5%—5
14. Find the value of a for which limy-1

5%—5

(x—1)log g =5

=5 (1)
(x—1)log,a
5%—5

x>1 =D Tog Kz

Ans. Given limys
Now, lim

sutl_g (Put x-1=u, when x-->1, then u-->0)

=limy0 u log ,a
54575
= llmuﬁo—u logea
5 54—1

lim
loge a u—0 u

5
108e 5. e (2)

loge @
From (1) and (2) we have,
5 log 5=5

e

logea
=>log. 5 =log. a

=>a=5

x%—4x+3

15. Evaluate limy-1 ——+
x%—3x—x+3 0

Ans.  liMyo1 = (gform)
x(x—3)—1(x—3)
x(x=5)-1(x=5)
(x=3)(x—1)
2l E5He-D

= lim,_,

= lim

x=3
= 11mx—>1 E
1-3 =2

-4

H|
N =

[}




. 3%437%-2
16. Evaluate limy.o ———

x2
Ans.
1
. . 342
lim 3*4+37*-2  =]im 3x
x-0 x2 x>0 42
2x x
_ 3%%41-23 (3%)2—2.3%1+12
= limyso — = | -
= 3xx2 - 1r1nx§>p_1 3xx2
@12 = lim 2
= limxo 3xx2 x—03 x )
= 1 (log 3)
; e
= (In3)?

17. Evaluate limeo{Vx? + 1 — Va2 — 1}x
Ans.

limew{Va2 + 1 — Va2 — 1}x
{ (Vo —Va2—3) (Va2 ++Va2—1) ) x
Va2 +1+Vx2—1
{x2+1—x2+1}x
VEFIV—T
2x
Ve FLvae=1

2x

=limx—eo 5 75—
+
X X

= limy_ e
= lim, e,

=lim,_,

=lim,_ 2
VE—F F—=

X2 x2  x2 x2
= limx—mo 2
Vi+_+V1—
x2 x2
2

VI+0+V1-0
=1

NN

. etan X_]_
18. Evaluate limy—-o ——

Ans.

. etan X_]_
limy,o —— {Put u = tanx when x-->0 then u-->0}
e'—1
= hmu_)o tan—1lu
el-1
=lim == =1
u—>0 tan—1y 1

u




3x3—4x2+6x—1
19 EVa | uate limx—mo

2x34x245x4+7
Ans.
3x3 4x? 6x 1
lim 3x3—4x’+6x—1 =lim e R S
B =T
X—09 2x3+x2+5x+7 X0 2x3 x% 5y 7
x3 x3 x3 %3
4 6 1
3—+__—__ 3-04+0-0 3
=1 x x2 x3 = =
= IMy-ow 24145 7 ZFO0F0+0 Z
2752 43
X pe X
11
20. Evaluate lim X274
X2 x-2
Ans.
1 1 4-—x2
lim 2~2 =lim 4x2
xX=2 x-2 xX=2 x2
11_ x2—4
= -_1llm
7 X2 320x=2)
1 i (x—=2)(x+2)
= -Z lmx—>2 XZ(X—Z)
1 242 1

= - ilz=-(Ans)

Exercise
1. Evaluate the following limits(2 marks)
. i Veet+t -1
(i) limx-0 ———— (2016-S) (2018-S)
x
sinax
(i) limyo sinbx (a;b GO) (2015-S)
sin 3x
2_ %
(iv) lim x-1 %
1—cosx
sinx
1
(vii)  limeso In(1 + bx)x (2016-S)
tan5x
(VIII) limy-o tanx (2017-W)




2. Evaluate the following limits (5 marks)

. , 20-1-1
(l) llmx—>1 \/x—l
(i) limes Y2
x—5
1
. —1
(i) limx-1 5
xn—1
(iv)  lim 134234334403
n—oo n4

(V) limxoe x2{Vx* + a2 — Vx* — a?}

(Vl) lim x2—4x+3
X3 32 253

2 _
(vii)  lime-s 220
) 2 1
(viii) lim  ( + )
x-1 1—x2 x—_l

x3—6x2+11x—6
x2—6x+8
(%) lim  loge(x—1)

X2 42 3x42

(ix)  limw2

(Xl) lim tanx—sinx (2018-S)
x—0 x3
3 3
(i) lim, o TV
(XIII) lim a*—b* (2016-S)
x—0 cx—dx
(XiV) lim cos2x—cos3x (2017-S)
x—0 x2
: V3=2x—3
(xXv)  limyo =7

(xvi) lim  Yltx—Vi-x (2017-w)

x=0  gin-1lx

3. Find the value of a on following cases.(5 marks)
() lim  tana(x-a) _ 1

x-a x—a 2

eax—ex

(i) limeo——=2

loge(2x—3) -1
a(x—2)

(iii)  limxo2




Answers

i) 2 S V)3 v)z  vi)l vii)b  viii) 5/7

2. i)2In2 i) % iii)n/m iv)1/4  v)a? vi) % vii)-11 i) 1/2
In%
xii)  ®  xiv)5/2  xv)-1/4/3  xvi) 1

n

ix) % x) 1 xi) 1 Xii)i
3

}

—
Q |

3. (i) % ii) 3 iii) 2

Continuity and Discontinuity of Function

In the figure we observe that the 1%t graph
of a function in Fig-1 can be drawn on a paper
without raising pencil i.e. 15t graph is continuously —

moving where as Fig -2 represents a graph ,
which cannot be drawn without raising the pencil.

Because there are gaps or breaks. So, it is
discontinuous. b e
The feature of the graph of a function displays an important property of the function called continuity
of a function.
Continuity of a Function at a point
Definition — A function f(x) is said to be continuous at x = g, if it satisfies the following conditions
0] limy-q f(x) exists.
(ii) f(a) is defined i.e. finite
(i) limeq f(x) = f(a)
If one or more of the above condition fail, the function f(x) is said to be discontinuous at x= a.
. .
A function is said to be continuous if it is continuous at each point of its domain.
Working procedure for testing continuity at a pointx = a
1°' step — First find lim,-. f(x) by using concepts from previous chapter.
If lim,—, f(x) does not exit then, f(x) is discontinuous at x = a.

If limq f(x) = |, then go to 2" step.




2" step — Find f(a) from the given data

If f(a) is undefined then f(x) is not continuous at x =a.

If f(a) has finite value then go to 3 step.

3" step — Compare limx-a f(x) and f(a)

If limxa f(x) = f(a), then f(x) is continuous at x= a, otherwise f(x) is discontinuous at x = a.
Examples

Q1. Examine the continuity of tzhe function f(x) at x = 3.
x“—9

fx) = {73 *U3
6 x =
Ans:- X’—9
lim f(x) = lim — |y @EE=3)
x—=3 x—3 x—3 x-3  (x=3)
= lir?(x+3)= 3+3=6 {Asx>3,x+3 =>x-3%0}
X—

From given data f(3) = 6
Now from above lim,-s f(x) = f (3)
Therefore, f(x) is continuous at x = 3.

Q2. Test continuity of f(x) at ‘0’ where,

1
f(x) = {(1 +3x)x xGO
e3 x=0
lim(1 + 3x)71c

x—0

13
lim (1 4 3x)3x

x—0

Ans:- limx-o f(x)

1

lim { (1 + 3x)3 )3
x—0

= {lim(1+ 3x)3Lx }3

x-0
= e3
1
{As lim(1+x)x =e

x—0

lim(1 + Ax)* =e

x—0

In particular lim(1 + 3x)31f =e

x-0

and we know, lim,_q{f(x)} " = { limy-a f(x) }" }
From given data f(0) = €3

Hence, lim.-o f(x) = f(0)

Therefore, f(x) is continuous at x = 0.




Q3. Test continuity of f(x) atx =0

x|
fo)={ =*5°
0 x=0

— 1i X
Ans. lim, o f(¥) = lim

x—>0Xx

= lim;Ho—'xil {x>0 =>x<0}

. X
= limx-o- —
X

= limeo-(=1) = (-1)
. ||
RH.L = lim, o+ __ {x>0* => x>0}

= lim +(1) =1

x—=0

= lim +
x-0
Hence, L.H.L # R.H.L
Therefore, f(x) does not exist.

Hence f(x) is not continuous at x = 0.
Q4. Test continuity of 962__4 atx = 2.

x—2
Ans. Here, f(2) = 2=* = oundefined.
2—2 0

Hence, f(x) is not continuous at x = 2.
Q5. Test continuity of f(x) at ‘0"

Given that, f(0) =2
3

Thus, limx-o f(x) # f(0)

Hence f(x) is not continuous at x = 0.

As |x| is present and x>0, so we have to evaluate the above limit by L.H.L and R.H.L method
L.H.L

sin3x
f(X) = {tan 5x x GO
sx =0
3
. . sin 3x sin3x
Ans. limx-of(x) = lim o = lim,_ o
sin3x .3 *
= lim T = 3]lim sin3x tan5x
x—0_tan 5x.5 = x—>0{( 3_x )/( ox )}
5x
=_3 1 =_3
5 (1) 5




Q6. Test continuity of f(x) atx =1
2

x<1/2

_ A-x
fx) = {x x>1/2

Ans. First understand the function properly
1
When x<E , f(x) =1-x

1
X> f(x) = x

Whenx =1,
2

Now let us find the limx-1/2 f(x)

2

LHL = lim 1 f(x) = lim -(1-
x> X=—
= 1'1 = l
2 2
RHL =lim 1+fx)  {Asx>TLie.
X5 ) 2
=lim wXx = _
X 2
Now from above L.H.L = R.H.L
1
= lim 1f(X) = - ceeeeeeeees (1)
xX—=, 2
From definition f (1) =1
2 2
From (1) and (2)
lim 1f(x) = f(2)
x—>2 2
Hence, f(x) is continuousatx =1.
2
Q7. Test continuity of f(x) at x =0, 1
2x +1 ifx<o0
f(x) = {x fo<x<1
2x—1 ifx>1

Ans. Here given that
f(x) = 2x+1 for x<0

fx)=1-x=1-1=1

2

1~ 1
{As X%7 i.e.x <E ,sof(x)=1-x}

X)

X >1_ . So, f(x) = x from definition of f(x)}

2




When x =0, f(x) =f(0) = 2x+1 = 2X0+1 =1 ---------- (2)

When 0<x<1, f(x)=x - (3)
Whenx=1, f(x)=f(l)=x=1 = (4)
Whenx>1, f(x)=2x-1 e (5)
Continuity testatx = 0
LHL = limxo- f(x) { x20-=>x<0 => f(x) = 2x+1 from (1)}
= limx-o0-(2x + 1)
= (2X0)+1 = 1
RH.L = limo+ f(x) {x>0t=> x>0 => 0<x<1 => f(x) = x}

= limyoo+x =0
AsL.HL # RH.L
= limx-o f(x) does not exist
Hence, f(x) is not continuous at x = 0.
Continuity testatx =1
L.H.L = limx-1- f(x) = limxs1- x {x>1-=>x<1ie. 0<x<1 =>f(x) = x from (3)}

= limxs1-x =1

R.H.L = lim,_q+ f(x) =lim,,+2x —1 {x>1t=>x>1, f(x) = 2x-1 from (5)}

=2X1-1=1
AsL.H.L=R.H.L
limys1 f(x) =1
From given dataf(1) =1 {from equation (4)}

Hence, limx-1f(x) = f(1)

Therefore, f(x) is continuous at x = 1

Q8.Examine continuity of f(x) = [3x + 11]atx = -1 (2016-S)

w

Ans,
11 11

lim, ,_1f() = lim,,_u[3x+11] {Letu =3x+11 whenx=> - ;7u=3X 33X — ,+11=0}

Now, limu-o-[u] = limy—o- =1 = -1 {Asu>0-=>-1<u<0=>[u] =-1
And limy-o+[u] = limy-0+ 0 =0 {Asu>0+=>0<u<l=>[u]=0}




As, LH.L # RH.L

= limu-o[u] does not exist =>lim___11 f(x) does not exist.

X—>—3
Hence, f(x) is not continuous at x = 0.
Q9. Determine the value of K for which f(x) is continuous at x = 1.

2
() = (7 xG1
K x=1
Ans.
Given function is continuous at x = 1.
=>lim,-1 f(x) = f(1)
=>lim,o f(x) = K-mmmmmmmmmemeev (1)
Now, let us find lim,-1 f(x)

. . x2 —3x+2 0
lim,_{ f(x) = lim,_4 — (B_form)

X2 — 2x—x+2
x—1
x(x—2)— 1 (x—2)
x—1

=lim,_,1

= lim,_,;

1imm% {Asx> 1,x#1, x-1#0}

1imx—>1(x - 2) = 1-2=-1---mm (2)
Hence, From (1) and (2) we have K=-1. (Ans)

ax2+b ifx <1
Q10.Iff(x) = { 1 ifx=1
2ax —b ifx>1

is continuous at x = 1, then find a and b.
Ans.
Given that f(x) is continuous at x = 1
= limx-1 f(x) = f(1)

o limxw-: f(x) =1 - (1) {Asf(1l) = 1 given}
From (1) as limx-1 f(x) exists
=>limx-1- £(x)=limx-1+ f(x)=limx-1 f(x) ------------=-------- (2)

From (1) and (2) we have,
limes1-f(x) =1

=>limxs1-(ax2+ b) =1  {As x>1-=> x< 1 => f(x) = ax? +b from def" of f(x)}




=> ax1?+b=1
Again from (1) and (2)
lim,+f(x) = 1
=>limy,1+(2ax — b) = 1
= (2xax1)-b=1

Eq" (3)

From (3)

andb=1
3

Hence, a =2
3

Q11. Find the value of ‘a’ such that

fx) = (3

a

xGO
x=0

is continuous at x = 0
Ans. f(x) is continuousatx =0

=>lim-o0 f(x) = f(0)

=>lim
x—0

sin ax

1
sin x a

sina
a1

x—0"smx

=> lim
=>a

=1
=>a= %1 (Ans)

=> a2

{x>1 =>x>1, =>f(x) = 2ax - b}




Q12. Examine the continuity of the function

XZSinl_ xGO
x atx = 0.

f(x) = {
0 x=0

Ans.
Let us evaluate lim o X sini :

We know that -1 <sini<1

X

=>(-1)x’< x?sin1<x?.1

X

=> -x2< x?¢sin 1< x?
X

NOW, limyoo(—x2) = 02 = 0
limx—>0 x2= 02 = 0

Hence, by sandwich theorem

lim,_ox?sini=0
X

Given f(0) =0
Hence limx-o f(x)= f(0)
Therefore, f(x) is continuous at x = 0.

Q13. Test continuity of f(x) atx =0
1

ex—1 xGO
0= 1]
0 x=0

Ans:-Evaluation of limx-o f(x) is not possible directly.
e%—l

L.H.L = limx—>0— _f(.X') = limx—>0— -1
ex+1

1
{when x>0~ then > - =>¢.> 0}

_ 0-1 _
=orr — 1

==




1

i . ex—1
RH.L. = lim, o+ f(x) = limyxso+ —

ex+1
1
{when x>0+then130 =>e>w => 150}
1

x ox

1
ex _1 1
1 1 13
=lim “—£ - lim +—
1 1 ex
ex ex
_1-0 _
=0 ~1
From above L.H.L # R.H.L
=>limx-0 f(x) does not exist.
Therefore, f(x) is not continuous at x = 0.
Q14. Discuss the continuity of the function
IXI
fx) = (*~ x XGO at x=0
2 x=0
Ans: -
. _ IXI
LHL = limxo-f(x) = limx— _
x-0— X
(%) ]
= lime-o-{x —— } {x-->0"=> x<0=> |x| = -x}
= limx—o-{ x — (1)} = limx-o-{ x + 1}
=0+1=1
RHL = limeootf(x) = limx— X
x-0% X

= lim,o+{x = X} {x->07=>x>0=> x| =x}
= limy-o-{x-1)} =0-1 = -1
So, LH.L # R.H.L =>limxof(x) does not exist.

Therefore, f(x) is not continuous at x = 0.




Exercise

Q1. Find the value of the constant K, so that the function given below is continuous at x = 0.

1—cos2x

fx) = {2z *¥60
K

x=0

(5 marks)

Q2. Test the continuity of f(x) at x = 1, where
x2+1ifx< 1
f(x) = {2 ifx =1 (5 marks)
3x—1 ifx>1
Q3. Show that the function f(x) given by

sinx + cosx x GO
f(x) ={« is continuous at x = 0. (5 marks)
2 x=0

Q4. Test continuity of f(x) atx =1

x’—1
f(x) = =1 xG1 (5 marks)
7 x=1
Q5. Test continuity of f(x) atx =0
fx) = {(1+ 2’;?;‘ if N G 0 (2017-W) (5 marks)
e“lf x =

Q6. Test continuity of f(x) atx = 2

|x—2]
f(x) = {x—2 xG2 (10 marks)
1 x =2
Q7. Find the value of K for which f(x) is continuous at x = 0.
8Y—4*—2"+1 xGO
fx)={ = (2016-S) (10 marks)
K x=0
Q8. Test the continuity of the function f(x) at x = 0.
sin3x
f(x) = {tan"17x xGO (5 marks)

3/7 x=0




Q9. Test continuity of the function f(x) atx =1

x—4x+3 xG1
f(x) = { »1 (5 marks)
2 x=1

Q10. Examine the continuity of the function of f(x) at x=0.

2x + 1ifx< 0
f(x) = {0 ifx =0 (2014-5) (5 marks)
x24+ 1ifx>0

Answers
1NK=1,

Qno. 2, 4,5, 8 are continuous .
6, 9, 10 are discontinuous

7.2(In2)?




Derivatives

Introduction

The study of differential calculus originated in the process of solving the following three
problems
1. From the astronomical consideration particularly involving an attempt to have a better
approximation of  as developed by Bhaskaracharya, Madhava and Nilakantha.
Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
3. Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a function y = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation
method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.

(7) Define Euler's theorem and apply it solve different problems based on partial
differentiation.

Expected background knowledge

1. Function
2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x2

Table-1
X 5 5.1 5.01 5.001 5.0001
y 25 26.01 25.1001 25.010001 | 25.00100001

Let x = 5 and y = 25 be a reference point




We denote the small changes in the value of x as '6x’,
6x = small change in x
8y = change in y, when there is a change of éx in x.

Now, avis called Increment ratio or Newton quotient or average rate of change of y.
ox

Now, let us write table -1 in terms of 6x, 8y as

Table-2
ox 0.1 0.01 0.001 0.0001
Sy 1.01 0.1001 0.010001 0.00100001
oy 10.1 10.01 10.001 10.0001
ox

From table-2 &y varies as 6x varies

Itis clear from the table when 6x> 0
= 6y>0 and 23;% 10

This2xwhen §x=> 0 is the instantaneous rate of change of y at the value of x.
ox

In above case x = 5, so ixat x=5is10
X

Definition of derivative of a function (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

dvjs also denoted by f'(x)
dx

= =1 0) =
are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.




Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a’ in the domain Dy is given by

fla+h)—f(a)

d J=a=f '(@) = lim,_,, .

Example -1
Find the derivative of f(x) = x2atx =5

Ans. &]ys =f'(5) = lim, F(5+h)—£(5)
dx h

=lim  (5+h)?-52

h—0 h
= limy_, (5+h+5)(5+h—5)
0=
=lim (10+h)h _ li
h-0 e m, »(10+h) =10
Geometrical Interpretation of_dx
dx
¥
H Jix+ dx.v+ &y
(Fig.-1) R
PM =y
QN =y + 8y
PS= 8x
as= &y
4+ Gy
Y
X X
o+ X M N
b x+ dx i

oM =x
T
¥ ON=x+ dx




Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+6x,y + 6y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to X-
axis.

PSt+ QN

Let QP Secant meets x-axis, (by extending it) and 0P make angle 6 with x-axis then angle QPS
=0

In AQPS, tan 6 =05 =3
PS 0x

AsQN=y +6y, NS=PM =y
=>QS = QN —NS = §y.
Similarly, ON = x+6x and OM =x =>PS = MN = ON - OM = 6x

When é6x -0 then Q—P and QP secant becomes tangent at P.

In A PQS _Sy { tan 8 gives slope of PQ line}
tan@ =
ox
We know
. oy _ _
llmax_)0 P ié; = tan0

Now when 6x — 0 the line PQ becomes tangent at P

So,

%Y = tan 6 = slope of the tangent to the curve at P.
X

So derivative of a function at a point represents the slope or gradient of the tangent at that point.

Example 2

Q. Find the slope of the tangent to the curve y = x2at x = 5.
Ans. As we have done it in example — 1.

dy ]x=5 =10
dx

Therefore, slope of the tangent at x = 5 is 10.




Derivative of some standard functions

1< ()=0
dx

2.4 (xn) = n.xn-1
dx

3.4 (ax) = axlog, a In particular— (ex) = ex
dx dx

4._d (log, x) =—1 In particular— (Jog, x) =< (Inx) =1
dx x logea dx dx *

5.—4 (sin x) = cos x
dx

6.—2 (cos x) = - sinx
dx
7.—¢ (tan x) = sec?x
dx
8.—4 (cot X) = - cosec2x
dx
9. 4 (sec x) = sec x.tan x
dx
10.4 (cosec x) = - cosec x. cot X
dx
].]..i (Sin—l x) = 1
dx 1_x2
12,4 (cos~1x) =-—1
dx V1—x2
13.4 (tan-1x) =—L
dx 14x2
14. 4 (cot-1x) = -—1
dx 14x2
15.4 (sec tx) =— 1
dx |x|VxZ—1
16.4 (cosec—1x) =-—1
dx V=T

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,
(1) '; ;C{cf(x)} =cf'(x)

(ii) ;dx(f +g)=f'+g

() 4 (¢-g)=f'-g

(iv) ;dx{fg} =fg' +f'g

‘g fg

v) f
dx { g} g?




Example-3
Find the derivative of the following:
(i)3x3 (i) 6v/x (iii) 9 3~ (iv) 5 cot x
Ans.

() &= (3x) =34 =3X3 01 =90

dx dx dx
— - 1 1
iy L=dOD_6dV0 =64 (x)=61,;1=6Lxr="7
dx dx dx dx 2 2 x

(i) @ =d03)=9d¢3)=93xIn3

dx dx dx
(iv)  dGeotn = 5 d(cotx) =5 (- cosec?x) = - 5 cosecx
dx dx
Example 4
Find o= (i)y:x3-x2+6

dx

(i) y =7l + x2(1-x) + sin-1 x

X
(ii) y = cosec x - sec—1 x.cot x

Ans.

() dr=d(x-x2 +6)

dx dx
_ dG) _d@x) | d(6)
dx dx Tdx
=3x2-2x+0
= 3x2- 2X
(i) dy =_d (1 + x2(1-x) + sin-1x)
dx dx /x
) .
— x +4{x2(1-x)} +_2 (sin~1x)
dx dx dx
=1
=2x2) 4 2 (1-%) +4(x2). (1-x)} + 2 (sin-1x)
dx & dx dx

d
Las—(fg)=fg' +f'g}

1

=('i)x-zél+{x2 (0-1)+2x. (1-x)}+
2

1—x2




=-1 _-x*+2X-2x2 + 1
2x2 1—x
=-1_ +2Xx-3x2+1
-3 ,
2x2 \/1—X
(III) dy d(cosec X — sec

dx - dx
=d(cosec X) _ d(sec ! x.cot X)
dx dx
=(- cosecx.cotx) — {sec-1x . (- cosec? X) +‘/—1cot X}
2

xVx4—1

L x.cot X)

= sec~1 x cosec2x - COSeC X cot X ~—L_cot x

xVx“—1
Example-5
Find the derivative of following functions w.r.t x.

o\ 3x242x+5 H)px jii) tan x . B5—2e2IM% 4 n x2 e*
(i D (i) (V) (2 ) xsinx- S

“1x x+1 14-x2

\/X X Ccos

Ans.
2 114
(i) dy (B@O+2+H0WE— (3x +2x+5)-27
dx = Wx) 2

{ASi(Jf)JLng'}

dx g g

(6x+2)vx—(3x2+2x+5)"

— 2vx
X

3 3
6x2+2/x—3x2—\x— >
— 2 2vx

i) y=o

dy — (a*In a—b* In b)x—1(a*—b*) d/f =_ng—_fg'
dx x2 {Zc(g) 2 }

_ xa*Ina—xb* In b—a*+b*

x2

_ d*(xln a—1)+b*(1—x In b)
= —




(iii)

(iv)

y —_tanx
coslx
cos—1x sec2x—tanx ( —_1)
dy = 1—x2
dx (cos~1x)2
_ t
cos™ 1 x secZx+—22 )
- \/1—x2
(cos~1 x)2
3 2
y = x5—2e2lnx 4 In x3
x+1
x8—2e Inx? 2 1
+ Inx Inx
= 3 {AS e

3

x+1

2

= 2
x5—2x +~"Inx
x0=2x+7Inx

= x and te

x}

x+1
33 21 3
- - L2
dy -gx5  —drdz, /(e+1)=-x5-2x "+ JIn x/(1+0)
dx = (x+1)
3 =2 2 3,02
X 5 —4x4 3/ (x+1)—x5+2x — -3}nx
- (x+1)2
3 3 2 3 =2 2 2 2 2
=x5—4x2+ 4’5 —4x+-_—x5+2x — Ilnx
3x 3
=° 35 (x+1)2
3
E—4x—2x2—ix5+ i+3i‘32_1n x
= 3 5 5x5
(x+1)2
X
(v) =4 (xsinx)—4( )
dx dx dx 1+x2
. ¥ (1+x%)—e*(0+2
= {x cos x+ 1. sin x} — §_HD7e O+20y
(1+x2)?
. Xy x2eX—2xe®
= XCOS X+ SsIn X—
a7
= X COS X + Sin X - ex{1+x b
] (1+x2)2
=XCOSX+sSInXx- x_1=x

€ ( 1+x2)




Example 6

Find the slope of the tangent to the curve y = Inx at x = L [2017-w]
2

Ans.

Slope of tangent to the curve y = Inx at x =1is 4r],-1
2 dx 2

Now, dr= d(lnx) =1
dx dx x

Now dvi =
dx x=1
2
Example -7
Find f' (v3) if f(x) = X tan-1x[2017-w]

Ans. f(x) = xtan-1x

f I(X) _ d(x tan_lx) = x 1 +4+1. tan-1x
dx 1+x2

1
=X

+ tan—1lx
14x2

f' (\/3) = ¥ 4 tan-1v3
1+ (V3)?

Example-8
Find the gradient of the tangent to the curve 2x2-3x-1 at (1,-2).
Ans.

dy=4x-3
dx

2 =4X13=1
X at (1,~2)




Derivative of a composite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions
1) sin x2 is form by composition of two functions, one is sin x function and other is x2.
y= sinx2 = sinu where u = x2
2) Similarly y = vx2 + 3x + 1is written as

y=+uwhereu=x2+3x+1
3) y= Vsin(x2 + 1) is form by composition of three functions.
y = vu where u = sinv and v = (x2+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

dy _dy du
dx du  dx

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally tis a
differentiable function of x. Then

dy — dy du dt

dx du dv dx

Example -9

Find—av
dx

(). y=(2+2x—1)5 (i) y = cot3x

(i) Vsinyx  (2016-S) (iv) amnx (v) Sins?




Ans.
() y=(x2+2x—1)5
Here, y=wuSandu=x2+2x—1

du=2x+2=2(x+1)and dx =5y

dx dx

dy _ dy du

x du'dx
=5u42(x+1)
=10 (x2 + 2x — 1)4 (x+1)
(i) y = cot3x can be written as y = u3
where u = cot x

du= - cosec?x, 4» =3 u?
dx du

dy = dy, du = 3 y2(—cosec2x)
dx dudx

I

= - 3 cot2xcosec?x

(i) y=Vsinyx
Herey =+vu, u =sinv, v=+x

SO, dv=1,du=COSV, v =_1
du 2Vu dv dx  2Jx

Therefore, & =_dv,_du dv
dx du dv dx

=1 .cosv._L
2Vu 2vx

1
=_1 .cosvx __
2+/sinv 2Vx

_ cosvx

aVsinx «
(|V) y = qlnx
Here y = a» where u = Inx

dr = gulnaand & =1
du dx x




1
Hence & =2 % = avIna._
dx dudx x

1
=a"]lna _
X

=1lnaaix
X

(V) y = 55inx2
Herey = 5¢, U = sinv, v = x2

dv=5uIn5, du= cosv , & = 2X
du dv dx

Therefore, dv =_dydud = 5uln5.cosv. 2X
dx du dv dx

= 5sinv In 5 cos x2 2x

) 2
2x In5 5sinx” cos x2

Example — 10

Differentiate the following functions w.r.t. x.

i)Vcot-1+/% il (2016-S iii 1 -
(i)Veot-1. ( )“’“)co (+ ) (iif) Ty, (2014-5)
(iv) tan-1(secx + tanx) (2017-S) (V) cos—l( )
V2
Ans.
(l) d\/COt_1 yx_ _ d(g;gg_t_l 3[_x)
dx - dx
{Herey =v& , Then? =V =1 y=cotivx =cot-1v, ¥ =— '}
du du 2\ dv 1+v?
— . dy_ dydudv
= 1 {r—1_ydh {v=+fx ,thenbychainrule _=_"__
WeotTvx  1+(W02) dx dx dudvdx
= - 1 1
2Veot= 1V (1+4x) 2Vx
=- 1
4 \/9?\/cot_1 x/x_(1+x)
=- 1
4vx(1+x)Veot=1vx
i . r}r=-_1 f'(x
dx f(x) {f03¥?
. F®
{f(x)}?
Giy 4{_tr }=-_1 f’(ax+b)d(ax+b)
dx f(ax+b) {f(ax+b)}? dx
- - a ff (ax+b)

F(ax+b)?




(iv) y =tan-1(secx + tanx)
sinx

=tan-1(— +
cosx cosx

— tan_1(1+sinx )

)

cosx
. 2X
Sin 2Xx X X
= tan~1{ E%c%)j 2‘*251?2‘3052};
3—sin 3
x x2

= tan—l{ (sin,cos,].
(cosy—siny) (cos;+siny)

x | x
—tan—1(cs3 *™2)  {dividing numerator and denominator by * }

cos,—sin, 2

+ 1+tan®

cost cos™

=tan-1(—2—2) =tan~{( 2)
cosy i X —tan™
€oS7 siny 1 tan?‘

X——x
COS— cos—
2 2

T X
tan~+tan™ T x b X

= tan”(#x) = tan~tan(s+2)} = 4+2

1—tan 4tan,

Hencedr =_d { tan-1(secx + tanx) } =—<¢ (z4 *) =1

dx dx dx 4 2 2
(V) — —1(_cosx+sinx
y = cos™I( 7 1 1
= cos-1(cosx __+sinx._)
= cos-! V2o V2
COS X COS —+ Ssin x.sin
4
= cos—1 T =X-T
(COS(X - Z)) Z
dy = d i
Hence _y _(COS_l (os x+sin x ))
dx dx V2

=i(X'E) =1
dx 4

Example =11

If y = sin 5x cos 7x then findx
dx

AnNs.

dy = sin 5x d(cos 7x) +-4(sin 5x). cos 7x
dx dx dx

= sin 5X. (-7 sin 7x) + 5 cos 5x cos 7x




=5 cos 5x cos 7x — 7 sin 5x sin 7x




Example -12
Find & ify = 2(2x2 +1
L y = cosec?(2x 08 .x)

Ans.

dy = 2 cosec (2x2 + log x){(-cosec(2x2 +log x)).cot(2x2+1log x)} (4x+ 1 )
x 7 7 7 xloge 7

= -2 cosec?(2x2 +log x). Cot (2x2 + log x)[4x +—1 ]
7

7 xloge 7

Methods of differentiation

We use following two methods for differentiation of some functions.

0] Substitution
(ii) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler function in
the new variable so that the differentiation w.r.t to new variable becomes easier. After
differentiation we again re-substitute the old variable. This can be better understood by following
examples.

Example — 13
X—X
y = tan-1(¥+—)
1+ x2
Ans.
X=X
y = tan-1(¥—)
1+ x2

(If we differentiate directly by applying chain rule , it will be very complicated. So, we have to
adopt substitution technique here.)

x—x x—x
Now y = tan-1(x—) = tan-1(-L—)
1+x% 1+Vx.x

Now Putvx =tana,x=tan g
_1( tana—tané’ )

l+tana.tanf

Then, y = tan

= tan-1(tan(a —f))

=a-f =tan"1+/x -tan-1x




(Asyx =tana = a= tan-1yx andx = tan § = B = tan-Wx)

Now ¥ = i(tan—1 Vx— tan x)

dx dx
1 d 1
= _(V¥)-___
1+Wx)? dx 1+x2

1 11
1+x  2Vx 1422

1 1

“aroni e (AS)
Example -14 "
Find «ify = cos—l( )  (2015-S)
dt 1+t2
Ans.

2

y = cos—l(l_t ) {Puttan9 =t =6 =tan-1t}

1+t2

2
_1(1 tanzﬁ)
1+tan 6

= COS

= cos~1(cos 26)

=26

=2tan-1t
& —d(2tan-1t) = 2 _
dt dt 1+t2
Note

When we apply substitution method, then we must have proper knowledge about trigopnometric
formulae. Because it makes the choice of new variable easy. If proper substitution is not made,
then problem will be more complicated than original.

Example =15
Ify = sec—l(\/ i 2) then find v
a dx

Ans.
y = sec-l(\/_) Putx=atan6

a

= sec_l(\/—“z”zz ') =sec! \/—)HCI"’ T
a a




= sec (L) = sec1(**0)
a a
= sec-1(secH) = 6 = tan-1(%)
a
Now & = d {tan-1 x5 _ d x
— () A,
dx dx a 1+@7? dx a
=_12 (y =1_1
x— a?+4x2
(1_;;12) a a;r_2
= a? = a
a(x?+a?) x2+a?
Example — 16
. . _ 1Fx
Differentiate sin?(cot-1v'—> ) W.r.t X. [2018-S]
1—x
Ans.
y = sin?(cot-! \/ﬂ—'_x) {Putx =cos20 =6 =cos "}
1—x 2
. 1 2 . 2
= San(Cot—l \/M) = sin? ( cot—1! \/Zﬂ)
1—cos B 2sin2@
= sin2 (cot-1Vcot20 ) = sin2 cot-1(cot 8) = sin20

dy _dy db _ d (sin209)d_ us_lx
dx do dx de( )dx( 2

=25in9cos€)i( -1)

2 Vi—x?

. - Vizcos?28
=sin 26 (2\/11—x2) a lzjis—jf

=.-V1=x* =- 1(Ans)
2
Example — 17

Find the derivative of cot-1(v'1 + x2 + x) w.r.t x

Ans.

y = cot-1(¥1 4 x2+ x) { Putx=cotfh =>6 = cot-1x}

cot-1(V'1 + cot20 + cot 6)

cot-1(vcosec26 + cot 0)




cot-1(cosec 6 + cot9)

— COt_l(—l +cos€

sin@ sin@

—1 1+cos6
=C0t1 cos;

( sinf

)

_ 2cos?’
~ cot~i(———2)
2sinz.cosy

A
2

cos
—3)
sin

2

= cot~1(

0 -1
Cot—l(Cot(E ) = % = COtz xType equation here.

dyzd(cot_lx)zl(—l)z_ 1
dax dx 2 2 T+x2 2(1+x%)

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.
Example — 18
Differentiate (sin x)tanx
Ans.
Yy = (sin x)tanx
Taking logarithms of both sides we have,
Iny = In(sin x)tanx
= Iny =tanx. Insin x

Differentiating both sides w.r.t x, we have

ldy _ 1 .
= __~ =tanx . cosx + sec?x. Insinx
ydx sinx
1dy . .
= __ =tanx . cotx + sec?x. Insinx = 1+ sec?x. Insinx
ydx

Y= y (1+sec?x. In sin x)

dx

Hence ¢ = (sin x)tnx (14+sec2x. In sin x)
dx




Example — 19

Differentiate y =-t=1 "= Sl

x7(6—7x2)T
Ans.

— (=1)*3x=1
x7(6—7x2)23'
Taking logarithm of both sides

2 7 2 3 a
>ny=In(x-1) +mIV3x—1-Inx -In(6—% )? {as logab=log a+log b&log - = |og a-log b}

=>Iny=2In(x—1) +1In(3x — 1) - 7 Inx -2In(6 — 7x2) { as Inx» = n Inx}
2 2

Differentiating both sides w.r.t, we have

ldy _ 2 d@=D 1 1 d@x-D _7_3 1 d6=7x)
ydx x—1 dx 2(3x—1) dx x 26—7x2 dx
-2 4 3 7,304
x—1  2Bx-1) x 2(6—7x2%)
S 23 T
x—1 2@Bx—-1) x 6—7x2
:dyzy[z 43 7, 2lxq
dx x—1  23x-1) x  6-7x2
dy (-D%3x=1 [ 2 3 7 % ] (Ans)
Sax= 77>l 707 tamen - teo
x X (6=7x )2 x—1 " 2(3x-1) x 6—7x
Example — 20

Find the derivative of y = (logx)tnx  (2017-W, 2015-S)
Ans: - y = (logx)tanx

Taking logarithm of both sides,

logy = log(log x)tanx

= logy = tanx log(logx)

id_y= tanx _! .1+ sec2xlog(logx)

ydx logx x

=
dy _ tanx 2

> Y=y (222 + sec2x log(log x))
dx xlog x

= ﬂz (logx)tanx ( tanx 4 cpoc2x log(log X)
dx xlog x




Example — 21
Differentiate (sin x)inx w.r.t x
Ans.
y = (sinx)mnx
Then log y = log (sinx)nx = In x log (sin x)

Differentiating w.r.t x,

14y — nx L cosx +1log(sin x)
ydx sinx x
- = y [ Inx cot x +logGinx)]

dx x
& ¥ = (sinx)nx [ In cot x + logGsin 0]

dx x
Example — 22

dx

Ans. y=xx

Taking logarithm of both sides,
= log y = log x* = x log X
Differentiating w.r.t x,

1d 1
=>_7 = x_+1.logx

y dx x

=¥ = y (1+log x) = x*(1 + log x).
dx

Example — 23

Differentiate (Inx)x + (sin—1x)*w.r.t. x.

Ans:- y= (Inx)* + (sin-1 x)* = u +v

u = (Inx)*and v = (sin-1 x)*

Taking logarithm of both sides,

= logu = log (Inx)* and logv = log (sin-1 x)*

= log u=xlog (In x) and log v = x log (sin-1x)

(2017-S)




Differentiating w.r.t x,,

= 1% = d (xlog (Inx)) () and & = ¢ (xlog(sin-1x))
udx dx vdx dx

1yt . 1+1.log(Inx)]andie=x_1 . 1 +1.log(sin 1x)
udx Inx x vdx sin”1x 1—x

>®=y[" +log(nx)]and@=v[ _*  + log(sin-1x)]
dx Inx dx sin~lxvV1—x2

=™ =(nx)*[ 1 +log(nx)]and = (sin1x)x[___* __ + log(sin-1x)]
dx Inx dx sin~lxvV/1—x

Now, & =d (u + v) =du +.dv
dx dx dx dx

= (Inx)* [ + log (Inx)] + (sin~1x)* [#j log(sin-1x)] (Ans)

Inx sin~lxvV1—x

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable 't’,
which is called as a parameter. Such type of representation of a fnction is called parametric
form. For example equation of circle can be given by x =rcost, y = rsin t.

Here x, y both are functions of parameter ‘t’.
So, this form of the function is called parametric form.

Derivative of function given in parametric form

Ify=f(t),x=g(t), Then

av _fo e G
e gfe) 48T (@

dt dt

Example — 24

Find dvif x = at2and y = 2 bt
dx

Ans.

dx=2at,dx=2b

dt dt
(Sy)
Now, dv = b _ b
! /dx = =




Example -25

Find @ _if x = a(1 + cos6) and y =b (1 - sin 6) (2018-S)
dx

Ans. &« =3a(-sinf) =-asinf, d=b(-cosf ) =-bcosh
de

de
Hence % =(@/d%) _ —bcosb _beop g
x  (dx/d6) —asinf a
Example — 26
Find &vwhenx =a(cost+tsint)andy =a(sint—-tcost) (2017-S, 2017-W)
dx

Ans.

dx=3(-sint+tcost+ 1.sint)
dt

=a(tcost)=atcost

% =a(cos t—t(-sint) — 1. cos t)
=atsint,
_@ arsn =tant.
dx _(é_f) atcost
Example — 27

If sinx =2t and tany =—2t_ then find-ax.
1+t2 1-t2 dx

Ans.

Putt=tan 6 {Inthis case by substitution we can convert both x and y into functions of
another parameter 6, which are easily differentiable w.r.tto 6 .}

Then sin x =—2tand  — gjn 29
1+tan?6

= X = sin-1(sin 20) = 26

tany =2t —2@nbé =tan 26
1—t2  1-tan?@

=>y=20
Now, dx =2 and dx = 2
do do
d
Hencedy = @=2= 1
@ T2

QU

[




Differentiation of a function w.r.t another function

Suppose we have two differentiable functions given by y = f(x) and z = g(x). Then to find
the derivative of y w.r.t. z we have to follow the following formula.

d
dy _ (G0
d = (dz

z (dx)

Example-28
Find the derivative of tan x w.r.t cot x (2017-w)
Ans.

Lety =tan xand z = cot x

dv = sec?x , & = - coseczx
dx dx
— (ﬂ) sec®x d(tan x
Now, dv = ~dc’_ = - sec2xsin2x,Hence nx) - secexsinx
dz (dx) —cosec?x d (cotx)
Example — 29

Find the derivative of ezlegx w.r.t 2x2 [2018-S, 2017-w]

Ans.
y = p2logx and Z = 2x2

d_y= i(eZlogx) = d_(elogxz) = d_(_xZ) = 2X
dx dx dx dx

dz= d(2x2) = 4x
dx dx

Hence  dv= (®)/(dz) =2 =1

dz dx dx 4x

N

Example — 30
Differentiate ax w.r.t xa  [2014-S]
Ans. y =axand z = xa

Now,-4» = gxlog a and-dz = axa-1

dx &
4
Hence_ =’ =dsa
dg/ % axa—1"= xa—-1 |09 a (AnS)




Example - 31
2x —-x

_2x 1
Differentiate sin—1( )w.rtcos-1( ) (2016-S)

2
T+x 17

a1 (-2XNg 5 = et
Ans. Lety =sin-1(— )&z =cos~1(__)

1+x2 1+x2
Putx =tant
y = sin-1(-# ) = sin-1(-2@0L ) = sin-1(sin 2t) = 2t
1+x2 1+tan?t
= dl= 2
dt ,
L 1—x2 1—-tan“t
Similarly, z = cos~1( = cos~{( ) = cos—1(cos 2t) = 2t
T+x? 1+ tan’t
= d_Z= 2
dt
d
dy (—33? =2=1
‘dz _(HEZ) 2

Example — 32

Find derivative of log x w.r.t vx [2017-W]

Ans.

y =logxandz=+x

Now,dr =1 and dz=_1
dx x x  2Vx
Hence ¢ @ R 2
d—z—=_gz_(_x =% =" =W(An5)
d 2v/x
Example -33
Differentiate 1=cosx y .t 1=Snx
1+cos x 1+sin x
Ans.
y = 1—cosx dz= 1—sir.1x
1+cosx 1+sin x

dy — (1+cos x) (sin x) —(1—cos x) (— sin x) {AS d { l‘} - f‘g—fg'}
dx (1+cosx)? dx g g2




__ sin x+sin xcosx+sin x—sinxcosx
(1+cosx)?2

_ 2sinx
(1+cos x)?

dz — (1+sinx)(— cos x)—(1—sin x) cos x
dx (1+sin x)?2

__ —C0SX—CO0Ss X Ssin x—cos x+cos x sin x

(1+sin x)?2
_ —2cosx
(1+sin x)?2
dy 2sinx 2
dy _ ( "dx) — (@+cosx)2 _ —tanx(1l+sinx)
dz dzy  _—2cosx 2
(dx) (tsinn? (1+cosx)

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y
cannot be expressed in terms of x is called Implicit function.

e.g.x2+y2-25=0
Xy = yx

Xy +y2x+xy=25 eftc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply
we differentiate both side w.r.t x and express 4» in terms of both x and y.

Example — 34

Find &vwhen x3 + y3- 3xy = 0
dx

Ans.

Given x3+ y3-3xy =0

Differentiating both sides w.r.t x We have,

3x2+3y2 %Y - 3xa-3.1y = 0
dx dx

= P(3y2 - 3x) = 3y - 32
dx

- &y —3y=3x" _y-x"  (Ans)

dx

[2015-S]




Example — 35

Find 4 if InVxz=+y>= tan-1())  [2017-w]

dx

Ans.

Given In \/J_Cz_-i-_yz_ = tan_l(i)
x

Differentiating both sides w.r.t x,

1 1 (2x+ 2y ¢ 1 ey
. X+ Y_ Y = d '
Va2 432 24/x2+y2 dx) T+ 32 ( Jcxz )

X

d
2(x+y Qx) x - y
= dx ( L)
2(x%+y2) £y X2
Xz

d
e,

= dx =¢
(x2+y2) (x2+y?)x?

> X+ydy=xdv-y
dx dx

= (X-y)d=X+Yy
dx

xty

x—y

=

&R

Example — 36

Find dvif yx = x»  [2014-S, 2016-S, 2017-w]
dx

Ans. Given yx = xv

Taking logarithm of both sides

=In y* = In xv

=>Xlny=ylnx

Differentiating both sides w.r.t x, we have

>Xldv+ 1. Iny=dv.Inx+yl
y dx dx x

d
> +lny=Inxdw+v
y dx dx x

> (—Inx) 2= (x—Iny)
y dx x




= (x—ylnx) dl: y—xIlny
y dx x

dy -
=~ = JY—xIny)

dx x(x—ylnx)

. dy — yy—xlny)
dx x(x—ylnx)

Example — 37

Find 4 if y2cot x = x2 coty
dx

Ans. yzcotx = x2coty
Differentiating both sides w.r.t x,

= 2y & cot X + y2(- cosec2x) = 2x coty + x2(-coseczyd_y)
dx dx

d
= 2y cot x-dv - y2cosec2x = 2X cot y - x2coseczy =
dx dx

= (2y cot X + x2cosec?y)dy = 2x cot y + y2cosec?x
dx

dy  2x coty+ yzcoseczx

ax 2y cot x+ x*cosec?y
Example — 38

Find-dx if yx = xsiny
dx

Ans.yx = xsiny

Taking logarithm of both sides
log y* = log xsiny

= Xxlog y =sinylog x
Differentiating both sides w.r.t x,

.1
= 1.logy + x1dv = cos y4r . logx + siny._
ydx dx x

= (x— logx cosy)de= siny — logy
y dx x

= (x—ylogxcos y) dy — siny—xlogy
y dx x

:d_y — _Y(siny—xlogy)
dx x(x—ylogxcosy)




Differentiation of Infinite series

Example — 39

Taking logarithm of both sides
= logy = log x» =y log x

Differentiating both sides

1d
> =dvlogx +y1
ydx dx x

= (1 —logx)dy =v
y dx x
dy 'y 1 y2

:_ = - =
dx *(—logx)  x(1—ylogx)
y

Example — 2

Ify = Vsin x + Vsinx + Vomx F

>y = Vsinx + (\/sinx ++sinx + )

Sy =sinx +y

Squaring both sides
=>y2=sinxXx+y

Differentiating both sides w.r.t x,

= 2y dv = COS X +-v
dx dx

= (2y-1)dv = cos X
dx

= os

y—

=

33
N |0

-




Miscellaneous examples

Example -1
Differentiate the following functions w.r.t x

0) Va¥x +Va—x

Va+x— va—x
(i) |x] forxGO
(i) tan-1e2x
(V) e ¥
(v) tan-1_ %
a’—12x?
(vi) xr

(vii)  logio sinx + logy 10
(vii)  (xo)e + (ex)x’

(ix)  xx=
¢9) —1 Vit Vi
tan (———)
VitxZ—1—x ?
Ans.
(l) y — ya+x +\_/a—x
Vatx— Va—x

= (atx+ Vo (VatatVi-x)
(Wa+x -va—x)(Va+x++a—x)
_ (JaFxtVa®
Va+x)? — (Va—x)?
— (a+x)+(a=x)+ 2VatxvJa—x

(a+x)— (a—x)
— 2a+2V (a+x)(a—x)
2x
at Va?—x2

X

dy __d ja+ VaZ—x?
Now dx dx( x )
X0+ ' (=2x))- (a+ Va2—xD).1

_ 2Vat—x

x2

2
— — (a+Va?==x?)
o NaZ—z 00000000000
%2

x>0




- x2— aVa?—x2— a®+x?

XZ\/G.Z —x2

— x*— aJa?—x2— d®+x*

x>NaZ—x%
_ _ (a*+ ava?—x?)
N
(i) y=Ix
Whenx <0,y = |X| =X
Whenx>0,y=|x] =x
So dix =d» = -1 when x <0

dx dx
dxl =da =1 whenx >0
dx dx

(iii) y = tan-!e2x

dy _ 1 d (ezx) — 2 2%
dx 1+(e2x)2 r 1+ et
(|V) y = etan_1x2
d_y= tan—1 x2 i(tan—l xZ) - etan—l x2 1 i (xz)
dx dx 1+(x%)2 dx
_2x etan_lx2
. B 1+x%
ax Zax
(V) y =tan-l— — tan—l(L)
a2—12x2 az—];xz
a
7x 3x_ 4x
=tani(_ & ;) =tanmI(CEHY
1-12x 1_§x_4x
a2 a'a
utting 3x = tan 6:&4x = tan 6,
Putting 3z = tan 0:8 = tan 6
a a
01 62
= tan-! %) = tan-{tan(6 + 0 )}
1—tan O1ltan 1 2
=60 +6 =tan! f2+ tan—14_x
1 2 a a
Now dy = d_(tan—lﬁ) + d_(tan—li)
dx dx a dx a
=L OF L @O=_ O 1O
G- 2 T6x a
I v e
3a? 44>

= +
(a249x%)a  (a?+16x2)a

_ 3a + 4a
a?+9x2  a?+16x2

(Ans)




vi) y=axh
Taking logarithm of both sides,
Iny = In x/x

=Iny =+x Inx
Differentiating both sides w.r.t x,

1
S ldy 1 Inx ++/x_

ydx  2vx x
dy _ . /nx 1
=22 =y(—
dx y<2\/7+ ﬁ
= ﬂ = xVx (1nx+2) (ans)
dx 2Vx

(vii) y = logiosinx + log, 10

}

= sinx +—1 aslog, a=
10g10 log1ox {1 8b L loga b
y — 1 cosx +{— 1

x  sinx loge 10 (log10x)? xloge 10

IS”

_ cotx _ 1
loge 10 x(log10x)2%loge 10

logio e

x(log10 x)2 (ans)

= cotxlogio€ -
(viii) y = (x)¢ + (ex)*
Lety =y1 + y2 wherey; = (x9)¢, y2 = (ex)x
Now, yi = (x)¢’
Taking logarithm of both sides
logy: = log (x¢) = ex log *
= logy1 = ex elogx = extllogx

Differentiating w.r.t x we have,

1d 1
>—2 = eHlggx + ¥+l _

dx x
y1 x+1

dy
= L =y, (etilogx+—e )
X X

= (x2)¢ ex+1 (logx + 1)-====----===- (1)

X

Again y, = (ex)<

Taking log of both sides

= Iny2 = xéln ex= xex = xe+l
Differentiating w.r.t x we have,

>1d2 = (e+1) xetl-1 = (e+1)xe
dx
sivi= y (e+l)r e = €9 (e+l)x (2)
dx




From (1) and (2)
dy _ dyl + dy2
ax — e
= eex x+1 1 x X e

(x) e (logx + ;) t(e) (e+l)x (ans)
i) y=()
Taking logarithm of both sides,
Iny = In x" = xxIn x
Differentiating w.r.t x we have,
1dy oy 40 4 L
d

y(%ix x x
y
== y(lnx d((ix) + %¥71)
= x7(In X i) + D) [ — (1)
dx

Now let z = xx

Taking logarithm both sides,
= logz=Inx*

=logz = x Inx

Di!;fsrentiating w.r.t x we have,

1
> __ =1l.Inx+ x _
zad x

:d_zz z(Inx+1)
dx
= | d

dx

=x*(nx+1) | (2)

From (1) and (2)

dr=x7(In X xx (In X +1)+ xx-1)
dx

= x* (x*(In x)2 + x* In X + xx-1)
=x*x*1( x(nx)®2+xInx +1) (Ans)
Vx4 122

V1+x2— \/1—x2)
Put =x2=cos 9

X) y=tan"!

\/1+c050+ \/rl—cos 0\
1+cos@d— v1—cos &/
VZcos _ \/_—Z
= tan—l( a7t 2sin
VZcos o ¥ )
2 2 sné 2

_1 V2 cosy +\/_sm2
( 9)
\/2 cosy — \/2 siny

Theny = tan™!




2 - .
tan-1 ws <2  {dividing numerator and denominator by ¢}
= () @ 2
mg _ sin p
2 L‘OS;
1+tan o tan—+tan
= tan_l(—%) = tan™! (1
1—tan —tang. tan

= tan-! (tan (7T+ y=x+°

2 4 2
= s + cos 1x2

N 2
Nowdr=0+1(_—=1_)2x
dx 2 V1—(x2)?
= =- X
1—x
Example -2
*(aty)
If cos y = x cos (a+y) then show that v = cos .
dx sina

Ans. Given cos y = x cos (aty)

oy = 05y
cos(a+y)

Differentiate both sides w.r.t x we have,

cos(a+y)(—sin y)d_y —cosy (—sin(a+y))ﬂ
dx dx
cos?(a+y)

=>1=

=1 _y[sm(a+y)cosy cos(a+y)sinyy

dx cos?(a+y) 7
dy sin(a+y y);
{cosz(a+y)
dy
> =M (Proved)
dx sina
Example — 3
Differentiate sec-t ) Wt Vi—s2
2x2—-1
Ans.
Here y = sec1( ), z=Vt==x*
2x%2-1

Letx = cos 0

Theny=secl___ 1 )=secl 1 )
2co0s20—1 cos 20




= sec1(sec 260) = 20 = 2 cos~1x

dy = d(2 cos~lx) = _=2

dx dx 1—x

dx 2V1—x2 1—x2
-2
NOde — Vi—xZ [ — A 2
dz = —x X
\/1fo
Example-4

If y = 10Mssinr find.dy ,

dx
Ans.
dy —__d _ (1Qlosgsinx), d_(logsinx)
dx dlogsinx dx
= 10logsiny | IOi(logsinx) (As 4 ((a¥) = a*loga
ge dx dx €
= 10lgsinx|n 10_1  cosx = [n10 cotx 10Qlogsinx
sinx
Example - 5
Ifx=cos-1_ " and y = sin-1 ‘ then find 4
Vi+t? Vi+e2 dx
1
X = cos~1 —
— (Putt = tan0)

=cos~1 (—21—) =cos~1 (1)
V1+tan?e sec 6

= cos~1(cosf) =6 =tan-1t

dx 1
= =
ac  I+¢?
P . t . _1, tan@ .
Similarly y = sin-1 = sin™( ) = sin-1(tan?
V1+4t2 V1+tan?6 secH
=sin-1(_siné ) =sin-1(sinfd) =6 =tan-1t
cos @ secl
.dy _ 1
dt  1+t2

dy 1
d / /
Hence, ¥ = /¢t = 1+ =

dx /14¢2
dx/dt




Exercise

Short Questions (2 marks)

1) Find the slope of the tangent to the curvey = x2at x = -1]2014-S]
2

2) Find the derivative of sin x w.r.t cosx. [2017-S]
3) Find the derivative of cos x w.r.t logex .  [2015-S]

4) Find dvif x = at2 , y = 2at. [2017-w]
dx

5) Differentiate tan-1x w.r.t cos—1x.

6) Differentiate y = xsin_ ' %, w.r.t. X.

7) Differentiate cosec(cot-1 x) w.r.t sec (tan-1 x)
8) Differentiate sec2(tan-1x) w.r.t (1-x2)

9) Differentiate tan-1v/~ — 1 w.r.t. x.

X
10) Differentiatecot-1 x w.r.t. cosec-1x

11) Find d¢vof each of the following
dx

i) (tan—15x)2
ii) (sin-1 x#)4
iii) tan—1(cosvx)
iv) logs(logs x)
V) sin(ex2)

Long Questions (5 marks)

cos x—sinx

12) Differentiate tan-1( ) W.r.t X. [2017-w]

cos x+sin x

13) If y = tan-1! VI then find 4,

1—sinx dx

14)Find dxif x = y In (xy) (2016-S)
dx

15) Find ¢z if y = (tan x)inx (2017-w)
dx




16) If x VTFy + yv/t=x = 0 Prove that (1+x2) & + 1 = 0 (for X G y)
dx

17) Ify = log (1+¥x) , then find .

2 15vVx dx
x2=y
18) If cos-1( ; ), =tan"la, Provethata =,
x +y E ;

x 2 2
19) Find Z—ff ? IO+ Cyi=1,

20) If exty — x = 0 prove that dv-= 1=x_

dx x

Vo 2
21) If y= ( X)‘/x— s then prove that v = y
\/ dx 2—ylogx

22) Findavifx =2_ y =2

dx 1+e2 ' 1—¢2

23) Differentiate sin2x w.r.t (In x)?2

24) Differentiate sin—1( > ) W.r.t tan-1 \/1__"
1+x2 T+x

25) Differentiate tan—1 x w.r.t tan-1v1 + x2
2 2
26) If x = at—¢ ) and y = at (1) then find @ _

1+t2 1+t2 dx

27) If sin (xy) +x = x2 —vy, then find 4
y dx

28) If VA—=2 + V=% = a(x-y) , prove that & = V==
) fvi== y*=a(xy), p =1

x2 -1
29) Differentiatee " *w.r.t. x.
v

30) If y = log (x+vxz=1) then find-d.
dx

31) Find 4xof each of the following

dx
@) sin-1(2axV1 — a?x?)
O (G R

-2 —1]2

(i) tan-i(—)
1+vV1—x2

iv x2 cos-1 (" N+ x2 cosec-1(FL
) (\/J_C+1) (\/9?—1)




(V) sin—1(3x — 4x3)
4x

(vi)  tan-1( )
1—452
(vii) cos—1("*)
N T+x2
(viii) <"
ex—e—Xx
ANSWER
1 -1 (2) -cotx (3)—xsinx (4)1
t
-1
5) VI (6) xn F[m T+ ] (7)1 (8)-1
1+4x2 x V1—x2
Q) - 1 )x\/xz—l
®) 2Wavi—x 10 e
- 10tan~l5% T 16x3(sin_1x4)3 sin\/;
) 0 =% 0= () 2202
(v)t———— (v) 2x ex2cos (ex2)

x log7 x(loge 7)2

12) -1 (13)_1 (14) _ x=y (15) (tan x)lnx [l Intan x + sec ’an]
2

x(1+In(xy)) x tanx
1 (19) —_ay i (22) b(1+t%)3 x sin 2
(17) Vx(1—x) (bx)3 a(1—t2)3 (23) 2Inx
2
—1=22  (25) 2+x t*+ari-1 2xy?—y—y3cos(xy)
(24) 12 (25) VTix2 (26) 4t (27) xyZ2.cos(xy)—x+y?
2 tan~1 x
(29) - 2X + 1 - * ] (30)__1
1+x (1+x2 )tan—1 x  (1+x2) Vx2—1
31) (i)__2a (ii) 2+2 (i) 1_1 (iv) mx
Vi—aZx? (1-t%)2 2V1—x2
(v) = (Vi) —= (vi)) —2- (viil) ~—4—

V1—x2 1+4x2 14x2 (eX—e¥)2




Successive Differentiation

If f is a differential function of x , then the derivative of f(x) may be again differentiable
w.rtx. If £(x) = 4f£ then f"(x)is called first derivative of f.
dx

If f(x) is differentiable , and <f © =f"(x), then f “(x) is called the 2" order derivative of
dx

f (x) w.r.t x.

The above process can be successively continued to obtained derive functions of higher
orders.

Notations

1%t Order derivatives —» di, y',y1,Dy,fx)

2 Order derivatives YOy, 2 fx)
oz 2 Dy

dx?

3
3 Order derivatives - 7,y ,y , D3y, f (X
dx3 3

nt Order derivatives - %7, y™ ,y Dy, fn(x)
n

dx™

Example -1
Find 2™ order derivatives of following function.

(Dy=x5+4x3-2x2 +1 (i) y = loge x
(i) y = vxz=1 (iv) y =T1

X

(i) y1 =% =4(x5+4x3-222 +1) = Sxt+12x2-4x+0
dx dx
= Sx4+12x2-4X
= &%y _ d (&) = d(5x4+12x2-4X)

y2— dxz_ dx dx dx

=20x3 + 24x—-4 (Ans)
(ii) y1 =-2(log x)=1

dx
a(1)
y =d&l= 1 =-1 (ans)
2 dx dx x_2

(i) y=ve+1




yi=_ 1 d(x241) (Chain Rule)
2Vx2+1 dx
_ 2x+0 _ x

BN = Ny

d d(\/ Zx )
— ayi = xc+1
yz dx dx
1Vx+t —x . 1 AP+
— 2VxZ41  dx
Vet - Y 2«
- 2\/x2+1
x2+1
2+1 —XZ 1 (A
=Vg.(§ﬁ_@,zﬁ.)=_z_37_ ns)
(x +1) 2

(iv) Y1=d_(1;) =4 -2) ='1_ Sy ix?

dx \x dx X 2
3
& 1 3 ___1 =3x—5/2 3
— =-—(= 2 - =
V2= 2(2)x 4 4 °/2

Example - 2
Find y: and y; if y = log(sin x) (2018-S)
Ans.

y1 =—4 log(sin X) =—L cosx = cotx

dx sinx
d
Y2 = W1 = _ (cotx) =-cosec’x (Ans)
dx dx
Example -3

If x =at?, y = 2at then findd_zy
dx?

Ans.

d
dy 4 “Qa) 22 1

VD)2 (applying division formula of derivative)




Example - 4

Ifx = a (0 — sinf), y = a (1+cos) then find ¢~

dx?
Ans.
dy
dy _gg _ —asinf _ _ sind
dx % g(1—cos6) 1—cos 0
do
o 0
—2sin,cos— ]
— 7¢05;_ _ a
T 2sin?” cot 2
2
dy d dy
d*y _ d d& R dy . .
= ()= {as =X is function of 6}
X dx dx dx
de
601
4 (—cot? cosecz_ 1 cosec 29 1 6
N — R, 2 —
—_df 2 = 22 — Q.
dx a(l1—cosf) 4a2sin?"_ 4q 2
de 2
%]
=_lcosec* _
4a 2

Example — 4

2
Find i from the equation x2+ y2 = a2

dx?

Ans.

Given x2+ y2 = g2 (1)
Differentiate both sides,
2Xx+2yv=0
dx
= dy =% (2)
dx y

Again differentiating w.r.t x

dzy y.1-— xﬂ
= T = {5t { applying division formula }
2 y—x (__x)
= D=y 3% {Fom (2}
dx? y.y?
d?y 2452 2
= _=-% }=-a {Form (1)}
dx? y.y? y3

Example-5

0

cosec? _. cosec? _

2




Ifx=3t-t3,y=t+1,finde” att = 2.

dx?

Ans.

Given y=t+1 ,x=3t-t3.

dy dx
—=1 and —=3-3t2
dt dt

dy _ /a1 __ 1

dx dx/dt 3—3¢2 3(1-t2)

2 d(dy) 1( -1 2t
y (D - _
=_dtdx =3 (1—t2)2)( 20 = 3(1—5 z
dx? % 3-3¢2 3(1-t2)
_2 ¢t
9 (1-t2)3
2
y
Nowd'] =2 2 4 _ 4

dx2t=2  9(1-22)% 9(—3)3 243

Example-6
If y = eaxsin bx , then prove that y, — 2ay; + (a2 + b2)y = 0 [2017-w]
Ans.
Given y = e sin hx ------------=---=--- (1)
Differentiate both sides,

Y1 = ae® sin bx + e b cos bx
=y,1= ay + bew cos bx -------------- (2)
Differentiate w.r.t x,
= Yy, = ayi +ba e* cos bx + b eaxb(- sin bx)
= Y, = ay:1 + ab e cos bx - b2y
= Y2 = ayi + a (yi-ay) - b2y {from (2)}

= Y, = ay: + ay: - a?y - b2y

=| y2—-2ayi+(a?+b)y=0 (proved)

Example -7




If y = emcos” * then show that (1-x2)d2y -Xdy-m2y =0 (2018-S)
dxz  dx

Ans. y = emcos_lx

dy _ _mcos—lx m ) =_-mw
>X=e¢
dx (\/1—x2 1—x2
dy
= Vi=xr" = -my ---------m---- (1)
dx

Differentiate w.r.t x

— 2
SICRy | Ty o

2V1—x? & dx? dx
—dy 2 d
= ax T (A= )2 -m dy_
—X dx

2
5> XY+ (1—x)" = -maVi=x
dx dx? dx

2
= (1-x2)4” - x ¥ =m(-my) = m2y{from (1)}
dx? dx

2
=>(1—-x2)d”- x d]_-m2y=0
dx? dx

Example — 8

If y = ax sin x, then x2y; — 2xy; + (x242)y =0 (2016-S)

Ans. y =axsinx (D)
Differentiate w.r.t x,

=>yi1=a[l.sinX +Xx. cos x]

= Y1 =a(sin X +X €cos X) (2)
Differentiate w.r.t x,

=>y;=a(cosx + 1. Cos x —X. sin x)

= Y2 = 2a C0S X — ax Sin X 3)

Now L.H.S = x2y; - 2xy:1 + (x2+2)y { applying equation (1),(2) and(3) }
= 2 @ x2Cos X - ax3sin X — 2ax Sin X — 2 a x2 oS X + ax3sin X + 2ax sin X
=0=R.H.S (Proved)

Exercise




Question with short answers (2marks)
1) Find y; for following
(i) y=x2++x (i) y = exsinx
Question with long answers (5 marks)
2) Ifx =2 cost—cos 2t,y = 2sint—sin 2t then find y”.
3) Findy.,y =tan x + secx
4) If y = sin-1x , then show that (1-x2) y,-xy1 =0 [2017-w]

2
5) If y = A cos nx + B sin nx then show that a4 n2y =0
dx?

6) If y = log (x+ V1 + x2), Prove that (1 +x2 )y, + xy;1 = 0

Question with long answers (10 marks)
7) If y = sin (m sin—1x) prove that (1-x2) y2 -xy1 + m2y =0

8)If y = emsin *prove that (1-x2) y Xy £ m2y (2017-W, 2017-S)

Ans.
1) (i) 2— - .
R (ii) 2 excosx
2) 3 3) cos x
8sin 23t (1—sin x)2
cos 2

Partial Differentiation




The functions studied so far are of a single independent variable. There are functions
which depends on two or more variables. Example, the pressure(P) of a given mass of gas is
dependent on its volume(v) and temperature (T).

Functions of two variable

A function f : X x Y to Z is a function of two variables if there exist a unique element
z =f(x,y) in Z corresponding to every pair (x,y) in X x Y.

Domainof fisX x Y .
f(XxY) istherangeoff. {fXxY)CZ}
Notation : - z = f(x,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit | as (x,y) = (a,b), .If given ¢ > 0, there exist §> 0 such
that |f(x,y)- | <c whenever o < |(X,y) —(a,b)| <6 .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if

() f(a,b) is defined
(i) limx,y)-(a,p) f(x, y) €Xists.
(i) limy)-(ab) f(x, ) = f(a, b)

Finding limits and testing continuity of functions of two variable is beyond our
syllabus so we have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.

If variable x undergoes a chance 6x, while y remains constant, then z undergoes a
changes written as 6z

NOW/ 0z = f(X+ 5le) - f(XIY)

If zexist as 6x—> 0, then we write the partial derivative of zw.r.t x as
ox

. Fxt+ax,y)—F(xy)
6f = 6z = = = 2 o FZ JAVIJ
of = &z fx =z« = limy, o

Similarly partial derivative of zw.r.ty,




flx.y+6y)—f(xy)

25;: ?y: fy= zy=limay_,0 oy
6—6x ' % symbols are used to notify the partial differentiation.
Note

As from above theory it is clear when partial differentiation w.r.t x is taken , then vy is treated
as constant and vice — versa. (All the formulae and techniques used in derivative chapter
remain same here)

2" Order Partial Differentiation

If we differentiate the-6z, 6zw.r.t x or y , then we set higher order partial derivatives as follows.
6x 6y

1% Order Partial Derivativessz ,-6z .
6x 6y

2" Order Partial Derivatives

62Z=6(62)=Z =f
o2 ox ox XX XX

2
5z =i(6_z)=zyx =fyx
6y6x 6y 6x

6ZZ=6_(6_Z)=Z =f

6x6y 6x 6y Xy
6%z _ 6 (62)=z =f
6y2 5 6y Yy Yy

Note:fyx = fxy when partial derivatives are continuous .

Example -1

Find-6z , 6z
6x 6y

0] z=2x%y + xy? + 5xy.

(ii) z=tan-1() [2018-S]
y

(i) z=ertanx [2019-W]

(iv)  z=log (x2 + y?2) [2015-S]

(V) Z= Sin_1(3 [2014-S]




(vi) z= f(ﬁ) [2017-S]
Vi) x + yx

Ans.
0] Z = 2x2y + Xy? + 5xy

6z = 6 (2x2y) + 6(Xy2) +-6 (5xy) ( Herey is treated as constant)
6x  6x 6x 6x

=2y 6i(xZ) +y2° (x) + 5y 6(x)

6x 6x
=2y.2x +y2.1+ 5y.1
= 4xy +y? + 5y.

2
6_2= 2x2 6L+ xéy_+ 5x 6L
6y 6y 6y 6y

=2x2+ x.2y + 5x=2x2 + 2xy + 5x

(i) z=tan"()
y
oz lx 26 x 1, 1
dx = 6 == .
T_Fc)_x(y) ye— .y
y V2
- ¥ _

TYaZHyD)  xy?

6z 1x , 6 x 272 ,—x
= 6 = 2
86y = 6D
y y2
=__*
x2+y?2
(i) Z=ertanx

6 y
z=¢y _(tanx) = e
6x 6x 1+x2

Y.
6z = 6(e )tan X =ertanx
6y 6x

(iv) z = log (x2 + y?)

0z _ 1 6(x24y2)=_2 {6 y2= 0 As y is constant}
6x (x*+y%) & x2+y? 6x

6z _ 1 6(x2+y2)=_2
6y  (x*+y?) ¢ x+y?




(v) z= 17
sin (3
y
62_ 1 6 x 1 1 1
3x ‘/1_;_;6x y \/T_y N
6z = 1 6 x 1 —Xx
6y Q= ()
=
(vi) z =f(»)
x
="' eM=f"®.@
6x x 6x x x x?
=2f'(
x? x
6 =F ()6 vy
i U _O=f0._
6y x x X X
=1f' ()
x x

Vi) z= x4 yx

% =yx-1+yxlny (yisa constant here)

6z = xyIn X + x y»-1  (As x is treated as constant)
6y

Example-2 . Find fand fyx where f(x,y) = x3 + y3 + 3xy
Ans: - fy=3x2 + 3y , f, = 3y2+ 3x

frx =—6(fx) = 6x + 0 = 6X
6x

fyx=i(fx)=0+3=3
6y

Example — 3

2 2,
Ifz=log(x2+y2)+ -1Y ,provethate? 46" =0
tan )

x 6x2 6y?2
Ans. 6= 1 2x + 1 (-7)
6x  (x2+y?) 1+¥% 2
X
_ 2x x? (_y) _ 2x—y
x2+y2 x2+y2 x2 x2+y2




-y 4
(x2+y?) (x24+y?) x

= 2y+x
(x*+y?)
2z )
Nowé =6 (6_2 — ( +y )2-0)—(2x—y)(2x+0)
6xZ  6x ‘6 (x2+y?2)2

— 2x2+2y2—4x2+2xy — 2y2—2x2+2xy
(x2+y2)2 (x2+y2)2

6%z _ 6 (67) = (*4+y%) (24+0)-(2y+x) (0+2y)
6y 6y 6y (x2+y?)?

_ 2x2+2y2—4y2—2xy _ 2x2—2y2—2xy

(x2+y2)2 (x2+y2)2
Now 6%z + 6%z _ 2y2—2x2+2xy+2x2—2y2—2xy
ox2 612 2202
X y (x*+y2)
=0 =0(Proved)
(x2+y2)2

Homogenous function and Euler’s theorem

Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = t*f(x,y)
where t is any constant.

Example — 4

Test whether the following functions are homogenous or not. If homogenous then find their
degree.

(i) 2xy2 + 3x2y (i) sin-1(%)
y

2 2
X

5 (iv) x2 + 2xy + 4x

AnNs.

Q) Let f(x,y) = 2xy2+ 3x2y
fltx, ty) = 2(tx)(ty)? + 3 (tx)(ty)
= 2txt2y? + 3 t2x2ty
= t3(2xy? + 3x2y) = t3f(X,y)
Hence f(x,y) is a homogenous function of degree 3.




(ii) Let f(x,y)= -1*
Sin

Q
00 ty) = sinei¢ ) =sin™= 0 o1 5 = 00, )
ty y y

Hence f(x, 2y) i§ a homogenous function of degree'0’.
(i) fx,y) =22

x+y
_ 3(00%+ 2(ty)? _ 2 (3x°+2y%) _
fltx, ty) =22 200 = OB - t(x, v)

Hence f (X, y) is @ homogenous function of degree 1.
(iv) f(x,y)=x2+ 2xy +4x

f(tx, ty) = (tx)2 + 2 (&) (ty) + 4(tx)

=t (tx2 + 2t xy + 4x)
So here f (tx, ty) cannot be expressed as t»f(x, y)
Hence f(x,y) is not a homogenous function.

(] If each term in the expression of a function is of the same degree then the function
is homogenous.

(i) If z is a homogenous function of x and y of degree n , then$zand-ézare also
6x 6y

homogenous of degree n-1.

(iii) If z = (X, y) is a homogenous function of degree n, then we can write it as

2= 0 (%)
X
e.g. In example - 4(i) 2xy2 + 3x2y is homogenous function of degree 3.
Now f(x,y) = 2xy?2 +3x2y=x3(2(92 + 3 (v)) = x3 q)(i’)
X X X

Similarly in Example - 4 (iii), f(x,y) is of degree 1.

Now f(x,y)= 3,%, 2 Yy2 342
:x_(3+2(y) —x( (y)})zxq)(y)
X+y X 1+ 1+; X
Euler’s theorem
If z is a homogenous function of degree n, then x “ 4 yoz=nz [2014-S]

6x 6y

Proof: -
Since z is a homogenous function of degree n, so z can be written as

Z=x" (5




n oY 6
Now_6z = n xn-1 (y) + x (_)_ (i)

6x x  6xx

TG 'O

=nx+1 Y n—2 "y
(;) -x oy (;) """"""" (1)
6z ’ 6 y
Similarly, “— . "y~
6y x (x)G;(x)
= xn ’(Z) Q) =2xn-1 D 2)

Now x x Equation (1) + y x Equation (2)
=x % + y 6z = x {n xn-1 A -2y ® T +yan-1 ’Ly)

6x & x
=nn n—1 'y n—1 "y

y
x (;)-x y (;)+x y

X

=nr O=nz (proved)

Example-5

Verify Euler’s theorem for z = » [2014-S]
X

Ans. 6z=6(y)=-y

6x 6x x x2

E:i (l)=l
6y 6y x x

Herez =f(x,y) ==

Ftx, ty) = x=x=f(x, y)

tx

Hence f(x, y) is a homogenous function of degree 0.

Statement of Euler’s theorem is  x % + yéz=nz (heren=0)
6x 6y

=>xZ+y6e=0.2=0
6x 6y

Now we have to verify it.
From above

LHS=x%+y6 =x(-»)+y.1=-v+y=0=RH.S
x2 x

6x 6y x x

Hence Euler’s theorem is verified.




Example — 6
Verify Euler’s theorem for z = x2y2 + 4xy3 - 3x3y
Ans. Herez =f(X,y) = x2y2 + 4xy3 - 3x3y
F (tx, ty) = t2x2t2y? + 4txt3ys - 3t3x3y
= t4(x2y2 + 4xy3- 3x3y) = t4f(X, y)
Hence z is homogenous function of degree 4.

Here n = 4.So, the statement of Euler’s theorem is

6
x +ybzr=4z
6x 6y

Now we have to verify it

6z =_6(x2y2 + 4Xy3 - 3x3y)

6x  6x

= 2xy2+4y3- 3 (3x2)y

= 2xy? + 4y3- Ox2y -----------m-m--- (1)
6z =_6 (x2y2 + 4xy3 - 3x3y)
6y 6y
= 2x2y + 12Xy2 = 3x3 oo (2)
L.H.S = x6z +y_6z
6x 6y
=X (2x y2 + 4y3 - 9x2y) + y (2x2y + 12xy? - 3x3) {from (1) and (2)}

= 2x2y2 + 4Xy3 - 9 x3y + 2x2y2 + 12xy3 - 3x3y

= 4x2y? + 16xy3 - 12x3y

=4 (x2y2 + 4xy3 - 3x3y) = 4z (verified)
Example -7

If z = sin-1(= ) show that x 2 + y2_ =tanz [2017-S, 2018-S, 2019-W]
x+y 6x (

ANSs.

Let z = sin-1("") = sin-lu
x+y

Now u =—xv_
x+y




u=(tx, ty) =t = ¥(v) =tu

tx+ty t x+y

Hence u is homogenous function of degree 1.
So by Euler’s theorem

Xéu+ybu=1,u=uU----------- (1)
6x 6y

Asz =sin"lu

=>Uu=sinz
bu =_6(Sin Z) =cos z6z 7 (2)
6x 6x 6x
And éx =_6(sinz) =cosze6z (3)
6y 6y &
From (1), (2) and (3)

= X COS Z 62+ Y COS Z 6z = Sin Z
6x 6y

6. .
=x__+y 6z= sinz = tan z (Proved)
6x 6y cosz

Example — 8

If u = sin-1(%) + tan-1(2) show that x & +y su=0
y x 6x 6y

Ans.

Ifu= -1 * -1 ¥

sin & +tan (9

y x

tx

u (tx, ty) = sin-1 (L) + tan-1( )
ty tx
= —-1% -1

sin (=) +tan (9
y x

=u(x,y)

4

Hence u is a homogenous function of degree ‘0

So by Euler’s theorem

6
x_u+ y fu = 0
6x 6y




Example — 9
Ifz= -1 x3+y3 6z 6z
tan ( ), show that x — & = Sin 2z [2017-w]

x+y

3 3
Ans. Letz=tan-1,whereu = (» i )
x+y

33 .33 3 3
x +t

Y = t2 (x ¥ ) = t2y
tx+ty x+y

Now u (tx, ty) =

Hence u is a homogenous function of degree 2.

So by Euler’s theorem

6x 6y

Now z = tan—1u

su=tanz_ @)
fu=_6 (tanz) = SeCZZ6_Z_ """"""""""""""" (3)
6x  6x 6x

And 6« = 6(tanz) = Seczz% """""""" (4)

From (1), (2), (3) and (4)

6
Sx_ L+ y6u=2u
6x 6y

6 6
Sxsec?z -+ y sec?z “=2tanz
6x 6y

6
=x  +y6z=2 tanz = 2 tan z cosz

6x 6y
sec?z

= 2sinz cos2z = 2 SiN Z COS Z
Cosz
= sin 2 z (proved)
Example-10

If z is a homogenous function of x and y of degree n and-¢, eare continuous , then show that
6%z & 6%z

x2 ___+ 2xy +y2___=n(n-1)z
6x2 6x6y 6y?

Proof
Given z is a homogenous function of degree n

So by Euler’s theorem




Differentiating (1) w.r.t x,

2
1.2 4824y —pb
6x 6x2 6x6y 6x
2
x4y 8 =(n-1) o )
6x2 6x6y 6x

Differentiating (1) w.r.ty,
2 2z
6z +1.624+y6 =néz

x—=
6y6x 6y 6y2 6y
P
2
Sy bz +ys _=(n-1) (3)
6x6y 6y2 6y
{As_sz ,-5z are continuous}
6x 6y
2
{ & — 6z
6x6y  6y6X
Equn(2) X x + Equ*(3) Xy
2 6%z & 2 6%z
=>x + Xy +Xxy_6 _+y2___=x(n-1)6z+y(n-1)6z
6x2 6x6y 6x6y 6y2 6x 6y

6%2 2 6°z
=>x2 "+ 2xy 6 ° +y2° " =(n-1) {xez 4 y6z }

6x2 6x6y 6y>2 [ 6y
=(n-1)nz

=n(n-1)z (proved)




Exercise

Question with short answers (2 marks)

1) if z = sin xfind-6zand-éz.
y 6x 6y

2) If f(x,y) = Vx2 + y2 , find fy , fy .
3) If f(X,y) = |Og (x2 + y2- 2Xy) ﬂnd fxx s fyx s fxy

4) If z = f(x,y) , then find_6z 6z
6x 6y

5) Find-6z, ezif z = xev + yex
6x 6y

Questions with long answers (5 marks)

6) Given f(u,v) =2u=3v, find f (2,1) and f (2,1)

u+v?

7) If z=2x=y, then show that x ¢z+ y 6z = 0
x+y 6x 6y

8) If z = x2y + 3xy2-x. Find partial derivatives of 2" order.
y

9) Verify Euler’s theorem for u = x?2 log(z)

10) Ifz=xyf gz) , then show that x 6z + y 6z = 27
6x 6y

11)Ifu = Sin_l(x_-l_x ) show that x ou + y u =1tanu
Vx+y p o 2
12) Ifz= x2+y2 6z 6z
In(—; ) then show that x - +y5 =1

2 2
13) If z = cos1(: ¥ ), then show that x 6z+ y 6z = - cot z

x+y 6x 6y
Answers
1)t cos(x) ,=xcos (») 2)__x y 3)_=2 2 2
y vy y Va2 4y? 2 4y? )(x—y)2 "x=y)?  (x—y)?

4)y f'(xy) , xf'(xy) 5)ey +yex,Xer + ex 6)-6 =7
25 25

8) Zxx =2y , Zyx - 2X + 6y‘|‘—1 s ny - 2X + 6y+i s Zyy = 6X -2x,
y? y? y3




INTEGRATION

Introduction

Calculus deals with some important geometrical problem related to draw a
tangent of a curve and determine area of a region under a curve. In order to solve these
problems we use differentiation and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to
1. Explain integration as inverse process of differentiation.
2. State types of integration.
3. State integral of some standard functions like x», sinx, cosx,.... sin-1x , ...... ax etc.
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard
integration formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

If af)= g(x), then the integration of g(x) w.rt xis [ g(x)dx = f(x) + ¢
dx

= The Symbol [. is used to denote the operation of integration called as Integral sign.

=>» The function (here g(x) ) is called the integrand.

= 'dx’ denote that the Integration is to be performed w.r.t x (xis the variable of
Integration).

=> 'c’is the constant of Integration (which gives family of curves)

=> Integrate means to find the Integral of the function and the process is known as
Integration




Types of Integration

Integration are of two types:- i) Indefinite i) definite
The integration written in the form [ g(x)dxis called indefinite integral.
The integration written in the form j('f g(x)dx is called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in
the next chapter.

Algebra of Integrals

. JIfGO) £ g(0)dx = [ f(x)dx + [ f(x)dx + [ gGx)dx
ii. [Af(x)dx = 2 [ f(x)dx for any constant A.
i. LA Sf@dx)= 2 ([f)dn)= M)

dx dx

Simple Integration Formula of some standard functions

i)[kdx =kx+c

n+1
iy [xmdx=x—+c, nG1

n+1

iii) [ 1dx =In|x| + ¢

X

iv) fade =a_x+ c

Ina
V) [exdx = ex + ¢
Vi) [sinxdx = —cosx + ¢
vii) [ cosxdx = sinx + ¢
viii) [ sec? xdx = tanx + ¢
iX) [ cosec?xdx = —cotx + ¢
X) [ secxtanxdx = secx + ¢

Xi) [ cosecx cotxdx = —cosecx + ¢

xi) [_"
— = sin-1
i dx =sin-lx +c
-1
xiii) [ dx = cos~x + ¢
V1—x2




31
Xiv) dx =tan-x +c¢ XV) =1 dx =cot-x + ¢

1+x2 f1+x2
. 1 , -1
xvi) [ dx = seclx+c xvii) [ dx = cosec-1x + c
xVxZ—1 xVx2—1

Methods of inteqration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example -1 Evaluate the following

() [(5x%+2x5 — Tx + % +3dx

X

Ans :-f(5x3+2x5—7x+i+idx
X

Vx

=  5[x3dx+2[x5dx — 7 [ xdx + fx_l/z dx+5/ “*{ by algebra of integration}

3+1

-1
= 5Xx _|_2Xx5+1_7xx1+1 +1

*L+51n|)J +c

3+1 5+1 141 + _14q
2
x4 x6 x2  x/2
= 5X_+2%X__ —7X_+_1 +5In|x|+c
4 6 2 _

2
sx* 46 7x? /

= Sty -7 +212+5x+c

4 6 2
= 4P T g gt Slnxe
4 3 2
(II) 3x*—5x3+4x2—x+2
J( 3 ) dx
ANs :- 3xt—5x3+4x2—x+2

J( 3 ) dx
= idx — 5 ax + 4y — fidx + 2dx
I J 2T [ — » »

=3[ xdx—5[dx+4[" = [x2dx + 2 [ x3 dxdx

X

1+1 x—2+1  py—3+1
= 3Xx__—5x+ 4lnx — +c

1+1 —2+1 —3+1
2

= 3x* 1 1
P S5x+4lnx+ -5 +¢c
X X
3x? 1 1
o 5x +4lnx+ — 7+c
X X




(iii)  f(4cosx —3ex + §
Vi1—x2

2
ANns :- [(4cosx — 3ex +
f( Vi-— xz)dx

4f cosxdx —3 [exdx +2 [ °
N

= 4sinx — 3ex +2sin-1x + ¢
(iv)  [6x3(x+ 5)2dx
Ans - [6x3 (x + 5)2dx
= [ 6x3(x2 4+ 10x + 25)dx
= [(6x5 + 60x* + 150x3)dx
= 6fx5dx+60fx4dx+150fx3dx

= 6Xx+60>< +150>< +c
6 4

= X6+ 1205+ xt + ¢
2

(v) [ 5tan?xdx

[ 5tan?xdx = [ 5(sec?x — 1)dx

5[ seczxdx — 5 [ 1.dx

Stanx —5x + ¢

(vi)  [sin2”dx
2

Ans :- [sin2”dx
2

= f(l_czosx)dx= 1[fdx — [cosxdx] {1-cosx =2 a 212}

N

= l[x—sinx]+cC
2
iy [ dx
1+sinx
Ans :- [ dx
1+sinx
=f (1-sinx)sinx dx J (1—sinx)sinx dx
(1+sinx)(1—sinx) 1—sin2x
. g .
sin x—sin“x sinx dX— _taandX

f( cos?x ) dx =I

x
cos?




sinx - 1 dx — [(sec?x — 1)dx
cosx COSX

= [tanx.secxdx — [ seczxdx + [ dx

= secx—tanx+x+c

viii) 1 _
( ) fsinzx.coszx dx
Ans :- j'%dx

sin2x.cos2x

_ fsin2x+coszx i
sin®x .cos %x
sinx cos?x
= [— dx + [ =
sin?xcos?x sin%xcos?x

= [ sec? xdx + [ cosec?xdx

= tanx — cotx + ¢

(iX) 1—cos2x

f tan_l{\/ }dx

1+cos 2x

Ans :- [ tan-1{ 7 3dx (= 1 — cos2x = 2sin2x and 1 + cox2x = 2cos2x)
1+cos 2x

[ tan1{(VZ"™T dx = [ tan-! (Vtamx)dx

2cos2x

[ tan-1 (tanx)dx (~tan-'(tanx) = x)

2
= J'xdx =" +c
2
secx
(X) fsecx+tanx

Ans:- f secx dx

secx+tanx 2

sec’x—secxtanx
= secx(secx—tanx) dx= dx { sectx — tan2x=1}

/ J

= [ sec’x dx — [ secx tanx dx = tanx — secx + C

(secx+tanx)(secx—tanx) secZx— tan2x

(xi) [ arexdx

Ans:- [ arerdx = [(ae)dx {weknow [a*dx =_% here aeis in place of a}

Ina

= (ae)x +C= a‘e* +C (AnS)
In(ae) In(ae)




(xii) [ V1 + cos2x dx (2017-S , 2018-S)
Ans: - [V1 + cos2x dx = [ V2cos2x dx
= [ V2cosxdx

=2 sinx + ¢

2. INTEGRATION BY SUBSTITUTION:-

When the integral [ f(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘x’ by another variable t (as
x=¢@(t)) which can be integrated easily. This is called substitution method.

[f(dx = | f(x)d’;_dt = [fd®O]d'(Odt,  where x=d(t).

The substitution x=¢(t) depends upon the nature of the given integral and has to be properly
chosen so that integration is easier after substitution. The following types of substitution are very
often used in Integrations.

TYPE -1
[ flax + b)dx
Putax+b=t
adx = dt

=>dx=1dt

a

o [ f(ax + bydx = [f(©) "dt = “[f(O)dt
TYPE - I

[ xn1 f(amydx
Putxr =t

nxr-1ldx = dt
=>xn-1dx = f
n

[ xn-1f(xmydx = [ f(6) “ = [ f(e)dt

n




TYPE - ll
JE@Y f ()dx
Put f(x)=t

Differentiate both sites w.r.t x,

n+1

= @ +c¢ (~t=f(x))

f =2
dx
tn+1
=>[f)-fO)dx = [rdt=—_+c¢
n+1
TYPE-IV
fl(_x)dx
i[€I)
Put f(x)=t

=>f1(x)dx = dt

1
fff((z; dx=[ %= In|t| + ¢ = In[f(x)| + ¢ (~ f(x) = 1)
SOME USE FULL RESULTS
1. f dx
ax+b
Ans :- Putax+b =t

Differentiate both sites w.r.t x,

dx
=> (x =t
a
dx dt/, 1 dt
. f = f a_ _f_
ax +b t a t a
dx

1
ax+b=aln|ax+b| +c

1
= _In|t| = _In|lax + b| +c.

a




2. [ cotxdx

Ans:-[ cotxdx

— f cosx dx

sinx

Put sinx=t
Differentiate both sites w.r.t x,

dt
cosx = —

dx

=>dt = cosxdx

f cosxdx = ff = In|t| = In|sinx| + ¢
sinx t

[ cotxdx = In|sinx| + ¢

3. [tanxdx

Ans :-[ tanxdx

= [y (multiply & divide by sec x)

Putsecx =t
Differentiate both sites w.r.t x.

sec X tan x =-dt.
dx

=>secx tanx dx = dt

d
fsecxtanx dx = f_t:ln|t| = In|secx| + ¢
secx t

[ tanxdx = In|secx| + ¢

4. [ cosecxdx

Ans :-f cosecxdx

1
=f dx

sinx

e dx
Zsmfcosz—




Divide numerator & denominator by cos2* /-

<cos2 /7 sec’ /3
f xx dx = 7 dx
2sinycos, 2tan /2
cos2 %/

Let tanx=t¢
2

=>sec2X) x 'dx=d
2 2

=>sec2X /o dx = 2dt

sec?X)
f Ztan_dc
2

2d d
=T =t +¢
2t t

X
=lIn|tan |+
2

X
[ cosecxdx = In |tan 2—| +c

Now tan, = "= 2, = 2 = T = Cosecx — cotx
cos xx simax i

sinx-
2 251n2 cos,

Hence [ cosecxdx=In | cosecx-cotx | + ¢

5. [secxdx

Ans:-[ secxdx

— fcosec(f +x)dx (- cosec (T/5+ x) = secx)
7

X X

= In |tan€ +;)| + ¢ (- fcosecxdx = In |[tan ;| +0)

, Tox
| secxdx = In |[tan(Z+ ?“ +c

Astan(” +") = secx+ tanx ( we can easily verify it by applying trigonometric formulae.
4 2

Hence [ secxdx =In | secx+tanx | + ¢




BY APPLYING ABOVE FORMULA WE OBTAIN FOLLOWING

1.
1
[ cos(ax + b) dx = asin(ax +b)+c

Proof : - cos(ax + b)dx
Put ax+b=0

Differentiate both sites w.r.t x.
a = ﬁ
dx
)

=>adx=d9=>dx=d_

a

= [ cos(ax + b)dx = [ cosf x 6

a

=1[cosfdf = ' sind + ¢

a a

=_1sin(ax +b) + ¢

a

Similarly we can get the following results.

2.

1
[ sin(ax +b)dx = — acos(ax +b)+c

1
3. [ sec2(ax + b)dx = _tan(ax + b) + ¢
a

1
4. | [cosec2(ax + b)dx = — _cot(ax + b)
a

1
S. [ sec(ax + b) tan(ax + b) dx = p sec(ax + b) + ¢

-1
6. [ cosec(ax + b)cot(ax + b)dx = Fcosec (ax+b) +c

reax+bdx — leax+b +c
: a
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8. J\/m=gsm W(ax+b)+c =——cos~(ax +b) +c
dx 1 1
9. [—————= —tan"Y(ax+b)+c=—-cot"Y(ax+b) +c¢
1+ (ax+b)2 a a
: 1 (ax + b)nt1
10. J(ax+ b)rdx,n G -1 = ———+¢
a n+1
11. : dx — 1 _1 __1 1
J (artby a1~ a €¢ (ax +b) +c =-"cosec-'(ax +b) + C
mx+b
12. [ amcbdy = 14" 4 ¢

m Ina

The above results of substitution may be used directly to solve different integration problem.

Example — 2 integrate the following

f xsinx2dx

(i)
Ans :-f xsinxzdx { Letx2 = tthen 2x ::_x =>2xdx = dt}

={ sint d_t=1_f sintdt =-1cost+c = —lcosx?+ c (ans)
2 2 2 2

(i) [(x—2)V(x2 — 4x + 7)dx

f(x —2)V(x? — 4x + 7)dx

ANsS :-

Let x2—4x+7 =t2

Differentiate both sides w.r.t x

2x—4 = 2t ™
dx




=> (2x — 4)dx = 2tdt

=> 2(x — 2)dx = 2tdt

=> (x — 2)dx = tdt

Now [(x—2)Va2 —4x + 7dx=  [Vtrtdt

t3
- - (tdt=_+c
[txtdt= [ -

3
(x2 —4x+7 /2

= ) +c (nt=Vx2—4x+7 = (x2—4x+7) /2).

3
(iii) [ (3x + 5)7dx
Ans: [ (3x + 5)7dx
Put 3x+5 =t

Differentiate w.r.t x
dt

3=_ =>3dx=dt=>dx=1dt
d 3
(Bx +5)dx= 1 tdt=1 1t
f f X +c
3 3 8
8 8
_ 1y Ge5)® | B9’ |
3 8 24
(iv) [ a3 dx
XC+5xT+7
xt 43

Put x5+5x¢t+7=t

Differentiate w.r.t x

dt

dx

5x4 4+ 20x3 =

=>  (5x%+ 20x3)dx = dt

=> 5(x* + 4x3) dx = dt
=> (x* + 4x3)dx = di
5
4l dx=1 a= 'In [t] + ¢
fx5+5x4+7 sf t 5
=1ln|x5+5x* + 7|+ ¢
5

1




(v) [ sin7x cosx dx
Ans :- [ sin’x cosx dx
Put sinx=20
Differentiating both sides w.r.t x

do
cosx =

dx

=> cosxdx = do

— 08
« [sin7xcosxdx = [07d0 = __+c
8

_ sinBx

+c

(vi) [ 2ete™ tanx sec?x dx

Ans :- [ 2etan’™ tanx secx dx
Put tan2x = 0
Differentiating both sides w.r.t x,

de
2 tanx.sec?x = __

dx

=> 2 tanx sec2xdx = d6

2
o [ 2etan™ tanx sec?x dx = [ e%df =ef +¢

= etanzx +c
.. 3(Inx)?
(viy [ Hdx
2
Ans :- fﬁl"?dex
Put Inx=t=>1=%"=>%_gt
x dx x
. f3(l"x)2 dx =3 ftzdt =3 X i+ c =({nx)3+c
X 3
eX—e™X
dx (2017-S)
viii) Evaluate [___
e +e
Ans:-f T dx (Lett=ex+ex =>dt = (ex—e¥)dx
e’te ™

=f% =1n|t| +c =ln|eX+e—X| +c




ix) Integrate [, (2015-5)
2—5x

Ans:-f_1 dx (Let2-5x=t =>-5dx=dt =>dx=-4)
5

2—5x
=—ifidt = -t +c¢ = —1_ln(2—5x) +c.
5 ¢t 5 5
x) Evaluate [ exsin exdx (2019-W)
Ans:-|[ exsin exdx (Putex=1t =>exdx =dt )
= [ sintdt = —cost + ¢ = —cose* + ¢

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

If the integrand is of the form sinmx cosnx ,sinmx sinnx or cosmx coshx,a trigonometric
transformation will help to reduce.it to the sum of sines or cosines of multiple angles which can
be easily integrated.

sinmxcosnx =1 X 2sinmx cosnx
2

A [sin(m + n) x + sin(m — n)x]
2

sinmx sinnx=-1[cos(m — n) x — cos(n + n)x]|

CcoSmx cosnx= 1[cos(m — n) x + cos(m + n)x]|
2

Example — 3
i)Evaluate [ sin3x cos2x dx

Ans :- [ sin3x cos2x dx

=1 [ sin(3x + 2x) + sin(3x — 2x) dx
2
= 1 [(sin5x + sinx)dx
2
= 1 [ sin5xdx + if sinxdx
2 2

1
= 1 zZ¢cos5x 4+~ (—cosx) +C
2 5 2

= ~lcos5x — LCOSX + ¢
10 2

= =1(cos5x — 5cosx) + ¢
10




ii)Evaluate [ sin2x sinx dx
Ans :- [ sin2x sinx dx

= 1 [ cos(2x — x) — cos(2x + x)dx
2

= 1 [(cosx — cos3x)dx
2

= 1 cosxdx — ' [ cos3xdx
2 2

. 1 sin3x
= lX sinx — _X +c

2 2 3

. 1. . .
= 1sinx — _sin3x + ¢= 1(3sinx — sin3x) + ¢
2 6 6

iii)Evaluate [ cos4x cos3x dx

Ans :- [ cos4x cos3x dx

=1 [(cos(4x — 3x) + cos(4x + 3x)dx)
2
= 1 [(cosx + cos7x)dx
2

= 1{ cosxdx + - [ cosTx
2 2

. 1 sin7x
= Isinx + _ X +c

2 7

N

. 1,
= Isinx + _sin7x +c¢
2 14

= 1 (sin7x + 7sinx) + ¢
14

iv)Evaluate [ sin2xdx

Ans :- [ sin?xdx

1—cos2
= J( CZS x) dx (nsinzx = 1Z€os2xy
= 1f(1 - cos2x)dx
2

= 1fdx — 1f cos2xdx
2 2

= IXx—1x___+c
2 sin2x
2 2
sin2x 1 .
= x— +c = (2x —sin2x) + ¢
2 4 4




v)Evaluate [ cos3x dx

= [ cos3x dx

f(cos3x+3cosx

Ydx
4

3x+3
(~ cos3x = 4cos3x — 3cosx => 4cos3x = cos3x + 3cosx=>cos3x = 0
4

= 1 [(cos3x + 3cosx)dx
4

= 1{ cos3xdx + > [ cosxdx
4 4

= ax sin3x 43 5 sinx + ¢

4 3 4

— sin3x + 3sinx + ¢
12 4

=_1(sin3x + 9sinx) + ¢
12

vi)Evaluate [ cossxdx
Ans :- [ cosSxdx

= [ cos*x. cosxdx=[(cos?x)2cosxdx

[(1 — sin2x)2cosxdx

{Put sinx=0 =>cosx=2 =549 = cosxdx}

dx
= [(1-02)2d0 = [(1—202+64)dO
=[do—2[62d0 + [6+do
5

3
=0-2x"4+%4¢
5

3

= sinx—29 3x 4 1Sin°x 4 ¢
3 5

vii)Evaluate [ sin*x cos3x dx
Ans :- [ sin*x cos3x dx
= [ sin*x cos?x cosx dx

[ sin*x (1 — sin?x)cosxdx

{Put sinx =0 => cosx =f; =>dh = cosxdx}




=[ 04(1 — 62) do

=[(64— 65)d6 = [ 64d6 — [ 65d6

5 07
= 98- _+c
5 7

= 1lsinSx—1sin7x+¢
5 7

3
viii) Evaluate s " dx

. L
simmx

3X
Ans - s~ dx
J sin‘x
ZX
= cos ©  cosx dx

f sindx

(1—sin2x)

cosxdx

sintx

Put sinx =0 => cosxdx = do

2
= =540 = [(6-+ - 6-2) db

11 1 1

§+O_+C=

- +c
sinx 3sin3x

1
= cosec x — _cosec3x + ¢
3

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin26 =cos26(or 1 — cos26 = sin?0)
tan?0 + 1 = sec?0 (also cot?60 + 1 = cosec?8)
sec20 — 1 = tan?6 (also cosec?8 — 1 = cot?6)

> the integrand of the form Va2 — x2,\x2 + a2,/x2 — a2 can be simplified by putting

X=asin6
X=atané
X=a sech
X=a cosé
X=a coté
X=a cosec 6




Note
1.The integrand of the form a2- x? can be simplify by putting x= a sin 8 (or x = a cos )
2. The integrand of the form x2+a? can be simplify by putting x= a tan 6 (or x = a cot )

3.The integrand of the form x? - a2 can be simplify by putting x= a se 8 (or x = a cosec 6)

Example -4
) Integrate [__*
Va2—x2
Ans:- [_*
a2_x2
Let x=a sin6@

Differentiate both sites w.r.t x

dx =acosodé

And x=asing=>0 = sin-1>

a

Hencef—L = V- 2s0dl =V do = [df=6+c=sint +c
a?—x? a?—a’sin26 acosf a

J- dx ._1£+
Va2 = St T e

i) Integratedx

x%+a?
Ans :- Jvﬁmz
Letx = atanf
diffentiating both sides w.r.t x,
dx = asec?8df
And x = tanf => 6= tan-1.

f dx faseczede
Hence Jszmar =) armgnrrar




asec?6do
f aZ(tan?9+1)

sec? do
asec2@
1
=1{dfd= 60 +c=1tan'" +cC
a a a a
. dx 1 X
J——=-tan1—+c
x2 4+ az a a

i)  Integrate [_“*
Newe
dx

Ans :- [
VaZ+a?
Let x = a tanf
Diffentiating w.r.t x we have,

dx = asec20d0

dx asec%@d@ asec’6do
asec“0do
Hence [ =] =/ =
Vx?+a? Va2tan26+q2 Va?(tan?6+1) asect
= [ sec6do

In|secO + tanb| + ¢ (--f secxdx = In|secx + tanx| + c)

ln|x+\}x2+a2|—ln|a| +c

= In|x +Vx2 + a?| + k (- where k = c¢- In]a] is a constant)

JL=ln|x+\/x2+a2|+k

Vx? + a?




iv)Integrate [ “*
Vx2—a?

dx

Vx2—a?

Ans :- [

Let x =asecd => dx=asecOdtan8db

Now f dx _ asecOtanfdo
x2—a? Va2sec?20—a?

asecOtanfdo

VaZ(secZ6—1)

— asecOtan@ do = secO do
J

atan@

In|secB + tanf| + ¢

x o
n_+v=1|+c¢
a az

{Asx = asecd =>sec =X/ > @n0 =vserT=T=v()?-1 }
a
= x xl=n? x+Vx2—a?
In|+ +c= In +
|a _az_| | - |+ ¢

In|x + Vx2 —a?| —In|a| + ¢

In|x +Vxz2 —a?|+k  (~k=c—In|a|l = constant)

Hence
j'\/% = In|x +Vxz2 —a?| + k

dx

V)Integrate f (2016-8)
X xz—az
Let X = asecd =>dx = asechtanf df and 6 = sec-1"
a
Now f dx — a secOtanfde

xVx?—a? asec6Va?sec26—a?

asecOtanf db asecOtanf d6

= asecOVa? (secze—l) - asecOVa’tan®

— ﬁ asecOtanf dezj- asecOtanf de

asecl atanb a’secOtand




ifdo="0+c

a a
= lsec-1” +c
a
dx 1 X
= —sec 1—+c¢

foa

vi)Integr . dx
)Integ ateij_a2
- dx
Ans : | .

Letx = asecd =>dx=asecltand db

J asecOtan6dl
a?sec’0—a?

Now |

x2—a?
— (a secO tanf dae
J a’(sec?6-1)

— J secOtanfd6é
atan?0

1
=117 do =" [@wde

a -tanG a = ST
cosO
=![1de
sin@

=1 [ cosect df

a

=_1In|cosecOd — cotB| + ¢
a

{As x = asecd =>secd =" => cosf =

Q
]

. Voe—a2- 6
=>sinf = => cosecd=_"__ and cotd =" = _* }
x Vx2—a? sin@ Vx2—a?
X a
- | +c¢c

= lln|

a Vx?-a? x?—a?

_ 1 x—a +c
7 =l

=> sinf = VE—eos20 =V1— (2= N
X XZ




- _lnlmm
=—In |E| +c
a Vx+a
_ 1 xa1 n =nlog m)
Jnl L2+ (~log. m a
=1In|"" | +4¢
2a x+a

f dx 1 | —
x2—a? 2a n|x+a|+c
Vii) Integratej_dx
a —x
Ans :- J'ﬁ
aZ_xZ
Letx = asinf => dx = a cos8dé
d
Now f x — J a cosf do
a?—x2 a’—a?sin26
— [ acosfdo _ fCOS@d@
J a?(1—sin20) - acos?8
1f 1 d9 = 1fsecfdf
cos@ a
2 \/u —}C

{As x = asinf => sinf =2 => cosf = VI=si?g = V1 — =
a az a

1 sinf x
=> secl = — a => tanf = = }
cos@ VaZz—x2 cosO VaZ—x2

= lln|secl + tanf| + ¢
a

X

a
= 1lln| + | +c¢
a Va2=xZ Ja?—x?
= _llnl atx |+C
a a“—Xx
= —1n| “x _ |+c
vat+xva—x
=1ln|V"—"|+c




1 atx 1

= "In|l_|z2+¢ (~ logm = nlogm)
a a—x

a+x

=_1lln|_]+c
2a a—x

f dx 11 a+x

a? x2_2an|a x|+c

These 7 results deduced in Example-4 are sometimes used to find the integration of some other
functions. Some examples are given below.

Example-5 :-Integrate [ e

d V25-16x2
Ans:- [ (As [ = [ 1 dx
75—16x2 VE=terr ¢ o va"ﬁ——z)
16(, —x ) @ =
16
1 d
= 1] ——
VQzx?
= 1sin-1* + ¢  (using formulaf “ = sin1" + ¢, herea = 5/4)
Z -E- vac—x E
4
= 1lsin-1 4i+ c
4 5
Example—6: - Integrate | —=— dx
e“*+9
Ans - [ ———dx
= ex dx {letex=t =>exdx =dt}
IW
1 t
Now ¢ dx= d¢¢ = tan™! + ¢
f(ex)2+32 ft2+32 3 3
{as | - l_tan—lx_+ ¢, herea=3}
x2+a2 a a
=1tan-! i+ c
3 3
Example —7:- Integrate [ _“
xVx8—4
Ans:- [_& ( multiplying numerator and d inator by 4x3
oy plying numerator and denominator by 4x3)

1 43 dx
o =
1 43 dx (Letxt=t =>4x3 = dt )

; f xtx8—4 @

dx




1 4x3dx

Z f x(xh2—4

& 1 _1 1 -1t dx 1 _1x
- “Xsec : — _ " —, herea=2)
Ao 42 , +¢ ( using formula fx\/xz—az = sec g
x4
= Lsec—l( —)+c
8 2
Example -8 ; -
5
Integrate [ "
Vx2+6x—7

Ans :-f dx

Va2 +6x—7
_ x+5
=/ VxZ123x432-9-7
= f% {Let x+3=t =>dx=dt}
- t+2
Vt?2—16 dt

[ tdt +2 dt
VtZ-16 Vt?2—-16

e L (1)
— —_tdt — _dz tt 2 — = => = => = dz
I1 f\/m - (putting t2—16 =z 2tdt=dz tdt 2)
_1 1 2

;.2.22+c1 =Vz+ ¢ =1 —16+

= VX +3)2 =164 Cleverrerreseeseans (2)
_ dt . dx
I, ~ 2 =T (applying formula fﬁ = In|x + Vx2 — a?| + k , where a=4 )

=2In |t + V2 — 16| +

=2In|(x+3) +V(x +3)2 = 16| + Cooveoerr (3)
From (1),(2) and (3) we have,

x+5
f\/—z—mdx= I +1;

= Jx+3)2—-16+ci+2In|x+3+V(x+3)2—16| +

= Vx2+6x—7+ 2In|x + 3+ Va2 + 6x — 7| + ¢ ( where c1 + c; = c is a constant)




Example-9: -Integrate [

(2016-S)
XVx—a
Ans:- [ _* (putvx =t => ' dx=dt =>% =2dt)
Vavx—a? 2Vx Vx
= [2__ = 2In(t+VEZ=a)+c (Applying [ 1 Va2l
Jii—aZ == = Inlx+Vx?—a?|+k)
=2In(Wx +Vx —a?) +¢
Example-10: - Evaluate |
i 2x2+x 1
Ans:- f2x2+x_1=f ax =1 L
2(x %+ -0 27 x4 2. +( ) - _
2 2 16 2 1
1 dx 1 ( applying f = r—a )
e e ma 7m el €
16 i 4
11 |(x+)— | ‘ 4x+1— 3|
T 3ln * 4l 4= ln - +c
2_2'_4 Z) 4 4

=1l | 222 | +e=1m | 20| +c
3 4x+4 3 2x+2

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

d(vw)—v +w__ w

dx dx dx

Or _(vw) w
dx dx

Integrating both sites,

v dwdx—f _(vw)dx— [w®dx
dx

= wv-fw_”dx
dx

Letu =4 thenw = [udx
dx

Then the above result canbe written as [ uv dx = (f udx) v- [(J udx) x “)dx.

This rule is called integration by parts and is used to integrate the product of two
functions




Integration of the product of two functions

= (integral of first function)x second function — integral of (integral of first x derivative of second)

Int.of product =(int.first)xsecond — [ (int. first)(der. second)dx.)

=> Before applying integration by parts we have follow some important things which are
listed below.
1. Inabove formula there are two functions one is u and other one is v. The function ‘u’is
called the 1 function where as ‘v’ is called as the 2™ function.

2. The choice of 1% function is made basing on the order ETALI . The meaning of these
letters is given below.

E — Exponential function

T — Trigonometric function

A — Algebraic function

L — Logarithmic function

I —inverse trigonometric function

The following table-1 gives a proper choice of 1%t and 2™ function in certain cases. Here
mcN, n may be zero or any positive integer.

Jable-1
Function to be integrated first function second function
x"e* ex xn
xnsinx sinx x"
X"COSX cosx x"
xn(Inx)m xn (Inx)m
xn sin—1x x" sin-1x
xn cos—1x x" cos—1x
xntan—1x x" tan-1x




Example - 11
Integrate [ x cosx dx

Ans :- [ x cosx dx { from table-1, 1 function = cosx and 2" function = x }

= {[(cosx dx)}x — [ ([ cosx dx) X o dx
dx

xsinx — [ sinx.1.dx
= xsinx + cosx + ¢
Example — 12
Integrate [ x2exdx
Ans:-[ x2exdx  { 1% function = exand 2™ function = x2 }

=([ exdx).x2 — [([ exdx) d_(xz)dx
dx

=x2e* — [ ex X 2xdx

= x%e* — 2 [ xexdx { again by parts is applied taking ex as 1% and x as 2" function.}

x2ex — 2[([ exdx).x — [([ exdx). 1. dx]
= x2ex — 2xex+ 2ex +c = (x2 —2x+2)ex+c
Example =13
Integrate [ tan-1 xdx
Ans :- [tan-1xdx

{ There is no direct formula for tan-1 x and two functions are not multiplied with each other in
this integral. This type of integration can be solved by using integration by parts by writing
tan-1x as 1. tan-1 x where ‘1’ represent an algebraic function. }

=[1.tan-1xdx =(f 1dx).tan-1 x — [(J 1.dx). “(tan-1x)dx
dx
= xtan-1x — _x. ! dx
1422

{ Let1+x2=t=> 2xdx =dt

Now [x. ' de="[%*="Imt+c="InA+x)+c}

1+x2 2t 2 2

= xtan—lx—lln(1+x2)+c
2




Example -14
Integrate [ inx dx  (2016-S)

Ans : - [ Inx dx

= [1.Inx dx ( Taking 1 as 1 function and Inx as 2™ function)

= (J 1.dx) Inx — [(J 1.dx) % (Inx) dx
dx

1

=xlnx—fx-; dx :xlnx—fdx

=xlnx—x+c=x(lnx—1)+c
Example-15:-
Integrate [ (Inx)2dx
Ans :- [(Inx)2dx
=1 x (Inx)2dx

=(f 1.dx). (lnx)? — [([ 1.dx) & (Inx)2dx
dx

=x(lnx)2— [ x. 2lidx.

X
=x(Inx)2 — 2 [ 1 X Inxdx

=x(lnx)? — 2[x.Inx — [ x. 0 dx]

=x(Inx)? — 2xlnx + 2 [ dx

= x(Inx)2 — 2xinx + 2x + ¢

=x[(Inx)? — 2(Inx) + 2] + ¢
Example — 16 :-
Evaluate [ xtan—1x dx (2017-W, 2017-S)
Ans:-[ xtan—1x dx

= ([ xdx)tan-1x — [ ([ x dx) i(tan-lx) dx
dx

2
=x tan~lx — x* 1 dx

2 ZIFxE

2 1
= x tan-1x — x2+1-1 d

s AT

X




- - 1 962
2 2
2 1
= x tan-lx — _(x —tan-1x) + ¢
2 2
x2+1
=(—)tan-lx— 1x tc¢
2 2

Note: - When the Integrand is of the form ex{ f(x) + f(x)}, the integral is exf(x),which can be
verified by using integration by parts as given below.

[ exf(x)dx = ef(x) — [([ exdx) d_df(x)dx ( choosing e as 1st function and f(x) as 2nd )

= of(x) — [ ef(X)dx + ¢
=>[ exf(x)dx + [ exf(x)dx = exf(x) + ¢
Hence [ e<{f(x) + f'()dx}dx = exf(x) + c
Example-17: -

Integrate J‘i(1+xlnX)dx (2017-S)
X

e* _ €
Ans:- J-T(l + xlnx)dx = J de + [ ex(inx)dx

=f dx + [ ex(Inx)dx ( Keeping 1% integral fixed we only simplify the 2" one.)

= exdx+( exdx)(Ilnx) — ( exdx) d (Inx)dx
- J JJ ™

(taking ex as 1st and Inx as 2nd function.)

= edx+ exlnx - edx+c
x x
= exlnx + c.

In some cases, integrating by parts we get a multiple of the original integral on the right hand
side, which can be transferred and added to the given integral on the left hand side . After that
we can evaluate these integrals. Some examples of such integrals are given below.

Examplel8: -
Integrate [ Vx2 + a2dx

Ans:-Let I = [Vx? + a2dx

=f\/x2+a2><1dx




(1. doWrrFaz— [([ 1. dx). L (Vxr+az) dx
dx

xvxETE— [ x X

2v/x2+a? X 2x dx
X
=y — [ x X dx
Vx2+a?
x2+a?—a?
N N

x*+a? a2
x\/x2+a2_f\fmdx+f\/x+a X
ot — [Vesarde +a? [

Vx2+a?

= xVx2+az— I+ a2ln|x + Vx2 + a2| + ¢

=> 2I= xVx2+ a2+ a2ln|x + Va2 +a?| + ¢
2

=> [ =_vxrFa +2 In|x + VxrFaz| + ¢
2 2

_ X — 2 —
[Vxz ¥ azdx = Vx2 ¥ az + njx+ Vet al+c
2 2

Example — 19

Integrate [ sec26vsec26 + 3 d6
Ans: -[ sec26Vsec26 + 3 df
= [sec26\tan260 + 1+ 3 d6

[ seczOVtan20 + 4 d6 { tand = t => sec2d d6 = dt}

= [Vtz2+22dt  (From example-18, putting a =2)

2
= NEFZZ+ L Injt +VEF 27 + ¢
2 2

=_t\rr4 4+ 4In|t + \/tz—+—4-r_|_ c
2 2

=_tanb~\/fan?d + 4 + 2 In|tanf + Vtanzo—F A +c
2




Example-20: -
Integrate [Vx2 —azdx  ( 2014-S)

Ans:- LetI = [Vx2 — a2dx

= [Vx2 —a?x 1dx
= (f 1.dx)vre=az — [(f 1.dx). . (Vxr=a?)dx
dx
=TT [XX gy
2vVx2—qa?
xZ
= xVx2 — a2 — f e dx
2_ 2+ 2
= x\/xZ —a?— %dx
N L—a’ _ 2
= xVx2 — a2 — f\/mdx J xa_a dx

[ o 5 [oa 5 dx
= xVvxt=u? — [Vxt=utdx —a? |
\/xZ_aZ

=>I=xVx2—az2—I —a2ln|lx +Vx2 —a?| + ¢

=> 2= xWx2—a2—a2ln|x + Vx2 —a?| + ¢

2
=>I=_—=m—"In|lx+Vaz=az| +c¢
2

2

=> J\/xz—azdx:f\/xz—az—7lnlx+\/2_ I
2

Example — 21

Integrate [ Va2 — x2 dx
Ans - letI = [Vaz — x2 dx

f\/az —x2 X 1ldx
(J 1.dovar==2 — [([ 1.dx). - (Var==)dx

dx

_ _ _ 1
= )C\/a2 X2 fx. m (—ZX) dx




a’—x’—a
= x\/aZ — x2 — \/7?’ dx
2
a’—x
= xWaz — x2 — dx + a® 4
f\/az—xz f Va2—x?

= xvaor==xz — [Var==xdx + a?sin-1" +¢
a

=>1= xfaz==xr— I+ a?sin1" 4
a

=> 2l = xWar=xr+ a?sin-1" +¢
a
a2 X
=>1 = xJVar==x+ “sin1" +¢
2 2 a
2
S — X a X
JVaz —x2dx = =Va? —x2 + —sin-1=+¢
2 2 a
Example — 22

Evaluate [ ax/a? — 9dx

Ans:-[ a/az — 9 dx { Put ax=t => a~xlna dx = tdt.}

=_1
lna

2
[tz —32dt {Asf\/xz_azdxz3\/72_—(12—;ln|x+\/x2—a2|+c}

= _LWE=3r - ¥t + VE=37]] + ¢

lna 2 2
= 1 [‘Ve=9= st + V=91 + ¢
lna 2 2

=i [é\/(ax)z— 9 — _Zn [(a «+ \/(a )2—9|]+c

lna

=1 [“Var=9-9ln 47|+
lna 2 |(ax
2

Example-23: -

Integrate [ vV2x2 + 3x + 4 dx
Ans: -[V2x2 + 3x + 4 dx

=2 [Vxz+ x+2dx
2




= Vz[var T2 X+ (O2— ()2 +2 dx
4 4 4
= BVt Y- 42 dx
4 16

= \/'Zf\/(x+i)2+ 5 dx

(putx+ 3=t =>dx =dt)
16 4

= V2 Ve + (EZ%)2 dt ( applying result obtained in example-18 )
4

¢ ———25— By \/ﬂzs—z
VZVer+ (C)2+ 4 Infe+Ve2+ () |]+c
2 4 4

2

3 23 -
x+ 23
=V2 [ W+ 32+ 2 +asin|x+ 3+ V(x+ D2+ 3| ] +c
ViR 4 16 2 4 4 16

=2 [4x3+/x2 + _x+2+2ﬂn|x+3_+\/x2+ x+2|]+c

8 2 32 4 2

23V2 3
= VT F I E+ 2+ 24V x r 2l +c  (Ans)
8 32 4 2

Example-24: -

Integrate [ e sinbx dx

Ans :- LetI= [ e sinbx dx
: d
= ([ e dx) sinbx — [ ([ e* dx) X — (sinbx) x dx
=" sinbx — fix cosbx X b dx
a

a

_e%sinbx _ b eaxcosbx dx

a

d
—e%sinbx _ b [( eade)CObe— ( ex dx) X (CObe)dx]
. | I dx
ax s ax e .
—e%sinbx _ b [e_COSbX— J X (—smbx) X b dX]
a a a a
ax
— e%sinbx _ b [e cosbx + bf eaxsinbxdx|
a a a a
— e‘”sinbx b 2

b
exxcosbx —

a a? a2 f
X sinbx b b?
I=c — __ewcosbx— ~_I+c

a? a?

ewx sinbx dx

a




b® ePsinbx b

=> |+ I= —__ewxcosbx + ¢
a2 a a2
=> a’+b? sinbx b
a —
C ,)=¢e * — ,cosbxt+C
a a a
=> a’+b? ax asinbx—bcosbx
— F—
g l=ce 2 t+c
ax
=> I = “——/a sinbx — b cosbx] + c
a?+b?
eax

[ e® sinbxdx = (a sinbx — bcosbx) + ¢

a2+ b?

Example-25

Integrate [ e® cosbx dx

Ans:- By adopting the same technique as we have done in example-24 We get

eax
[ ewxcosbxdx = aﬁ(a cosbx + b sinbx) + ¢

Example-26 : - Evaluate [ e?x sin3x dx (2017-S)
Ans:-[ e?s sin3x dx

( Proceeding in the same manner as we have done in example-24 with a=2 and b= 3)

2x
=2ez_+32 [2 sin3x — 3cos3x] + ¢

2x
=_e_[2sin3x — 3cos3x] + ¢
449

2x
= ¢ [2sin3x — 3cos3x] + ¢ (Ans)
13

Example-26 : - Evaluate [ e3x cos2x dx (2016-S)

Ans:- [ e3xcos2x dx ( Putting a=3 and b=2 in the result obtained by Example-25)

e3x

Sz [3cos2x + 2sin2x] + c( Note- In exam you have to proceed as example-24)

3x

= [3cos2x + 2sin2x] + ¢

9+4
3x

= ¢ [3cos2x + 2sin2x] + ¢ (Ans)

13




Exercise

1. Evaluate the following Integrals (2 marks questions)
i) [ Ldx
xVx
. 4 1
i) [(x7+ —)dx
x /3

i) [ 125 g

sin2x

. CcoS2x
iv) [ dx
sin2xcos?x

v) [ V1 + sin2xdx

ex +1

vi) f dx

vii) [ e2inxdx

- X2
viil) [(V1 —x2 + ) dx
) I Ti—e

*2 + E=T

ix) [————— dx

x3xz — 1

1 — cos2x

x) ) —dx
1+ cos2x

. dx
XI) f 1+sinx

Xii) [(xetex + e€)dx
Xiii) [(x? 4+ vx)2dx
2. Evaluate the following (2 marks questions)

x2dx
(1+x3)2

D J

ii) [ secz (3x + 5)dx

(tan-1x)3
i) [




iv) f Seczl/;dx
Vx

v) [ tan3xsec?x dx

vi) [V1 — sinx cosxdx

vi) [ xVx2 + 3 dx

dx
vii) [ (2017-w)
2—3x
xdx

«\;xz — Qa2

X

ix) J

x) f(ex 2)2
3
xi) [ ex x2dx
xii) fewszxsian dx
xiii) [ 2x cot(x2 + 3) dx

xiv) [ extanexdx

ex+e*

xv) f dx
xvi) [ 3rezxdx

sinx
xvii) [ ————dx
sin(x+a)

tanx + ra
xviii) [ Py — dx

xix) [ sec3x .tanx dx (2016-S)

etan X

xx) f (2014-8)

1+x2

xxi) [ sin20x cos3x dx  (2017-W)




Question with long answers (5 and 10 marks )
(10 marks questions are indicated in right side of the question.)

3. Evaluate the following:-

i) [ sin4x cos3x dx
i) [ cos5x cos2x dx
iii) [ sin6x sin3x d
iv) [ sin 3x_i;os xdzé

x
v) [ cos2x e _dx
2

vi) [ sinSx dx (10 marks)
vii) [ cos7x dx (10 marks)
viii) [ sinSx dx (10 marks)

ix) [ cosSx sin3x dx

sin3x

x) | ——dx

cos®x

xi) [ sintx.cos*x dx
xii) [ tans 6.sec*d d6

xiii) [ tans@ do

sindx — sin2x

xiv) [ ——————— dx

coSsx

4. Integrate the following :-

d
i) f—x
V11 — 4x2




e3x
i) [——dx
V4 — ebx
dx
i) f——
xV25 — (Inx)?
cosf
iv) [ ——_do
V4 — sin26
cos6do
Vésin20 + 1
dx

v) J

vi) [

5—x2—4x
x+3
vil) [ dx
V5 — x2— 4x
dx

3x2+7

viii) [
e4-x

IX) f emdx

secO tan@

x)

sec0 + 4

. xg
xl)fx—zo n 4dx

[ dx
xii _—
) x2+ 6x + 13
dx
xiii) [ ——
Vetr — 5
dx
xiv) [
xlnxv(Inx)2 — 4
dx
xv) [——
V4x2z— 6
dx
xvi) [——
VxZ + 8x
x+7
xvil) [——— dx

Vx? + 8x




xviii) | ! dx (2014-S)

4cos?x+9sin?x

xix) | !
m dx (2015'8)

dx
xx) | ]
V25-9x2 (2015-S)

dx

7 —6x — x2

xxi) [

. Evaluate the following

() (1 + x)exdx

(ii) [ x3exdx

(i) [ xsinxdx

(iv) [ x%sinax dx

(v) [ xcosxdx

(vi) [ 2xcos3x cos2x dx (10 marks)
(vii) [ 2x3cosx2dx

(viii) [ x7lnx dx

(ix)  [(lnx)3dx

) foed
(xi) [seclxdx
(xii) [xsin-lxdx
(xiii) [ excos?xdx (10 marks)
(xiv) [ e*cos5xdx
(xv) JV7x*+ 2dx
(xvi) [ ex(tanx + Insecx)dx
(xviiy S —_" Jdx
Inx (Inx)?

(xviii) [ sin(inx) dx

xix) J a7 X

(xx) [Vx2 —8dx

(xxi) [V9 — x2dx

(xxii) [ e?*sinx dx (2016-S, 2017-W)
(xxiii) [ ersinx dx (2019-W)




Answer

1 Lz M 32
1) i) 2 /2+c i) | x7+ Xt iii) — cotx + cosx + ¢
iv) —cotx — tanx +c V) sinx- cosx +C Vi) ex—ex+ ¢
3
vii) * +¢ viii) sin-1x + ¢ iX) sec-1x — T te
3 2x2
. . e+1
X) tanx =x +c Xi) tanx — secx + ¢ Xii)x_+ex+ ex+c
e+1
Xiii) 4,0 L ¥
5 T tte
2) i) _-1 +c i) 1tan(3x +5) + ¢ i) Ccan h 4 ¢
3(1+x3) 3 4
. _ tan*x . 2 1 i 3/
iv) 2tanx + ¢ V) +c vi) — 5 (1 —sinx) Ta4c
3 .
vii) 1(x? +3)24 ¢ viii) —1log(2 = 3x) + ¢ iX) VX =gz +¢
3 3
1 . 3 . 2
X) — +c Xi) Lex + ¢ Xii) - ecos* + ¢
eX—2 3
Xii) In| sin(x2 +3) | +¢  xiv) In]| secex | +¢ xv) In(ex—e=*) + ¢
x 2x
xvi)3°% +c Xvii) xcosa — sina In| sin(x + a) | +¢
2+In3
3
Xviii) xcos2a + sin2a In| sin(x — a) | +¢ Xix) sec ¥ + ¢
3
_ 21 .23
XX) etan ¥ 4 ¢ xxiysin * " T 4 ¢
21 23
3) i)=Lcos7x— Llcosx + ¢ i) Lsin7x+ 1sin3x + ¢ i) 1sin3x — sin9x + ¢
14 2 14 6 6 18

. x . ) ..
iV)=2cos3x —2¢co0S_4 ¢ Vv)ift 5x+1lsé 3+c Vi)-cosx+26 3x_1le Sx+c
5 4 4 5 2 3 2 3 5
e : 3. 1. ... 1 (60x — 45sin2x + 9sindx — sin6x) + ¢
v||)51nx —sin ¥ +_551n X — _7sm X+c Vlll)

192
) 6 1 5 1 3 1 1
ix)r 8 1 . , .
_Cos x— _@ x+c X) "€ x —s x+c Xi)—(3x—sindx + -sin8x) + ¢
8 6 5 3 128 8
Xii) Ltansp + 1tan®g + ¢ xiii) 1tan*g — 1tan’g + In| sec6 | + ¢
6 8 4 2
. 2
Xiv) 4cosx —_cos3x +c
3
. . 2 .. . 3x sy l
4) iisin—t ¢ i) 1sin-1" 4+ ¢ i) sin-1"" 4 ¢
2 Vi1 3 2 5




Sy ind . .
iv) sm—ls(m )+ ¢ v) tin | sinf + \/S‘—g_l—imz F 4+ c vi) sin —1¥*2 4 ¢
2 % 3

2 3

. . 2 . x
vii) sint " —Vs=wr=dx+ ¢ Viil)_L_tan-1 V7 +c ix) 1tan-1 (¢7) + ¢
7 8 2

3 V21
X) 1tan-1 seco 1 -1 10 1 _1x+3
- (—) +c Xi) —tan (—)+c Xi)_tan —+c
2 2 20 2 2 2
2x .
Xi)—Lsec-l (< )+c Xxiv)E -1()+c¢ xv)lin|2x+VExz=6] +¢
2v5 V5 2 2 2

Xvi)ln|x+4+\/x2+8x| +c Xvii)\/x2+8x+3ln|x+4+\/x2+8x| +c

Xviii) 1 tan—l(?’taanc xix) log | logx + \/(‘ZW)?78| +c
6 2
xX) 1sin-1>" + ¢ xxi) 1in| 77| + ¢
3 5 8 1—x
5) i) xex +c i) ex(x3 —3x2+ 6x —6) + ¢ ii)sinx — xcosx + ¢
iv) 1 [(2 — a2x?)cosax + 2axsinax] + ¢ V) 1(2x2 + 2xsin2x + cos2x) + ¢
a3 8
: 1 _
Vi) cosx +__cos5x + x (sinx + 15in5x) +c vii) x2sinx? + cosx?+ ¢
25 5
8
viii) =_(8lnx — 1) ix) x[(Inx)3 — 3(Ilnx)? + 6lnx — 6] + ¢
64
1 -
X)_16x4(1+4lnx)+c xi) xsec-1ix — In|x +Vx2 — 1| +¢

2 4 X

xii) (- l) sin~lx + _xVI==xz4 ¢ Xiiii)- (5 4 cos2x + 2sin2x) + ¢
2 4 4 10
2x

xiv) ¢ (2cos5x + 5sin5x) + ¢ XV) Nrxro+ 1_ln | V7x + \/ﬁﬁﬁ‘l +c
2 V7

29
xvi) ex In(secx) + ¢ Xvii)—x + ¢ xviii)-x [sin(Inx) — cos(Inx)] + ¢
Inx 2
XiX)—¢— + ¢ XX)2VXZ=8 — 4ln|x + Vi¥=8] + ¢
x+1 2

2x x
xxi) xVo=xz + isin—1 Y4 xxii) e (2sinx — cosx) + ¢ xxiii) ¢_(sinx — cosx) + ¢
2 2 3 5 2




DEFINITE INTEGRAL

Introduction

It was stated earlier that integral can be considered as process of summation.
In such case the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using properties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integral

Integration can be considered as a process of summation. In this case the integral is

called as definite integrals.

N

a=Xp Vi X3 Vz X; X1 Vo X,=b

Fig-1




Definition:-

Let f(x) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of Iength h1, hz, .............. hni.e. h1 =X1—Xo, hz:Xz = X1, ernnnnnnia ' hn = Xn — Xn-1

Let v; be any point in [Xr-1, X] i.e. v1 € [x0,x1], V2 € [X1,X2], ceeererrrrrrnnns , Un € [Xn—1,%n].

Then the sum of area of the rectangles (as shown in fig) when n>« is defined as the

definite integral of f(x) from a to b, denoted by Lb F(x)dx
Here, a = lowerlimitofintegration
b = upperlimitofintegration
Mathematically,

J2 fGdx = Hm[h §(v ) + R (V) + v + hof(V )]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and [ f(x)dx = @ (x) + ¢, them

[1 fx)dx = © (b) - ® (a)

Note :- No arbitrary constants are used in definite integral.

Example:
1.Find flz x3 dx
Ans.

4
Firstfind [**dx =x+C
4

Here, f(x) = x3, ®(x) =
4

By fundamental theorem
[ixddx =0 (2)- 0 (1)

281 _ 1601 _ 15
4 4 4 4 4
. 1
2.Find [ dax
01422
Ans.
[ 1& =[tan~lx]!
0 1+2Z 0
=tan-11 -tan-10
= 7T-0= T[_JI

4,8
3.Find [~ 2xex"dx
2




Ans.
J'23 2xex dx
{Let x2=u =>2xdx =du, whenx =2, u=x2=4,
Whenx=3,u=x2=9,
So, lower limit changes to 4 and upper limit changes to 9}
= f: erdu

= [ev]] = e®- e4(Ans)

Properties of Definite Integral

l.fb f(X)dx = fb f(Hdt

Explanation
Definite integral is independent of variable.

e.g. [Px2dx = [Puzdu = [*t2dt
2 2 2

2. [P F0dx = - [* F()dx
a b

Explanation
If limits of definite integrals are interchanged then the value changes to its negative.
e.g. [*xdx = - [*xdx

2 3

3. [P Fodx = [€ Fdx + [° F()dx where, a<c<b.

Cc

Explanation

If we integrate f(x) in [a,b] and c € [a,b] such that a<c<b, then the above integral is same if
we integrate f(x) in [a,c] and [c,b] and then add them.
e.q. [®xdx = [ *xdx + [ ®xdx

2 2 4

verification.
[oxdx =[x]4
2 2=
62 22 = 36-4=18-2=16 ------------- (D
=2 -2 -2z 2 2 2 20 42
dxdx + Sxdx = [*]*+[*]¢ =+ - 1+[° - ]

fz 4 z2 T4 z Zz 7z 7
=[16 — *] + [3e— '] =(8-2) + (18-8)

2 2 2 2
=6+ 10 =16 - (2)
From (1) and (2) we have,

[®xdx= [*xdx+ [®xdx (verified)
2 2 4




4. [ f)dx = [“ f(a — x)dx
0 0

e.g. [2sinxdx = [2sin(* — x) dx
0 o 2

verification
[%sinxdx = [- cos x]?
0 0
=-[cosz—cos0]=-[0-1] =1 (1)
2

[Zsin( ™ — x) dx = [% cos xdx

0 2 o

=[sinx]z2 =sint-sin0=1-0 =1 ---------mmmmmmmmmmmee (2)
0 2

From (1) and (2)
JZsinadx = [*sin(Z—x)dx (verified)

5.(i) If f(x) is an even function, then
a

J_afdx = 2 [ F(x)dx
(i) If f(x) is an odd function, then
Jf(ddx = 0
Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

f (-x)= -f(x)

Sinx , X ,x3 ......... are examples of odd functions.

f(x) is an even function if

f (-X) = f(x)

Cosx , x2, x*......... are examples of even functions .
Example:-
2 2
J_pxtdx =2 [ x2dx

{f(x) = x2is an even function as, f(-x) = (-x)? = x2. So, f(—x) = f(x)}

Similarly,




b3
J2isinxdx = 0
2

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
= f(x) is an odd function.

6.0) [*f()dx =2 [*F(x)dx if f(2a-x) =f(x)
0 0
(ii) foz“ F(x)dx = 0 if f(2a - x) = -f(x).

7.fbf(x)dx = fbf(a + b — x)dx

Problems

QL.Find [ Jx|dx

Ans.
—x,x <0

x, x>0
|x| changes its definition at ‘0’, so divide the integral into two parts (-2,0) and (0,1).

lx| =,

Now, f ledx
‘f ledx +f |x|dx{Property (3)f flx)dx ‘f f(x) dx +f F(x)dx}
—fO—xdx +f xdx{when 2<x< 0|e X < Othen x| = -x}

- [x ]O+[x]1{When O<x<1lie 0<xthen, x| =x}
2 =2 20

0% (=22
=___( )+[_1_2_]02
2 2 27 T2
-[0-4]+[t-0]=2+1=3
2 2 2

N

Qz_J_ﬁ6|x+2| dx="7?
Ans.
ff6|x+ 2| dx = f8|u|du {Letu=x+2=>du=dx, when,x=-6,u=-6+2=-4}
{when, x = 6, u-6+2 8}
=0 lul du + f |uldu{property (3)}
= fO —udu + f udu { when -4<u<0 then IuI = -u and when 0<u<8 then Iul = u}

[“]0 +[“]

2 -4 720




=-1 [uz]o +1_[u2]8 =-1 Loz —(—4)?]+1 ng - 0]
2 -4 2 0 2 2

= -1(-16) +1(64)
2 2
=8+32 = 40(Ans)
Q3. Find ff[x]dx

Ans.

[x] is a function which changes it value at every integral point. So, we have to break the
range into dlfferent mtegral ranges i.e. (1,3) can be breaked into (1,2) and (2,3)

f [x]dx = f dx+f ldx {applying property (3) i.e. f f(x)dx ff(x)dx+f f(x)dx}
1
—f 1dx+ j3 2dx{when 1 < x< 2 then [x] = 1, when 2 <X <3 then [x] = 2}
[X]? +
1

=(2-1)+22(3-2)=1+(2X1) =1+2=3

Q4. Evaluate [2[2x]dx

Ans.
[él2x)dx = [l &

{Putu = 2x, du—2dx >dx—_d2u_when x=0,u=2x=0whenx=3_,u=2x=3}
1
=_[f du+f du+f

01 2 3 %1
=E[[O]°+[ ]1+2[] 1= 2‘[0+(2-1)+2(3—2)]

—;[0+1+2 = 3(Ans)
Q5. Flndf {lx] +[x] } dx

Ans.

A

M xl+ T )dx_f |x|dx+f [ dx
-1 1
—f |x| dx+f|x| dx+ [ x]dx+f [x]d
0
—f —xdx+f xdx+f ( 1)dx+f de{Bydefnof|x|&[]}

2 x? %
X 0 1

=[5 114 [FJo - [x]-1 +0

=L@ (1) + 10 - 0)-0-(1)
=s (D 1~ )
_i+_-1=0(Ans)
2 2

Q6. Evaluate (2__vsmr__dx  { 2016-S, 2017-W}
JO Vsi

inx+ vcosx

Ans.
In this type of problems we generally use property (4). And this type of problem can be
solved by following technique.

(I3 S SR 1 e b R ——— €))
0 Vsinx+ Vcosx




T V. sin(;—x)

= |2

0 Vsin( =x)+ Vcos(—x)
2 2

{In above x is replaced by T X As by property(4) there is no change in integral value}

Vcosx
= 2
0 \tosx+ Vsinx dx
T Veosx
Y — @

0 sinx+ Vcosx
Now equation (1) +(2)

T H \/
> I+1=f2 7™ x4z VT
\/gjﬁ/finic/gegféosx 0 Vsinx+ cosx
= ZI—f2 dx
0 Vsinx+ vcosx
2l = zdx=[x]z
2 2
0 0
& 20=(m-0)=n
2 2
= I=T[
L3 .
\sinx i3
Hence, [# __dx=_
0 Vsinx+ Vcosx 4

Q7. Evaluate f“ log(1 + tan®)d6{2016-S}
Ans.

Let I = flog(l + tanf)do

= [Flog (1 + tan(n— 6))d6 {As [ ¢ yix = [ F(a — x)dx}
= f‘*log 1+ ) d6

1+tfan4 tan 6
1— tanf

= [*log (1 + )do
[0}

1+ tané
1+tanf+1—tanb

 frop (I o

= f “log(____)de
1+tan@
= fozf(logZ —log(1 + tan))de {log (%) =log a - log b}
= [*log2 d@ - [+log(1 + tan®) dO
0 0
= 1= [%log2d6 - [*log(1 + tand) db
0 0

= I=log2 [+d6 -1 {As 1= [*log(1 + tanf)}
0 0




= x s
= 21 logZ[] =log2 (-—0)
7TlogZ 4
=
=_1 2
5 5

Hence, [*log(1 + tan®) df = ™ log2 (Ans)
0 8

Q8. Evaluate [* *
0 x+1
Ans.

1 x _ (lx+1-1
0 %+1 dx = 0 x+1 S+ 4
1 x+1

1
f (—— —dx
1 x+1 1x+1

—f (1-_dx
x+1
[ -In (x+1)]3
= [(1 In (14+1)) - (0 - In(0+1))]
-In2-0+1In1
-In2-04+0
1 -1In2
Q9.J" _ax
0exte*

Ans.
1

e =f w =f

0 Xt e—x ex+_ 0 ere*+1
X
fl e dx _f 13 dx
O‘H_’f_e 1 Oe224q
=J e dx
0 (eM2+1
{ Lett=ex, => dt = exdx
when,x=0,t=ex=¢e0=1
., Whenx=1t=el=¢e}
=[" da = [tan-1t]
1¢t241 1
=tan-le - tém—ll
= tan-1€ - _(Ans)
V2 4

QL0 _ar =2
1 xV/x2-1

Ans.
VZ_dx = [sec-1x]V2-
L= 1
= sec-1v2=sec 11

="-0
4

= % (Ans)
Q11.Find [*_'a
0 x4++x




Ans.

4
IO#dex

Let v = t, Then, *

Z—&dx=dt

2 dx =2vxdt=2tdt
Whenx=0,t=vVx=v/0=0
Whenx=4,t=v/4=2

Now,
f4 1 _r22tdt
0 x+vx 0t24¢

=2f% e =2[% at =2 [In(1+D)]2
0t (1+0) 0 1+1) 0
= 2(In3-1In1) =2(In3-0)=21In3 (Ans)
Q12. Evaluate [ ' 4y

O 1+cotx

Ans. ™
z o, dx= I ! dx {Property 4}
fO T1+cotx é 1+cot(§—x)
s 1
=[2___  dx
0 1+tanx

_fl 1; dx

— f;cotx+1—1 Ix
0 1+cotx

_ 5 1

= Jo = —)dx
1+cotx

=f§dx-f; L — (1)

0 1+cotx

w

Letl=p— 1
&

0 1+cotx
Then from (1) ™
I=fzdx-1

Hence, [£ 1 dx=n
0 1+cotx 4

Q13. Prove that [2log(sinx)dx = fZElog(cosx)dx = -Tog2 {2018-S}
0 0 2




Ans.

LetI= foglog(sinx)dx 1)
— fflog(Sin( g— x))dx {foaf(x)dx = foaf(a — x)dx}
= f(;zllog(cosx)dx ____________________ @)
Add (1) and (2)

1+1 = [Tlog(sinx)dx + [Zlog(cosx)dx
0 0

= éz{log(sinx) + log(cosx)}dx

= [2log(sinx. cosx)dx log a + log b =log ab}
(e
2sinx.cosx
= f();L log(____ )dx
T 2
— (2] sin2x.
fo 0g( : )dx
= [2(logsin2x — log 2)dx
oUog
21 = [flogsin2xdx - [log2 dx (3)
0 0

Now, f%log sin2x dx {Put t = 2x we have dt = 2dx when x=0,t = 0 when x = Tt=m}
0 2
= fg log sint_dt
1 = 2

= _J log { Here f(t) = log sin(t), Then f(m —t) = log sin(m — t) = log sin(t) = f(t)}

=1 x2 [2log(sint)dt {By property-6 ie.[2% f(x)dx = 2[%(x)dx ,Where f(2a-x) = f(x)}
2 0 0 0

= fnglog(sint) dt { We have [nlog sintdt = 2 f;]og(sint)dt}
0 0 0

T

= [2log(sinx)dx {Property (1) fbf(x)dx = bf(t)dt}
(0] a a

=1 (from (1))
1= f;z_rlog sin2xdx ~ (4)
From (3) and (4)
= 21 =I-fgzlog2dx

y

= 2I1=1-log2 [x]?
= I=-10g2(§'0)

Hence, [? log(sinx)dx = [?1log cosx dx
0 0

=- log2 (Proved)
2

Exercise
Evaluate the integrals ( 2 marks and 5 marks questions)




(Questions with 2 marks is marked on right of the questions)
2
D[] dx

T
cosx

2)  Z " dx (2015-5)
%sinx+cosx

3) et —dx
O 1+tanx

4) b: ﬁ—lﬁfgf)x) dx

5 dx

6) f xdx
O 1+sinx

7) fflog(tanx)dx (2017-S) (2014-S)
" dx

8) J (% 1+sinx

9) Jéfr sin2x log(tanx) dx

10) f xsinx
0 1+cos?x

1) = & (2017-W)

J0 sinx+cosx

12) [ 11[x]dx (2018-S) (2marks)
13) fg dx _dyx (2016-S) (2017-S)

—X

14) | ! _4 dx (2marks)

0 1+x2

}f[) 1ax® (2017-W)
x|ax

ANSWERS

1.5+/3 - V2
Q.n

4
3.x

4
4.@8Iog 2 {Hints Put x = tang}
5.log 5+3v3

3

Area under plane curve




In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , x = aand x =b is given by

Fig-2

Area = f: f(x)dx

Example -1
Find the area bounded y = ex, X-axisx =4 and x = 2
Ans.

Here y = exis the curve

Area of the curve bounded by X-axis , x =4and x =2 is

Area = [*y dx = [*erdx
2 2

= [ex]4 = e* — e2 (Ans)

Example — 2




Find the area enclosedbyy =9-x2,y=0,x=0and x = 2.

Ans.
Area = [*y dx = [*(9 — x?)dx
0 0
3

= [9x — "] = [ (9%2) - 2- (0-0)]

30 3

= 18 -8=54=8 =46 (AnS)
3 3 3

Area of a circle with centre at origin

As shown in figure-3, the circle with centre at origin is divided into four equal parts by the
co-ordinate axes

Fig-3

N\
0
®
N

VY

Hence area of the circle =4 X area OAB

Example — 3
Find the area of the circle x2 + y2 = a2 (2015-S)
Ans.

Area of circle = 4 X area OAB (see fig-4)




Fig-4
Now equation of circle is x2 + y2 = a2

=y =vVa2 — x2 (for portion OAB)

(Actually y = +Va2z — x2) , butin 1%t quadrant y is +ve)

:>y=\/a2_x2

Now the portion OAB is bounded by y — axisi.e.x =0,
X axisandy = Va2 —x2
In the given region x varies from 0 to a ; as it is clear from figure the point A is (a,0)
(A = (a,0) because x2+ y2 = a2has radius a)
Now Area of OAB = [ y dx

= La Vaz— x2dx

= [z ar—x2 +a2 sin-1 x]a
2

2 a




a? a?

a
= [evaz=az + _sin-1 _— (0+ _sin-10) ]
2 2 a 2
2 2 2
=0+2asin-11-0+0 =<2 5sin-11=
2 2

Hence area of circle is = 4 X area of OAB

=4 X1ma? = wa? sq units
4

Example - 2
Find the area bounded by the curve x2 + y2 = 9(2017-S)

Ans: - Area of the curve x2 + y2= 9 i.e. circle = 4 X Area OAB { from fig-5}

Y

A3,0)

wvY

Fig-5

As x2+ y2=9 has radius 3

So, Ais at (3,0)




Area of OAB is the area bounded by curve AB, Y axis and X axis.
Now Curve ABis x2 +y2 =9 =y =9 — x2
(asin 1%t quadranty is +ve)

In the region OAB x varies from 0 to 3.

Now area of OAB = [’y dx = [*Ve==*dx
0 0

= [&\/‘9-——3?34- ()_Sin_1 )i]3
2 2 30

= [_3 Vo=9 + Esin—l(x_)] - [0+j sin-10]
2 2 3 2

=0+29sin-11-0
2

=IxXF=%2
2 4

= Area bounded by the curve x2+ y2= 9 is = 4 X Area of OAB

=4 X 2z = 97 sq units (Ans)
4

Exercise

Find the area bounded by the curve xy = ¢2,y =0, x=2and x = 3. ( 2 marks)
Find the area bounded by the curve x2 + y2 = 4. (2015-S) (10 marks)

Find the area of the circle x2 + y2 = 16. (10 marks)

Ans . (1)c? logi
2

(2) 4m sq units

(3) 16 m sq units




Differential Equation
Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection
with problem of Physics especially in theory of bending beams, oscillation of mechanical system
etc. The study of differential equation is a wide field in pure and applied mathematics, physics
and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables
and derivatives of dependent variables with respect to one or more independent variables.

Here x is an independent variable, y is dependent variable and 4vis the derivative of the

dx

dependent variable w.r.t. the independent variable.

o~ d
Examples: - i) 2 + xy = x2
oy A3 d*y dx
i) Y+t F gy 4y =
sinx
dx3 dx? (;)

ooy d .
iii) “_+ sinx = cosx.
dx

Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one
independent variable and derivatives of dependent variablewith respect to independent variable.

Mathematically F (x,y,”,*?,.....) =0
dx dx?

Examples :- i) di+ y = x?

dx
. d3 d? .
i) “Y+xt" "+ 4y 44y = sinx

dx3 dx? dx

... dy N _
iii) I ytanx = secx




Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent
variables and partial derivatives of dependent variable with respect to independent variables.

Examples:-6z +6z= xy
6x 6y

6%u 6%u 6%u _
—+—_+_—==0
6x2 6y2 622

In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.
order of a differential equation is 'n’ if the order of the highest order derivative term present in
the equation is n.

Examplel: - di+ y = 2x
dx

The highest order derivative term in the equation is d , Which has order 1.

dx

<.order of the differential equation is 1.

d4 3
Example-2:-“7 +d” + 4,44y =x

dx* dx3 dx

4
The highest order derivative term is d_y, having order 4.
dx*

Hence the above differential equation has order 4.

Degree

A differential equation is said to be of degree 'n’, if the power i.e. highest exponent of the
highest order derivative in the equation is ‘n’ after the equation has been freed from fractions
and radicals as far as derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative
terms present in fraction form i.e. in the denominator and derivatives with radicals i.e

@Y 3 , 4
\;Z VE terms.

dx




Example:- Find the order and degree of following ordinary differential equations.
d’y  dy 4 d*y 3 d dy 4

i =3(— . - _ -

D —=3C) ) (-3 +o5+3() +oosx=0

2

QU

=iy (B2 @OITW)

iii) =2

dy 23 dzy
W) 1+ (D f=m— (2016-5)

v) (241 =2 vl G YT
dx i 42y dx?

dx x2

ISy

2
Ans: -i) 47 =3 g% +x
= &

Here fiyis the highest order derivative term.
dx?

Hence order of the differential equation is 2.
Again equation does not contain any derivative term in fractional form or with radical.

2
Power of the highest order derivative term a” s 1.
dx?

Hence degree of differential equation is 1.
ii) dtysz ad dy 4
G + o + 3(;) + cosx =0

4
From above it is clear that < is the highest order derivative term with power 3.
dx*

Hence order =4 and degree =3
i) a2y =V—wr7
w T

{As the above equation contain square root, so first we have to remove square root .}

2, 2
Squaring both sides we have, (“”)" -

dx?

dy2
1+(ﬁ

2
Now d_yis the highest order term with power 2.
dx?

~order =2 and degree = 2.




V) 14 (@23 azy
[ dx ]2 = mw
As power of the left hand side derivative term |S§2 , SO we have to eliminate the fractional

power.

Now squaring both sides we have,

2, 2
23=(mdy)

[ 4
1
+ (dx) ] EZ
2
The power of highest order derivative term d_yis 2.
dx?

Hence order = 2 and degree = 2.

2
v) () + =2
dx

s

As dxis present in the denominator of 2™ term in L.H.S. , so we have to remove it first.
dx

MU|t|p|Y|ng both side bY—dY we have,
dx
(M3+1=2a
dx dx

Now the only derivative term-xhas power 3.
dx

Hence order = 1 and degree = 3.

Vi) _[L\/”(_) =Ly
& dx?

The equation contain both fractional form as well as radicals, so we have to remove it.

2
1%t multiplying¢ * on both sides we have,
dx?

y 3 Haydzy
v+ (2 = Vamge
Now squaring both sides we have,

dyz d¥y *d% 2

1+ (E) = (;2)_3%)




Again taking cube of both sides we have

dy dzy dzy dzy
A+ 9 =(PUD =(°

2
From above the highest order derivative term <" has power 8.

dx?

Hence order = 2 and degree = 8.

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.
i) Every dependent variable and its derivatives have power ‘1’.

ii) The equation has neither terms having multiplication of dependent variable with its
derivatives nor multiplication of two derivative terms.

Otherwise the equation is said to be non linear.

Examples:- i) d_y+ Xy = x2

dx
o d3 d?
i) +x* 7 +y=
- - sinx
dx3 dx?
vy 3 d?
i) 2 +y2” =4
dx3 dx?
.\ d
iv) ()3 +1=2a
ch 5 dx
d dy d
V)P Py =92
. T x

dx3 dx dx?

Among the above examples (i) and (ii) satisfy all the condition of linear equation. So the 1sttwo
equations represent linear equations.

2
The (iii) is non linear because of the term yd_y2which is a multiplication of dependent variable y
dx

- - 2
and derivative term ¢,
dx?

The example (iv) is not linear due to the 1% term which contain dy_ with power 3 violating the
dx

1%t condition of linearity.

The example (v) is not linear due to 2" term which does satisfy the 2™ linearity property.




Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential
equation is called a Solution of the differential eauagizon i.e y = f(x) or F(x,y)=0 represent a
y

Solution of the ordinary differential equation F (x,y,”," ”,..., <) = 0 of order n if it satisfy it.
dx dx? dxn
There are two types of Solutions i) General Solution ii) particular Solution

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the

differential equation is called as the general Solution. 5

dcy
Example- y= Acosx+ B sinx is a general Solution of differential equation oty = 0
Particular Solution

The Solution obtained by giving particular values to the arbitrary constants in the general
solution is called particular solution

2
Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation <> +y = 0.
dx?

Differential equation of first order and first degree

A differential equation of 1%t order and 1 degree involves x,y and di.
dx

Mathematically it is written as “_= fixy) or F(x,y,“) =0
dx dx

Solution of Differential equation of first order and first degree

The Solution of 1% order and 1% degree differential equation is obtained by following
methods if they are in some standard forms as i) Variable separable form ii) Linear differential
equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy + g(y)dx = 0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

Solution is given by de =—J -
) 1(€9)

=>log | g») | +log | f(x) | =logc
=>g)f(x) =c

Where g(y) and f(x) are functions of y and x respectively, is called a variable and separable
type equation.




Examplel: - Solve Do x2 4 2x+5
dx

AnS: —dv=x2+4+2x+5
dx

=>dy = (x2+ 2x + 5)dx
Integrating both sides we have,

=>[dy = [(x2+ 2x + 5) dx

3 2 3
=>y=x +2 +5x+C=x +x2+5x+c  (Ans)
3 2 3

Example-2: - Solve &7 = 2y .

dx x2+1

Ans: - dy=_1%

x x2+1

_>dy= dx

2y x2+1
—~ 4y _ dx
>[ =]
2y x2+1

=>21 log, y = tan-1x + C
=>log.y = 2tan-1x + K  {2C = Kiis a constant as C is constant}

Example-3: - Solve 4x = x cosx
dx

Ans: -—dv = xcosx =>dy=xcosxdx
dx

Integrating both sides we have, =>[ dy = [ xcosx dx

=>y = x[cosxdx — f{@f cosxdx}dx  {integrating by parts}
dx

=>y = x sinx — [ 1.sinxdx = x sinx +cosx + C  (Ans)

Example-4: - Solve_dv = T =32~
dx

Ans:-iy= T=y=

dx
= dy  _
> Viy? = dx
dy
= Visy? o J dx { Integrating both sides}

=> sin-ly = x + ¢ . (Ans)




Example5: - Solve sec2x tany dx + sec?y tanx dy =0

Ans: -sec2x tany dx + sec?y tanx dy = 0

=>secty tanx dy = - sec?x tany dx
seczy dy secx dx
= = -—
tany tanx
_>f seczy g f sec?x d
tany - tanx

Letu=tany => du = sec?y dy and let v=tanx => dv = sec2x dx

:>fd_u = — dv

u v

=> Inu=-Inv+InC => Inu + Inv=1InC

=>Ilnuv=InC =>uv=_C => tany tanx = C (Ans)
Example-6: - Solve x cos?2y dx = y cos?x dy
Ans:-x cos?y dx = y cos?x dy

=iy __xdx

cos?y  cos?x
=>ysec?y dy = xsec2x dx
Integrating both sides,
=>[ysectydy = [xsec’xdx

=>y [ sec?y dy — fﬂy).fseczy dy}dy = [ xsecx dx — f{M. [ sec2x dx}dx
dy dx

=>ytany - [ 1.tany dy = x tanx - [ 1.tanx dx

=> y tany - log Isecyl = xtanx - log IsecxI+ C

=> y tany - log Isecyl -x tanx+ log Isecx] = C (Ans)
Example-7: - Solve (1 4+ y2)dx+ (1+x2)dy =0 (2015-S)
Ans ;- (1+y)dx+ (1+x2)dy=0

=>(14+x2)dy =- (14 y?)dx

:}dy :-M :>jﬂZ = —JQ
1+y? 1+x2 1+y2 14x2

=>tan-ly = —tan-1x + tan-1C {as tan-1C can be taken as a constant}




=>tan-ly + tan-1x = tan-1C

_ —1y+tx
=>tan " __ = ¢gn-1C
1-yx

=>1{;€ = C (Ans)

Example-8:- Solve dr-= sin(x+y)
dx

Ans :- dr=sin(x+y) {Letx+y = z differentiating w.r.t. x, 1+ d&v=dz}

dx

=>_dz-]1 =sjinz
dx

=>_4dz =1+ sinz
dx

dz
=> —— =
1+ sinz X

Integrating both sides we have,

=>| dz = [dx

1+ sinz

_ (1—sinz)dz _
_>f(1—sinz)(1+ sinz) - f dx

_-(1=sinz)dz
=>(\osmedz
J 1—sin2z fdx

(1-sinz)dz
cos?z

=> = [dx

sinz 1

=>[(secizz—__ _~ )dz = [dx

cosz cosz
=>[(sec?z — tanz secz )dz = [dx
=>tanz-secz=x+C

=> tan(x+y) -sec (x+y)-x=C

Example-9: - Find the particular solution of 4 = cos2y,
dx

Ans: -&v = coszy
dx

==Y _ dx =>sec2ydy =dx

cos?y
Integrating both sides we have,

=>[secty dy = [ dx

dx dx

y =z when x = 0.
4




=> tany = X + C------------ (1) (general Solution)

Now putting x=0 and y =z in equation (1) we have,
4

=>tanz=0+C =>C=1 (2)
4

From (1) and (2) we have,
tany = x+1 (Ans)
Example-10:- Find the particular solution of (1+x)y dx + (1-y)xdy = 0, Given y=2 at x=1.
Ans:-(1+x)ydx + (1-y)xdy =0
=> (1-y)xdy=- (1+x)ydx

o> vy = 0 gy
y x

=>1-Ddy=—-C+ 1dx

y x
=> 1 1
f(;—l)dy =—J(Z+ Ddx
=> logy -y = - (logx + x) + C (general solution)------------ (1)

Putting x=1 and y =2 in Equation(1) we have,
=>log2-2=-(logl +1) +C
=>log2-2=-(0+1)+C=-1+C
=>C=log2-1_ .. ... (2)

From (1) and (2) we have,

logy -y =-logx - x + log2 -1
=>logy -y +logx+x=1og2-1  (Ans)

Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its
derivative occurring in the equation are of first degree only and are not multiplied together.

Example: -i)&» + y = sinx
dx

ii)dx + ytanx = secx etc.
dx




General form of linear differential equation

The general form of linear differential equation is given by,

dy
_+ Py = OQislineariny and .

dx dx

Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (I.F.).

|.F. = ef Pdx

Then the solution is given by y (I.F) = [ Q. (I. F. )dx + C.

If equation is given in the form

dx dx
—+ Px = 0, where P and Q are functions of y only or constants and is linear in x and —,
dy dy
then

|.F. = el Pdy

Then the solution is given by x (I.F) = [ Q. (I.F.)dy + C .
This can be better understood by following examples.

Example-11: - Solve (1 + x2)  + 2xy = x3( 2014-S, 2016-S, 2017-W ).
dx

Ans: -(1 + x?) d_y+ 2xy = x3
dx
x3

d 2ty
= >—3Z =
dx 21+x2) 1+x2

By comparing with the general form of linear differential equation-2x + Py = 0.

dx
HereP= 2x& Q= x’
(1+x2) 1+x2
f 2x &
Now integrating factor L.F. = efPax = ¢ * () (putting 1+ x2 =t =>2xdx =dt)

dt
=elt=ehnt=t =1 + x2

Solution is given by

x3
yXLF= [Q(UF)dx +C = [ 171 +x)dx +C = [ x3dx + c




4
= yl+x2)=x+4c
4
4
= x c

4(1+x2) 14«2

Example-12: - Solved» + y = e~
dx

Ans: - By comparing the given equation with general form of linear differential equation we
have, P=1landQ =e—x

LF. = f Pdr = pf Ldx = o
Solution is y. (I.F.) = [ Q.(I.F.)dx + C
= [exexdx + ¢
=>yer = [ldx+c=x+c
=>Yy =xe*+ce*

Example-13: - Solve (1 — x2) ¥ — xy = 1(2017-S)
dx

Ans:- (1 —x?) W _ xy =1
dx

=>¢x_ x y=
dx 1—x2 1—x2

Comparing with general form we have,

p=_*% andQ=—_1

1—x2 1—x2

X

&
Now I.F. = efPdx =¢ I 1-x2 (Putl—x2 =t=> —2xdx =dt =>—xdx =

N &

dt 1 _
=elm= ez—lnt= elnt = \/t_
=11 — x2

Solutionis y.(I.F) = [Q.(I.F.)dx +C

=>yVT=x = (L Vi=wxtdx +C = [ o c
J1—x2 V1-x2 +

=sin~x +c

Hence solution of the differential equation is given by

sin1x + c (Ans)




Example-14 ; - Solve 4 + y cotx = cosx.
dx

Ans:- By comparing the given equation with general form,
P=cotx andQ = cosx

I.F. = efPdx = gfcotxdx = plnsinx = ginx

solution is given by y.(I.F.) = [ Q.(I.F.)dx + C

=>y.sinx = [ cosx sinx dx + ¢ ( put sinx = t => cosxdx = dt)
2 2

= tdt+c=t +c=sn"+¢

. 2 2
sinx c
Hence y = + (AnS)
2 sinx
Example-15 ; - Solve dv + y secx = tanx. (2017-W).
dx

Ans: - Comparing the given equation with general from of linear equation.
P =secxand Q = tanx
LF. = ef Pdx = of secx dx
- eln(secx+tanx)
=secx + tanx
The solution is given by, y.I.F.= [Q.(I.F.)dx +C

= y(secx + tanx) = [ tanx.(secx + tanx)dx + C

[ (secxtanx + tan?x)dx + C

[(secxtanx + sec?x — 1)dx + C

=secx+tanx —x+c¢
X
Hence y =1 — + —< (Ans)

secx+tanx secx+tanx

Examplel6: - Solve (x + y + 1) ¥ = 1.
dx

Ans:- (x+y+1)d_y= 1
dx

=> (x+y+1Ddy=dx

=> (x+y+1)= d_x
dy




=> dx=(x+y+1)
dy

=>di—x=y+1
dy

Now comparing with the general form ® 4 px = Q , we have,
dy

P=-1&Q=y+1

Now L.F. = ef Pdy = ef -1dy = -,

The solution is given by
x(I.F.)=[Q.(I.F.)dy + ¢

= xev=[(y+1.ev+c

=(y+ 1)fe-ydy—f<fe—ydy>.‘;4y+1)/dy+c
y

=@+ 1(—e?)—[—er1l.dy+c
=—evy+ 1D+ (—e)+c
=—eYy+1+1D)+c=—-er(y+2)+c

Hence xX= —y—2+cey (Ans)




Exercise

Question with short answers (2 marks )

1. Find the order and degree of the differential equations.

d?y dy 3 3/
) a—=[1+ ()] 2(2016-5)
dx? dx

2
i) Y A2/ (2019-W)
dxg - (c;) 3
i) 47 = V——ay5  (2015-S,2017-W)
= Xt
2
iv)a? = ! (2014-S)
dx?  1+%
dx
dZ
V) 2 g \/1 dy 2
—+3 17 (E) —y =0. (2017-S)

Vi) dy 2 3 dY
L, =
dx y - dx3

2) Solve the following

)dy = exty (2019-W)
dx

) —= —

)dx x2+1

iii)dx= tany
dx

iv) cos2x dy = cos?ydx

V) ydx = xdy

Questions with long answers (5 marks)
3) Solve the following

) (1+x2)® + 2xy — 4x2= 0 (2019-W)
dx

ii) & + ytanx = secx (2015-S)

dx
i) x(1 + y2)dx — y(1 + x2)dy = 0 (2015-S)

iV)d —y =ex
dx




v) (2 — 1) ¥ + 2xy = 1.(2016-S)
dx

vi) & = VIZV (2014-5)

V1-z2
vii)_ZY + ycotx = 4xcosecx (2017-S)
Vi) (x + 2y3) ¥ = y.
dx
iX) (e”+ 1)cosxdx + evsinxdy = 0.
X) sinx siny dy = cosx cosy dx

Xi) Y =ty
dx xy+x

Questions with long answers (10 marks)
4) Solve the following.

i) x ) y
eVi—y dx+ —-dy =0 (2014-S)
X

i) cos2x i y = tanx. (2017-S)
dx

iii) cos(x + y) dy = dx.

Answers
1)i)2,2 ii)2,3 iii) 3,2 iv) 2,2 v) 2,2 vi) 3,1
2) i) —ey =ex+cii) Iny = 2tan-1x + ¢ i) log(siny) =x+¢

iv) tany-tanx = ¢ V)x=c¢

X

) y(d+x2) = ﬁ+ c i) ysecx = tanx + ¢ iii) 1+_y2: c
3 1+x2
iv) y = xex+ cex Vyx2—1)=x+c Vi) sin1(yvV1 — z2— zvV1 — y2) = ¢
vii)ysinx = 2x2 + ¢ viii) x =y34+cy ix) sinx(ev+1) =c¢
X) secy cosecx = ¢ Xi) cx = yey-—x

4) )V1—-y2=-ex(x—1)+cii) yetanx = etanx(tanx — 1) + ¢

iii) y = tan ) + ¢
2




Multiple Choice Questions

Q.1 The value of « for which the vectors a = 31 + 2j + 9kand B =1+ a j+ 3kare
perpendicular is

a) 10 b) -10 c) 15 d)-15
Q2. Ifthe vectorsa = a i + 3j - 6kand b = 1 - j + Zkare parallel then the value of « is
a) -3 b) 3 c)-4 d) 4

Q3. A unit vector in the direction (a+ b) where @ = 1 +2j-kand B = = 1 - 2j + 3'kis equal to

a)

A

1k byL i + 1%k C)-2
2 V2 V2 V3

~

Ak d) None of these
V3

Q4. If points A and B have the following co-ordinates A(3,0,2) , B(-2,1,4) , then the vector AB is

+

—>

i+

N

A

a)5i + + Jk b) -5i -2j + Zk c)-51 +f + 2k d)-5i -j- 2k

Q5. A unit vector parallel to the sum of the vectors 31 - 2j +'kand -2i + - 3kis

~

a)Li-Lj -2k by1i+1j -1k ¢)ri-2% d) i+
V6 6 V6 V6 6 V6 V6 V6 V6 6
Q6. The scalar projection of @ = (1-2j +§ on b = (41-4j + 7} is

al b3 9fF a¥

Q7. The unit vector along 1+ j + kis

a)%k b) &%" c) &%" d) None of these

Q8. Thevalueof (1 +27-% .(i+ j + Zhis
a) -1 b) 1 Q)2 d) -2

Q9. Two forces act on a particle at a point. If they are (41 +j - 3§ and (31 +j -} , then their
resultant is

a)7i + 2f - 4k b) 71 - 2j - 4k c)-7i + 2f - 4k d)-7i- 2j - 4k
Q10. The magnitude of 51 + 3j - Zkis

a)V3s b) V37 c) V38 d) V40
Q11. The value of limy-o+ % is

a)-1 b)1 00 d) None of these




Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q19.

Q20.

Q21.

2x

The value of lim is
X% 344x
a)-1 b)1 c)1 d) -1
2 2
x>—b? .
The value of lim ,.,, ——~1S
a) b b)1b c)2b d)-b
2
-8 .
lim,_, — is equal to
x—2
a) 4 b) 3 c) 12 d)6
The value of lim JL;I is
a) 0 b) -1 )1 d) does not exists
The value of lim s [x] is
x—>2
a) 2 b) 3 c)2.5 d) None of these
The value of lim 4, Ssi;z is
5 b) z
a) s ) . 01 d)o
2
If f(x) == _'°, x G 4 is continuous at x = 4, then the value of f(4) is
x—4
a) 8 b) 4 c) 10 d) 16

ZKx
The value of k for which f(x) =sin___ , x G 0, f(0) = 1 is continuous atx = 0 is

x2

1
a) 2 b)+ )0 d) +1
23341,
The value of lim,_, %IS
a) ! b) 2 0) 2 d)1

5
The slope of the curve Y= _x2 atx =2
3

a)¥ b) % d) 2

5
C) s




Q22.

Q23.

Q24.

Q25.

Q26.

Q27.

Q28.

Q29.

Q30.

Q31.

Q32.

If y = VI=52X then ay is
1+cos 2x dx

a)tanx b)cotx c)sec?xd) - cosecix

The derivative of x w.r.t tan x is

a)sec2x b) cos2x c¢) —tan2x d) —cot2x

If x=4t,y=t2,thendyis

dx
2 t 2 x
a)_ b)_ ¢ - d)_
x 2 t 2
Ify=\/1?co*52”‘x,thend_yis
dx

a)2sin2x b)v2cosx c¢)-v2sinx  d)None of these

If y =v1 + sin2x, then s

dx

a)cosx b)sinx ¢)0 d)None of these

The derivative of sin x0is

a)cos x° b) 71TS_0 cos x0  ¢) 7 sec x° d) None of these

If y =log (tan x) , then @ is
dx
_1 1 2 2
a)sm 2 b) cos2 C) sin 2 d) cos 2
If y =sin-1x + cos~1 x, then “is
dx

a)l b)-1 )0 d)2

dy .
If x2 + y2 = a2, then s
dx

a2x b)o o d)-=
y y

If y=log. x theny; is
1 1

a)~ b) —_

x x2

) x d —x?

2
4 when y = exsinx, is
dx?

a)2excosx b)2exrsinx c)ercosx d)exrsinx




Q33. If y = In (sinx) , then y; is
a)cot x b) tan x c) seczx d) —cosec?x
Q34.Ify = esin ' ¥ then (1-x?)y 7 xy is equal to
a) y b) -y ¢)0 d) Noneof these
Q35. Ify =tan-1 x, then (1 + x2) y; +2xy1 is
1

) b) -

1+x2

1
1+x2

01 d) 0
Q36. The function whose 2™ derivative is itself is

a) X b) log x C) ex d) non of these

Q37.If f(xy) = e, theny. T — x.%is

6y 6x
a)2x exy b) 2yexy c)0 d) None of these
Q38. If z = tan-1(¥) then 6Z_is
x 6x
S O P o 1 d-_1
x2+y2 x2+y2 x2+y2 x2+y2

Q39. If z = (%), then b2
y 6y

- "F*/y) 1) f*/y) ©)=_f(*/y) d)None of these
y? y? y2

Q40. If z = x2y + xy?, then s
6y

a)2xy +y2 b) x2 + 2xy C) 2xy d) 4xy

Q41.Ifz=sin(* ) then 6Lis
/y 6x
1 x x X X
a); cos( /y)  b)-  cos ( /y) c)cos ( /y) d) ) None of these

Q42. [ sin2” dx is equal to
2

a)i[x -cosx]+c b)lx-sinx]+c ) (x-sinx) + ¢ d) (x-cosx)+c
2 2

Q43. Evaluation of [ V1 — sin 2x dx is

a)(sinx+ cosx) + ¢ b) sinx-cosx+c ) -sinx+ cos x+ ¢ d) None of these




X2
x24+1

dx is

Q44. |
a)x+tan-1x + c
Q45. [ log exdx is

x2
a)_+c¢ b) 2x2 + ¢
2

Q46. The value of n’ for which [ x"dx =

an=1 byn=-1

Q47. [sin”.cos"dx is
2 2

a)lcosx+ ¢

b)i sinx + ¢
2 2

Q48. The value of [ e(sin ' x+cos™'x) gy ig

T

a)ez x +c b) x +c

Q49. The value of [|x|dx , when x < 0Q'is

x2 x?
3)7 +c b)—-F+c¢
Q50. [ 2x+2dx is
2x
a) 2. 2 +c
log2 te b) 4. log 2

Q51. The value of [ sin2x d(sinx) is

03 02
sm-x sm-x
+c +c

a) b)

Q52. Evaluation of fozsinx dx is

a) -1 b)1 00
Q53. The value of flz x3dx is
a) 4 b) % )
Q54. The value of [ |x|dx is
a) 25 7 9
N b) > c)2

b) tan-1x + ¢

c)xz+ ¢

cn=0

c)2tan-1x+ ¢ d)x-tan-1x +c

d)(x2+1) +c

n+1 . .
¥ 4 cis nottrueis

n+1

d) None of these

d) —1_sinx +c
2

c)—1lcosx+ c
2

cez+ ¢ d) None of these

c)x2+ ¢ d)—xz+ ¢

ZX

+c d) None of these

log2

COSZX COSBX

+c +c

d)

d)1
2

d) None of these

d)




Q55. The value of [[x]dx is

a) 1 b) 2 )3 d) 4
Q56. The value of [ _dx i
0 14x2
a) z b) 0 ) ; d) None of these
4
Q57. The value of [*%is
0 Vx
a) 6 b) 4 c)8 d) 10

Q58. The value of [ sinzx dx + [ cos?x dx - [*dx is
0 0 0

a) 0 b) -1 )1 d) None of these
Q59. Theareaboundedbyy=x,x=0&x=11is

a) 1sqg.Unit b)1sg. Unit c)1sqg.Unit d) None of these
2 3

Q60. The area bounded by the curve xy = k2, the x-axisand x = 2, x = 3 is

a) k2 logz_ sqg. unit b) k2log?2 sq. Unit c) k2log 3 sq. Unit d) k2 log 3—sq. Unit
3 2

dy d3y .
Q61. The order and degree of the differential equation (_)* +y5s =—IS
dx dx3
a) 3and1 b) 3 and 4 c)land4 d)land3
2
Q62. The order and degree of the differential equation ¢ ” dy 2 g
=K1+ ]
a) 2,2 b)2,1 c)1,2 d) 1,1
2
Q63. The order and degree of the differential equation ¢ ” = V3 + d_
dx? dx
a) 2,2 b)2,1 c)1,2 d) 1,1
Q64. The degree of the differential equation 4 = 3_is
dx gﬁ
a) 3 b) 2 )1 d) None of these

Q65. The solution of?_ =X is
dx y

2
x+y2=c C)yZ_x2=C d)—yZ_x2=C

2

a) x2+y2=c b)




Q66. The solution of V4 + 2 = 2 is
dx

a) y=x+¢c b)y=c Oy+x=c dx=c

Q67. The solution of_dv = sec2x is
dx

a) y=2secx+c b)y=cotx+c c)y=tanx+c d) y = cosecx +c

Q68. The integrating factor of the linear differential equation-dx + (sec x)y =tanxis
dx

a) secx +tanx b) cosec x — cot x c) tan x + cot x d) None of these

Q69. The I.F of the linear differential equation_zi+ %.y =xis
a) x2 b) x3 c)x*t d) x
Q70. The solution of the differential equation-x + ‘/i= 0is
dy V12

a) sin-lx +sin-ly=c b) cos-1x —cos-ly =c

C)sin-lx — sin-ly =¢ d) None of these
Answers: -
Q1. (d) Q2. (a) Q3. (b) Q4. (c) Q5. (a) Q6. (c)
Q7.(a) Q8. (b) Q9. (a) Q10. () Q11. (b) Q12.(c)

Q13.(c)  Ql4.(c) Q15. (d) Q16. (a) Q17. (b) Q18. (a)
Q19.(d)  Q20.(a) Q21.(b) Q22. (c) Q23. (b) Q24. (b)

Q25.(b)  Q26.(d) Q27. (b) Q28. (c) Q29. (c) Q30. (d)
Q31.(b)  Q32.(a) Q33. (d) Q34. (a) Q35.(d) Q36.(c)
Q37.(c)  Q38.(b) Q39. (a) Q40.(b) Q41.(a) Q42.(b)
Q43.(a)  Q44.(d) Q45. (a) Q46. (b) Q47.(c) Q48.(a)
Q49.(b)  Q50.(b) Q51.(a) Q52.(b) Q53.(b)  Q54.(a)
Q55.(c)  QS6. (a) Q57.(b) Q58.(a) Q59.(b) Q60.(d)
Q61.(a)  Q62.(b) Q63.(a) Q64.(b) Q65.(c) Q66.(b)

Q67.(c) Q68.(a) Q69.(b) Q70.(a)
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